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Abctract
The object of the study is a single-drum vibratory roller, which is widely used in construction technology. It presents a theo-

retical investigation on improving compaction efficiency, focusing on the compaction process of a base course for foundations with 
a specified model of a single-drum vibratory roller, including various soil types. In the present study is considered a methodology 
for the optimal combination between the technical data of the roller (e.g.: own weight of the roller, excitation frequency, etc.) and the 
mechanical characteristics of the compacted material (e.g.: material density, elasticity modulus, etc.). The current analysis is based 
on a mathematical model of a vibratory roller with three degrees of freedom, for which differential equations of dynamic motion are 
obtained. The equations of motion are solved for an exemplary model of vibratory roller, using five different types of compacted ma-
terial, as well as three possible input excitation frequencies. For each of the cases is calculated the maximum amplitude of vibratory 
compaction motion which is obtained under the roller steel drum (the so called: "compaction amplitude"), on which the compaction 
efficiency is most dependent, i.e. as high the compaction amplitude is, as better the compaction efficiency is. For the exemplary 
vibratory roller model used in this study, the analysis shows that at an excitation frequency of 25 Hz, compaction is 1.19 times more 
effective (corresponding to a 19% higher compaction amplitude) when applied to granular soils with small particles (up to 0.5 cm) 
compared to granular soils with large particles (up to 10 cm). The presented methodology can be useful for practicing engineers when 
performing an optimal selection of a vibratory roller model for assigned compaction work, helping them to improve the efficiency 
and productivity of the performed compaction work at the building site.
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1. Introduction
In recent years, there has been a tendency in construction to use more efficient compaction 

equipment for the preparation of the ground surface under building and road foundation bases. The 
compaction efficiency has been recognized by many structural engineers as one of the most import-
ant factors affecting road base and building foundation performance. The improvement of a vibrato-
ry roller efficiency depends on machine design considerations (including: improved technical char-
acteristics of the selected construction equipment) on one hand, as well as on some technological 
considerations on the other hand (including: optimal combination of vibratory roller model and com-
pacted soil type), which could help to improve the efficiency of compaction work at the building site.
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There are many studies discussing the working process of rollers which are concerned with 
different problems of their usage, as for examples: papers [1–3] are focused on the improvements 
of an anti-vibration system under the operator’s seat for better ride comfort, through analysis of 
different cab mounts and control of vibrations in roller suspension system. Paper [4] analyses the 
productivity of the roller under various working conditions, while papers [5, 6] deals with roller 
design parameters for compaction of agricultural soils. There is also another existing study [7], 
which is focused on investigation of static and quasi-static loads of an asphalt roller for several 
load cases, which are in consideration during the design to identify high forces and heavy bend-
ing moments in machine structure. Paper [8] deals with the expected advantages and benefits by 
increasing the number of drums on the tandem roller from 2 to 3, while paper [9] deals with the 
state-of-the-art of the quality control and quality assurance methods for earthwork compaction in 
roads, railways, airports, dams, and embankment construction, whereby various problems existing 
have been partially resolved to achieve more effective compaction quality control and construction 
efficiency improvement. Another paper [10] deals with innovative ideas, as the expected benefits 
from the use of a vibratory pneumatic type roller, while in the paper [11] are performed analyses on 
the horizontal oscillating vibrations of a vibratory roller.

Many of the existing studies are devoted to roller control systems and compaction monitoring 
technologies analysis, as for example: paper [12] deals with different compaction technologies and 
considers induced cracks at the asphalt compacted layer, which allows moisture to permeate into the 
pavement, accelerating stripping, fatigue, and deterioration, while in the paper [13] it is proposed an 
automatic navigation algorithm of an articulated drum roller, through which can be improved the 
work efficiency and operation cost. Paper [14] represents different possible measurement technolo-
gies, which can be used by different models of drum rollers, while paper [15] deals with design of 
a detection system for drum roller, significantly improving defect image contrast, which could en-
hance the roller compaction performance in real-world scenarios. These studies, which are focused on 
improving the working process and compaction efficiency of vibratory rollers are of particular inter-
est to structural engineering. For example, paper [16] examines the effect of the excitation frequency 
of the vibratory machine on the compaction process of non-cohesive soils (sandy soils, gravel, etc.). 
Paper [17] is analyzed a single-degree of freedom dynamic model of a vibratory roller to consider 
the vertical drum motion, while taking into account the variable contact width between drum and 
soil, while in another research paper [18] it is used a practical single-degree-of-freedom dynamic 
model to analyze the characteristics of the vibratory roller drum and to study the nonlinear dynamic 
behavior of the roller on different elastic subgrades, through which the drum "bouncing" motion can 
be avoided. Further, papers [19, 20] analyze the dynamic behavior of the vibratory roller-compacted 
soil system by using mathematical models with two degrees of freedom, without analyzing the effect 
of the compacted material type on the vibratory amplitude.

The absence of an overall analytical model of the "vibratory roller – compacted material" 
system, as well as a methodology for determining the most appropriate combination between a  type 
of vibratory roller (including excitation frequency, roller weight, etc.) and the mechanical character-
istics of the compacted material (including material density, elasticity modulus, etc.), can be consid-
ered as a gap in the existing research literature.

The objective of the present study is to propose such an analytical model and methodology, 
that can help practicing engineers to improve the efficiency and productivity of compaction work 
performed at construction sites. 

The tasks of the present research are as follows:
1. To develop an overall mathematical model with three degrees of freedom for the "vibra-

tory roller – compacted material" system, through which the vibration amplitude (i.e. amplitude of 
compaction) of the roller’s steel drum can be determined.

2. To present an analytical methodology aimed at improving the efficiency of compaction 
work with single-drum vibratory rollers at construction sites, focusing on technological consider-
ations – specifically, on identifying the most appropriate combination between the vibratory roller 
parameters (including excitation frequency, roller weight, etc.) and the mechanical characteristics 
of the compacted material (including material density, elasticity modulus).
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3. To provide an example, which demonstrates the application of the proposed methodology 
using a model of a single-drum vibratory roller with three possible excitation frequencies and five 
different types of compacted materials.

2. Materials and methods
The object of the study is a single-drum vibratory roller, a common view of which is pre-

sented in Fig. 1.

Fig. 1. Common view of a single-drum vibratory roller

The central hypothesis of this study is that the vibration amplitude of the roller’s steel 
drum (i.e. the compaction amplitude) represents the most reliable indicator of roller compac-
tion efficiency, particularly during the compaction of non-cohesive soils. Specifically, greater 
compaction amplitudes of the roller’s steel drum are assumed to correspond to higher compac-
tion efficiency.

During the modelling process, the following simplifications for a single-drum vibratory 
roller (Fig. 1) were applied: it was assumed that the two chassis suspension points located at both 
ends of the roller lie in the same horizontal plane, and that the chassis rotation angle is sufficiently 
small such that: sin θ ≈ tan θ ≈ θ. Furthermore, the horizontal vibration amplitude of the chassis 
was assumed to be negligible low, compared to its vertical vibration amplitudes, therefore only 
the vertical vibration transfer was considered. It was also assumed that: the stiffness of the roller’s 
steel chassis and steel drum approximates that of an ideal rigid body; the self-weight of the roller is 
evenly distributed between its two rear pneumatic tires; it is assumed linear dynamic behavior of 
soil upper layer and constant stiffness of the compacted material.

It is assumed, that the total value of the exciting vibrational force in the front steel drum of 
roller FDEB in N is caused by two unbalanced rotating shafts in opposite directions. That force can 
be calculated according to the equation of dynamic force F in N, which is given in the Eurocode 
standards EN 1991-3 [21], namely:

	 F m e� 1 1 1
2� , 	 (1)

	 F m e tDEB � � �2 1 1 1
2

1� �sin ,	 (2)

where e1 – the eccentricity of the two unbalanced rotating shafts inside the front steel drum in m; 
m1 – own mass of the two unbalanced rotating shafts in kg; ω1 – angular velocity (rotational speed) 
of the two unbalanced rotating shafts in rad/sec.

The differential equations of the dynamic motion under harmonic excitation are obtained 
by using the energy method with Lagrange’s equations [22] i.e.:
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where EK – the kinetic energy of the system as a function of generalized coordinates and generalised 
velocities in J; EP – the potential energy of the system as a function of generalized coordinates in J;  
R – the dissipation function, based on generalized velocities in J/s; xi – generalized speeds in m/s;  
xi – generalized coordinates of the dynamic system in m (i = 1, 2 and 3): QXi – corresponding exter-
nal applied loading in each generalized coordinate in N.

The differential equations of dynamic motion (3)–(5) are solved by using the software prod-
uct MATLAB.

For the present research article, the values of the damping coefficients b in N.s/m are calcu-
lated by the following equation

	 b mc� 2� , 	 (6)

where ξ – the damping ratio, which for the present analysis is assumed to be as follows: ξ = 63% (for 
the vibration insulator and rear pneumatic tires), ξ = 5% (for the steel frame of the chassis) and 
ξ = 80% (for the compacted material).

For the purposes of the present study it is accepted to calculate the approximate value of the 
stiffness coefficient for the compacted material c3 in N/m using the following equation

	 c E S
d
M CP

3 = , 	 (7)

where EM – the elasticity modulus of the compacted material in MPa; d – depth of compaction in m; 
SCP – mean area of the cross section of the compacted material in m2. 

If the accepted slope angle of the compacted material (Fig. 1) is: 2 ⋅ 30 = 60 degrees, 
the mean area of the cross section of the compacted material is calculated using the follow-
ing equation

	 S L d
CP

BAR=
2 30cos

,	 (8)

where LBAR – the length of the steel drum (width of compaction) in m.
After substitution of equation (8) in equation (7), the equation for the calculation of approx-

imate value of stiffness coefficient for compacted material c3 in N/m is obtained

	 c E LM BAR
3 2 30
=

cos
.	 (9)

3. Results and discussion
3. 1. Developed overall mathematical model of the system "vibratory roller – compacted 

material"
The developed overall mathematical model of the "vibratory roller – compacted material" 

system (Fig. 1) with three degrees of freedom by which the dynamic behavior of the roller and front 
steel drum (i.e. compaction amplitude) can be obtained is shown in Fig. 2.

The following denotations are used in Fig. 2:
x1(t) and x2(t) – the vertical displacements of the chassis suspension points at both ends of the 

roller – to the front steel drum and to the rear pneumatic tires
x3(t) – vertical displacement of the front steel drum;
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θ(t) – rotation angle of the steel chassis;
x(t) – vertical displacement of center of gravity of the roller chassis;
H – vertical distance between the center of gravity and the horizontal plane of the suspen-

sion points of the roller chassis in m;
C.G. – center of gravity of steel chassis;
L – horizontal distance between the front drum suspension point and the rear tires suspen-

sion point (equal to the wheelbase of the roller) in m;
L1 – horizontal distance between the rear tire suspension point and the center of gravity in m;
L2 – horizontal distance between the front drum suspension point and the center of gravity in m;
m – own mass of the steel chassis of the roller (without the mass of the steel drum) in kg;
J – mass moment of inertia of the chassis of the roller in kg·m2;
m3 – own mass of the steel roller drum (including unbalanced rotating parts) in kg;
c1 – stiffness coefficient between the steel chassis of the roller and the compacted material 

at the rear end of the roller in N/m – Fig. 2 (i.e. c1 includes the stiffness of the rear pneumatic tires 
plus the stiffness of the compacted material for the assumed depth of compaction d in m);

c2 – stiffness coefficient between the steel chassis of the roller and the front steel drum at 
the front end of the roller in N/m – Fig. 2 (i.e. c2 represents the stiffness of the vibration insulators, 
which are installed between the front drum and roller chassis);

c3 – stiffness coefficient of the compacted material in N/m (for the assumed compaction 
depth d in m).

Fig. 2. Overall mathematical model by which the dynamic behavior of the roller is represented 
with three degrees of freedom – x1(t), x2(t) and x3(t)

The stiffness coefficient c1 can be calculated by the simplified equation in N/m

c1 = c3 · cT/(c3 + cT),

where cT – the stiffness of the rear pneumatic tires in N/m.
The proposed overall model (Fig. 2) facilitates the consideration of multiple technical pa-

rameters influencing compaction performance, including material density, elastic modulus, exci-
tation frequency, roller weight, and the position of the center of mass. Furthermore, it establishes 
a methodology for calculating the roller’s compaction amplitude, developed with a focus on tech-
nological applicability. The lack of such a methodology for this purpose has been identified as a gap 
in the existing body of research.
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For the present reviewed case (Fig. 2): QX1(t) = 0; QX2(t) = 0; QX3(t) = FDEB(t). The kinetic 
energy and the potential energy of the dynamic system, expressed by the generalized coordinates 
x(t), θ(t) and x3(t) are as follows:

	 E
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In Fig. 2 it can be seen that the geometrical relationship of the generalized coordinates x(t), 
θ(t) and the generalized coordinates x1(t), x2(t) is as follows:
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After substituting of equations (12), (13) in equations (10), (11) and after performing ele-
mental transformations, the kinetic energy and the potential energy of the dynamic system are 
obtained, expressed by the generalized coordinates x1(t), x2(t) and x3(t):
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After substitution of equations (2), (14), (15) in equations (3)–(5) and performing elemental 
transformations, the final three differential equations of dynamic motion are obtained, represented 
by the generalized coordinates x1(t), x2(t) and x3(t) with included damping coefficients b in N·s/m:
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where b1 – damping coefficient of rear pneumatic tires plus the compacted material in N·s/m (for 
the accepted depth of compaction d in m); b2 – damping coefficient of the vibration insulators, 
which are installed between the front drum and roller chassis (Fig. 1) in N·s/m; b3 – damping coef-
ficient of the compacted material in N·s/m (for the accepted depth of compaction d in m).

3. 2. Accepted model input data
For the purposes of the present study, an exemplary model of a 10-tonne single-drum vi-

bratory roller was analyzed, which has the following technical parameters: L = 3.1 m, L1 = 1.6 m, 
L2 = 1.5 m, H = 0.6 m, LBAR = 1.8 m, m = 6000 kg, J = 6500 kg.m2, m3 = 3600 kg, c2 = 3200 kN/m, 
b2 = 125.43 kN·s/m, cT = 700 kN/m, e1 = 0.12 m and m1 = 25 kg.

Three different values of exciting vibrational frequencies inside the front steel drum are analyzed: 
ω1.1 = 157 rad/sec ( f1.1 = 25 Hz); ω1.2 = 282.6 rad/sec ( f1.2 = 45 Hz); ω1.3 = 471 rad/sec ( f1.3 = 75 Hz).
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The accepted input data for the mechanical characteristics of the five different types of an-
alyzed compacted material are given in Table 1.

Table 1
Accepted model input data of the mechanical characteristics for the five different types of 
compacted material [23, 24]

No. Types of compacted material
Accepted 

depth of com-
paction d in m

Compressive strength of compacted 
material σ in MPa (ground loading 

is assumed)

Module of elasticity 
of compacted mate-

rial EM in MPa

1 Sand (particle size up to 0.5 cm) with 
density: γ = 2.1 t/m3 1.0 0.45 110

2 Gravel (particles size up to 3.0 cm) with 
density: γ = 2.2 t/m3 1.0 0.5 120

3 Crushed stone (particles size up to 10.0 cm) 
with density: γ = 2.3 t/m3 1.5 0.6 150

4 Cohesive clay soil with density: γ = 1.8 t/m3 0.5 0.25 50

5 Mixed soil/sand and clay/with density: 
γ = 1.9 t/m3 0.7 0.3 65

The calculated stiffness coefficients and damping coefficients are shown in Table 2.

Table 2
Calculated stiffness coefficients c [N/m] and damping coefficients b [N·s/m] for the different 
types of compacted material

No. Types of compacted material c3 in N/m b3 in N·s/m c1 in N/m b1 in N·s/m
1 Sand (particle size up to 0.5 cm) with density: γ = 2.1 t/m3 114 318 707 1 399 970 466 663 58 890
2 Gravel (particles size up to 3.0 cm) with density: γ = 2.2 t/m3 124 711 200 1 462 220 473 381 59 313
3 Crushed stone (particles size up to 10.0 cm) with density: γ = 2.3 t/m3 155 889 000 1 634 812 490 133 60 353
4 Cohesive clay soil with density: γ = 1.8 t/m3 51 963 000 943 859 401 921 54 653
5 Mixed soil/sand and clay/with density: γ = 1.9 t/m3 67 551 900 1 076 165 424 125 56 142

3. 3. Obtained results by solving the differential equations of dynamic motion
After solving the three differential equations of dynamic motion (16)–(18) for the first type 

of compacted material (sand, particle size up to 0.5 cm, density: γ = 2.1 t/m3) and with the first 
analyzed value of input excitation frequency (ω1.1 = 157 rad/sec, f1.1 = 25 Hz) the following results 
were obtained, which are presented in Fig. 3.

The results presented in Fig. 3 indicate that the dynamic system operates in a steady-state 
vibration regime without any increasing amplitudes (Fig. 3, a–c). The vibration insulators demon-
strated high performance, as the vibration amplitude transmitted to the steel chassis, x2(t) (Fig. 3, b) 
was approximately three times lower than the vibration amplitude measured at the steel drum, 
x3(t)  (Fig. 3, c).

The three differential equations of dynamic motion (16)–(18) are solved in the same manner 
for the other analyzed cases (different types of compacted soil and different input excitation fre-
quencies) and the obtained results are summarized and given in Table 3.

The results presented in Table 3 show that the highest compaction amplitude, among the three 
analyzed frequencies, was achieved at the maximum input excitation frequency of: f = 75 Hz (Table 3). 
However, this comparison across different excitation frequencies (i.e. 25 Hz, 45 Hz, and 75 Hz) should 
not be considered fully reliable in practical applications, as the elasticity of the steel components of 
the roller chassis and steel drum was neglected in the analyzed model, since this simplification may 
significantly affect the predicted compaction amplitude at higher excitation frequencies.

The highest compaction amplitudes, among the five analyzed types of compacted mate-
rials, are logically observed in combinations involving cohesive clay soils and mixed clay soils, 
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because of the lower clay stiffness. However, it is well-known, that the use of a vibratory roller 
for compacting clay soils is not recommended in practice, as vibration waves propagation through 
clay are highly attenuated. When considering only the compaction amplitudes of non-cohesive ma-
terials (e.g., stones, gravel, sand), the results indicate that the greatest compaction efficiency (ex-
pressed through compaction amplitude) for the exemplary vibratory roller model is expected when 
compacting sands (i.e. non-cohesive granular soils) with small particle sizes up to 0.5 cm.

Fig. 3. Obtained results for the first type of compacted material (sand, particle size up to 0.5 cm, 
density: γ = 2.1 t/m3, excitation frequency: f1.1 = 25 Hz): a − vertical displacement of roller steel 
chassis at the rear pneumatic tires, x1(t); b − vertical displacements of roller chassis to the front 

steel drum (at the vibration insulators), x2(t); c − vertical displacement of the front steel drum, x3(t)

 
 
 

 
 
 

 

a

b

c
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Table 3
Obtained results for maximum vertical displacement (amplitude) of the front steel drum x3 in m 
(i.e. amplitude of compaction) for the different types of compacted soil and the different input 
excitation frequencies

Types of compacted material

Analyzed values of the input excitation frequencies (i.e. rotational speeds  
of unbalanced rotating shafts inside the vibratory drum): ω1 in rad/sec

ω1.1 = 157 rad/sec 
( f1.1 = 25 Hz)

ω1.2 = 282.6 rad/sec 
( f1.2 = 45 Hz)

ω1.3 = 471 rad/sec 
( f1.3 = 75 Hz)

Sand (particle size up to 0.5 cm) 
with density: γ = 2.1 t/m3 

x1 = 54.10–6 m x1 = 50.10–6 m x1 = 39.10–6 m
x2 = 208.10–6 m x2 = 195.10–6 m x2 = 150.10–6 m
x3 = 615.10–6 m x3 = 1028.10–6 m x3 = 1321.10–6 m

Gravel (particles size up to 3.0 cm) 
with density: γ = 2.2 t/m3

x1 = 52.10–6 m x1 = 49.10–6 m x1 = 38.10–6 m
x2 = 201.10–6 m x2 = 189.10–6 m x2 = 149.10–6 m
x3 = 589.10–6 m x3 = 1002.10–6 m x3 = 1313.10–6 m

Crushed stone (particles size up to 
10.0 cm) with density: γ = 2.3 t/m3

x1 = 45.10–6 m x1 = 46.10–6 m x1 = 37.10–6 m
x2 = 179.10–6 m x2 = 189.10–6 m x2 = 144.10–6 m
x3 = 518.10–6 m x3 = 930.10–6 m x3 = 1265.10–6 m

Cohesive clay soil with density: 
γ = 1.8 t/m3

x1 = 76.10–6 m x1 = 61.10–6 m x1 = 43.10–6 m
x2 = 292.10–6 m x2 = 236.10–6 m x2 = 167.10–6 m
x3 = 857.10–6 m x3 = 1243.10–6 m x3 = 1473.10–6 m

Mixed soil /sand and clay/with den-
sity: γ = 1.9 t/m3

x1 = 68.10–6 m x1 = 58.10–6 m x1 = 42.10–6 m
x2 = 266.10–6 m x2 = 224.10–6 m x2 = 163.10–6 m
x3 = 776.10–6 m x3 = 1179.10–6 m x3 = 1435.10–6 m

The results presented in Table 3 indicate that at a low excitation frequency of 25 Hz, the 
ratio between the compaction amplitudes of granular soils with small particles (up to 0.5 cm) and 
granular soils with large particles (up to 10 cm) is 0.615 mm/0.518 mm = 1.19 (Table 3). In other 
words, the compaction amplitude (consequently the compaction efficiency) of granular soils with 
small particles is 1.19 times higher than that of granular soils with large particles for the exemplary 
vibratory roller model. At a higher excitation frequency of 75 Hz, this ratio decreases significantly 
1.321 mm/1.265 mm = 1.04 to (Table 3). This finding suggests that, for the exemplary single-drum 
vibratory roller model, at 25 Hz, the influence of particle size on compaction amplitude is signifi-
cant, with ratio of about 1.19 times. Conversely, at 75 Hz, the influence of particle size on compac-
tion amplitude becomes minimal, with a ratio of only 1.04.

For practical applications recommend the compaction amplitude of a given single-drum 
vibratory roller model be evaluated through a comprehensive dynamic analysis of multi-degree-
of-freedom systems, using the real technical specifications of the roller (e.g., own mass, excitation 
frequency) and the actual mechanical properties of the compacted material (e.g., density, elastic 
modulus). Since the elasticity of the steel components of the roller chassis and steel drum was ne-
glected in the present analysis (an assumption that can substantially influence the compaction am-
plitude at high excitation frequencies) comparisons of compaction amplitudes obtained at different 
excitation frequencies (e.g., 25 Hz and 75 Hz) should not be considered fully reliable and applicable 
in practice. Therefore, the proposed methodology is recommended for use under a fixed available 
excitation frequency of a single-drum vibratory roller (e.g., 25 Hz) to compare the calculated com-
paction amplitudes when compacting different types of non-cohesive granular soils (such as sand, 
gravel, or crushed stone), in order to determine the most suitable roller – material combination and 
thereby enhance compaction efficiency and productivity at the building site.

Future researches by the authors will focus on developing more comprehensive mathemat-
ical models of the "vibratory roller – compacted material" system which incorporate the stiffness 
of the roller’s steel chassis and steel drum, as well as a potential non-linear behavior (i.e. variable 
stiffness) of the upper layer of the compacted material.
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4. Conclusions
1. It is developed an analytical methodology, which is aimed at improving the efficiency of 

compaction operations using single-drum vibratory rollers. The methodology is based on a newly 
formulated overall mathematical model with three degrees of freedom representing the "vibratory 
roller – compacted material" system, through which the vibration amplitude of the roller’s steel 
drum can be determined.

2. The presented methodology adopts a technological approach for identifying the most ap-
propriate combination between the technical parameters of a single-drum vibratory roller and the 
mechanical characteristics of the compacted material, which enables consideration of multiple in-
fluencing parameters, including: elasticity modulus, material density, excitation frequency, center 
of mass position and roller weight.

3. It is provided an illustrative example, which demonstrates the application of the proposed 
methodology, using an exemplary single-drum vibratory roller model with three possible excitation 
frequencies and five different types of compacted materials.
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