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ARTICLE INFO ABSTRACT
Keywords: Supersonic separation is a promising alternative to traditional cryogenic cycles that use energy-intensive Joule-
Hydrogen liquefaction Thomson valves, as it can increase the liquefaction yield by more than three times in LNG production processes.
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Cryogenic nucleation
Non-equilibrium condensation
Droplet growth

This study investigates the potential of supersonic nozzles with high area ratios for efficient hydrogen lique-
faction through non-equilibrium condensation under realistic operation conditions. A one-dimensional CFD
approach is employed to model the condensation process under cryogenic and high-pressure conditions at the
nozzle inlet. To accurately characterize cryogenic gas and droplet behavior, the Peng-Robinson equation of state
is combined with a revised Gyarmathy growth model, incorporating the Clausius-Clapeyron relation. The results
demonstrate that lowering the inlet temperature and increasing the inlet pressure of the nozzle significantly
enhance liquefaction yield, achieving a maximum liquid phase production of 22% under hypersonic conditions.
Analysis also reveals that hydrogen condensation is very sensitive to the inlet conditions, such that the lique-
faction yield is twice as sensitive to inlet temperature as to inlet pressure. Notably, the high specific heat capacity
of hydrogen enables the formation of micron-sized hydrogen droplets, which facilitates the separation process.

transportation of hydrogen remain essential challenges that must be
1. Introduction adequately addressed to facilitate its widespread adoption [11,12].
Liquefaction, which significantly reduces the volume of hydrogen, rep-
resents an effective pathway to enable its efficient storage and trans-
portation, thereby playing a central role in building a hydrogen-based
economy [6]. The density of liquid hydrogen is approximately twice that
of high-pressure compact hydrogen gas. Moreover, the high energy
density, compact storage, and easy transportation make liquid hydrogen
a suitable fuel choice for aerospace, petroleum refining, and maritime
shipping [11,12]. However, hydrogen condensation occurs at relatively
low cryogenic temperatures, which makes the liquefaction process
challenging and energy-intensive.

Traditional hydrogen liquefaction methods, primarily dependent on
turbo-expanders and Joule-Thomson (J-T) throttle valves, have been
employed since the pioneering work of James Dewar in 1898 [13].
Furthermore, methods including turbo-expanders (e.g., in the Linde-
Hampson cycle and Claude cryocooler cycles with nitrogen precool-
ing) and methods without turbo-expanders (e.g., magnetic refrigeration

The rising global energy demand, along with the imperative to
mitigate climate change, has catalyzed a deep shift towards sustainable,
green, and renewable energy resources. Among the rich arsenal of clean
energy technologies, hydrogen has emerged as a particularly promising
energy vector, offering zero carbon emissions upon combustion [1-5].
Therefore, it is predicted that the global hydrogen energy consumption
will be multiplied several times by 2050 [6]. Liquid hydrogen has been
used successfully for many years as a cryogenic fuel for launching
aerospace vehicles, but it is still difficult for vehicular use because of the
high energy cost to produce it at low temperatures (at about 20 K), and
serious problems of handling and storage [7]. It is possible to produce
hydrogen gas by means of water electrolysis, natural gas reforming,
solar or wind energy processes as a renewable and high heat value fuel
[8-10]. However, as hydrogen molecules are very small, the risk of
leakage from containers is high. Therefore, effective storage and
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Nomenclature

A Nozzle cross-section area, m?

a,b Peng-Robinson parameters, m®/(kg.s?), m*/kg
cL Liquefaction yield

Gas isobaric specific heat capacity, J/(kg.K)

Gas isochoric specific heat capacity, J/(kg.K)
Diameter of droplets, ym

Hydraulic diameter of the nozzle section, m
Specific internal energy of two-phase flow, J/kg
Friction factor of nozzle wall

G

Gy

d

Dy

e

f

F Vector of surface flux

g Gravitational acceleration constant, m/s?
G Gibbs free energy, J

h Specific enthalpy of two-phase flow, J/kg
by, Latent heat of condensation per unit mass, J/kg
J Nucleation rate, 1/(m®.s)

kg Boltzmann constant, m? kg/ (K.s?)

Kn Knudsen number

L. Length of convergent section, m

1 Length of free molecular mean path, m

m Mass, kg

my Mass of cluster, kg

M Molar mass, kg/mole

Ma Mach number

n,n, Total droplets or particle number density, 1/kg
N Total number of control volumes

p Static pressure, vapor pressure, Pa
Py Saturation pressure, Pa

p, Vapor pressure, Pa

Prg Prandtl number for the gas

6 Conservative variable vector

R,R Gas constant, Universal gas constant, J/(kg.K)
R(x) Nozzle section radius, mm

Re Flow Reynolds number

r Droplet or cluster radius, ym

s Source term vector

St Stokes number

Sp Supersaturation degree

T Flow temperature, K

t Time, s

u Flow velocity, m/s

We Weber number

x Axial distance from nozzle inlet, cm
v,V Specific volume, Volume, m®/kg, m3
VA Compressibility factor

Greek letters

ar Heat transfer coefficient, W/(m? K)
AG Gibbs free energy formation of clusters, J
At, Ax  Time step, element length, s, m

€ Wall roughness height, mm

€ Solution convergence criteria

¢ Void fraction

A Thermal conductivity, W/(m.K)

y Isentropic exponent of real gas

u Dynamic viscosity, Pa.s

p Density of two-phase mixture, kg/m?3
o Surface tension, N/m

Tw Wall shear stress, N/m?

Subscripts

1 One vapor molecule

a Ambient

c Critical

d,D Droplet diameter, Channel diameter
e Exit

eq Equivalent

G,L Gaseous phase, Liquid phase

i Elements index

n Time step index

nuc Nucleation

r Droplet

s Saturation

th Throat

% Condensable vapor

0 Nozzle inlet, Ideal gas

t Total

u Average of ‘w’

Abbreviations

AUSM  Advection Upstream Splitting Method
C Compressor

CFL Courant-Friedrichs-Lewy number
CNT Classical Nucleation Theory

CPS Cyclone Phase Separator

cv Control Volume

IWESP  International Wet Steam Experimental Project

EOS Equation Of State
HEX Heat Exchanger
EXP Expander

J-T Joule-Thomson
PS Phase Separator

cycles) have been developed for the liquefaction of hydrogen [13-18].
Classical hydrogen liquefaction methods, such as the cycles of Linde and
Claude, are inherently complex and costly. A major hurdle is the hy-
drogen's negative J-T coefficient at room temperature, which necessi-
tates precooling to —48 °C by bulky and expensive heat exchangers.
Furthermore, the isenthalpic expansion process, occurring rapidly and
adiabatically through J-T valves, is irreversible [19]. During this pro-
cess, the temperature drop is considerable to provide the necessary low
temperatures for intense hydrogen liquefaction. In Claude cycles, turbo-
expanders are normally used with the J-T valves to increase the effi-
ciency of the refrigeration system by isentropic expansion and to extract
power for compressors in the cycle. Erosion of the blades may also occur

due to the presence of liquid droplets in the final turboexpanders [20].
As is known, hydrogen is highly flammable and can be ignited by sparks,
static electricity, or rapid release of gas, thereby requiring the strictest
possible control of cryogenic equipment to prevent explosion accidents.
In this context, reducing moving parts is a desirable trend. Moreover,
high friction and turbulence within the J-T valves dissipate energy and
prevent the recovery of useful expansion work. This leads to the need for
a large number of expensive heat exchangers and turbo-expanders in the
cryo-cooler multi-stage cycle.

The principal disadvantages of hydrogen liquefaction by traditional
refrigeration and separation methods are low efficiency and high-
pressure drop throughout the mechanical parts [21-24]. The expense
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of machining the turbo-expanders is high; they have complex structures
and require an extra cost for maintenance in a safe state. Additionally,
the rotary components of these devices generate vibrations, which pose
a risk of unstable operation and flammability for hydrogen. Therefore,
such conventional approaches are characterized by significant prob-
lems, including high energy consumption, bulky infrastructure, risk of
explosion, and inherent inefficiencies arising from high-speed rotation
and sealing complexities [25-30]. The operational and maintenance
costs, along with the safety concerns related to handling the low-
temperature and high-pressure environments, pose substantial barriers
to the hydrogen liquefaction practices [2,31].

To overcome the limitations of conventional liquefaction methods,
research on alternative technologies is ongoing intensively. Supersonic
expansion by means of Laval nozzles offers a promising path capable of
achieving very low temperatures without the complexities of rotating
machinery, thereby offering a more efficient and compact alternative to
the traditional separation devices, specifically in the low-pressure stage
of cryocooler-cycles [19,32]. The expansion process in these devices is
isentropic, i.e., it occurs with minimal friction and low turbulence. As a
result, the flow energy, converted into kinetic energy, can effectively be
recovered, so that there is no need for a turbo-expander in the low-
pressure stage of these systems (see Fig. 1). This leads to a significant
temperature drop, often eliminating the need for large heat exchangers
in the liquefaction cycle. Simultaneously, supersonic nozzles are more
compact and have a simpler configuration. These devices offer lower
operational costs and do not require chemical inhibitors. Studies have
shown that their liquefaction yield is boosted up to three times as
compared with traditional expansion devices in cryogenic systems
[19,32,33]. As the flow expands in the divergent section of the nozzle,
the resulting liquid droplets are thrown towards the walls by inertia,
thus forming a liquid film that can be collected by a strategically placed
collector. Supersonic nozzles provide advantages such as a compact
design, lower pressure drop, and the elimination of moving parts, which
make them a more efficient and cost-effective alternative to traditional
liquefaction devices [34,35]. Due to the lower level of turbulence in the
compressible flow, the inviscid flow assumption and 1D analysis are
easily applicable to study the gas and liquid phase behavior in such
nozzles.
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Non-equilibrium condensation, where vapor is transformed to liquid
or solid phase without reaching thermodynamic equilibrium, is well-
studied in industrial applications (such as supersonic separators for
natural gas processing, COz capturing, LNG production, and fresh water
production) [36-43]. However, despite some foundational work on
hydrogen and helium [10,44-46], a clear thermodynamic analysis of
hydrogen liquefaction in supersonic nozzles under realistic operating
conditions is still lacking. Hydrogen's unique thermophysical properties,
notably its extremely low critical temperature (32 K) and high
compressibility, create substantial challenges for the numerical
modeling of supersonic liquefaction and its experimental validation
[8,47,48]. By the numerical methods, the effects of various parameters
(e.g., inlet pressure, temperature, swirl effects, and nozzle geometry) on
the condensation process of various vapors can be investigated by using
commercial or programming codes [49-54]. It has been demonstrated
that 1D modeling codes based on algebraic, differential, or computa-
tional methods have enough accuracy when modeling non-equilibrium
condensation in the nozzles [49,55-57]. Accurate prediction of hydro-
gen's thermodynamic behavior in the high-pressure cryogenic environ-
ment of the nozzle's convergent section requires real gas equations of
state (EOS) and refined condensation models [49,50,55]. The scarcity of
experimental data for hydrogen condensation in supersonic flows
further emphasizes the need for robust numerical simulations to guide
the design and optimization of these systems [45]. Simultaneously, the
lack of data on the condensed hydrogen properties also challenges nu-
merical studies.

Studies have shown that hydrogen liquefies in supersonic nozzles at
very low temperatures [10,44-46]. However, these studies often employ
impractical nozzle inlet conditions, such as pressures and temperatures
near saturation (below 50 K). If such extreme conditions are obtainable,
condensation can be achieved without needing a low-area-ratio nozzle
for further reduction in temperature. Furthermore, due to computa-
tional costs and simulation limitations, previous research has not
investigated the high-capacity liquefaction potential or the maximum
yield achievable in high-expansion nozzles. These limitations originate
from the steep slope of the hydrogen P-T saturation curve, which im-
pacts the classical Gyarmathy droplet growth model and makes the non-
equilibrium condensation problem highly sensitive to inlet conditions.

N
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Fig. 1. Supersonic liquefaction as a substitution for classical cryogenic refrigeration cycles based on J-T valves and turbo-expanders.
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Additionally, there is a conflict between the strong potential for droplets
to grow and the very short time they spend through the hypersonic flow
in the nozzle. Hence, there is an essential need to maximize the
hydrogen condensation and to conduct the associated sensitivity studies.
Achieving realistic hydrogen liquefaction requires initial cooling of the
gas to approximately 100 K, readily attainable through industrial pro-
cesses like Stirling cryocooling, liquid nitrogen precooling, heat
exchanging, or even using exchangers that use the nozzle outflow to
decrease its feed temperature (See Fig. 1) [58,59]. Subsequently, a high-
compression ratio compressor increases the pressure, preparing the gas
for condensation within the supersonic nozzle. Expansion through a
high exit area ratio nozzle then provides the necessary low temperature
conditions for maximum hydrogen liquefaction. The high specific heat
capacity of hydrogen, alongside its low molecular mass, increases its
droplet potential to grow more and reach large sizes, thereby facilitating
the supersonic separation process and offering a pathway to future high-
efficiency liquefaction technologies.

The present study addresses the above challenges and limitations by
investigating the feasibility of hydrogen liquefaction via non-equilibrium
condensation in high-expansion Laval nozzles. To perform the analysis,
an inviscid 1D CFD approach was chosen, along with the Peng-Robinson
EOS and modified Gyarmathy growth model using Clausius-Clapeyron
expression. These presumptions are deemed accurate enough for simu-
lating cryogenic two-phase flows with high slope P-T saturation dia-
grams. Utilizing classical nucleation and a single-diameter droplet
growth model, coupled with the AUSM flux splitting method for solving
two-phase flow dynamics, this study explores the sensitivity of thermo-
dynamic and liquefaction properties on the inlet pressure and tempera-
ture operation conditions. This approach balances computational
efficiency with accuracy, enabling comprehensive parametric studies to
optimize supersonic liquefaction systems. By demonstrating the feasi-
bility of this method under practical conditions and addressing gaps in
previous research, the present work aims to advance cost-effective
hydrogen liquefaction technologies, contributing to the transition to-
wards a hydrogen-based economy. The study reveals that high area ratio
nozzles and elevated inlet pressures are essential for achieving hyper-
sonic flows and cryogenic temperatures necessary for efficient hydrogen
liquefaction (in terms of the increased nucleation rate and overall
liquefaction yield with higher inlet pressures, despite a decrease in Wil-
son point supercooling). The results of this paper can be a substantial step
towards developing the liquefaction technology of hydrogen based on
supersonic expansion.

2. Two-phase flow mathematical models

The analysis in this study focuses on modeling a one-dimensional,
compressible, and inviscid flow. The current 1D Eulerian solver is a
computationally efficient approach to model and simulate the dominant
axial flow variations and the fundamental non-equilibrium thermody-
namics of condensation. While the 1D Eulerian solver efficiently predicts
bulk axial parameters, it neglects multi-dimensional phenomena critical
to phase-change kinetics. Specifically, wall-bounded viscous effects
create radial temperature gradients that suppress condensation by
decreasing the nucleation rate. Furthermore, multi-dimensional shock-
boundary layer interactions can cause flow separation, distorting pres-
sure profiles and broadening the nucleation zone. These effects typically
result in a more polydisperse droplet size distribution than the uniform
growth predicted by 1D analysis. However, 1D models reliably estimate
bulk axial parameters except for the fine-scale, localized fluid dynamics
of the flow. The governing equations for two-phase nucleating flow in
the nozzle consist of conservation laws, equations of state, and models
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for droplet nucleation and growth. These equations for the 1D analysis
are detailed in the following sections.

2.1. Conservation equations

A time-dependent solution to the nonlinear conservation equations is
obtained within the Eulerian framework, and these equations are as
follows [60]:

— —

0Q J0F —
—+——= 1
ot ox M

- — —_
The components of the conserved quantities Q, surface fluxes F, and

the source terms S vectors are represented through the following vector
expressions [60]:

P
pu
6 =1 reé
peL
L pn
©
pu* + P
F = peu + Pu
peu
| (2)
- pu dA -
A dx
pu? dA 4z,
A dx Dy
s = _pha dA
A dx
gﬂerfJ + 4ﬂper2n% - p%u %
j_pnudA
L A dx J

Since the droplets in these nucleating flows have sub-micron sizes, so
that their Stokes number are smaller than one (Sty<1), a no-slip con-
dition is assumed between the phases within the momentum equation.
In Eq. (2), the wall shear stress (z,) is determined via the Colebrook
formula, which relies on the friction factor f(e, Rep). The total specific
internal energy of the two-phase mixture within each cell (e,) is then
defined by Eq. (3) as follows:

2
e :hG*Cthgngruj 3
where hg, is the latent heat of condensation per unit mass, and p is the
two-phase flow density, which is related to the gas and liquid densities
through the following equation:

1-c¢ c -
p=(—"+2 @
Pc PL

The second term on the right-hand side of Eq. (4) is negligible compared
with the first one. By using Eq. (1), the flow parameters (i.e., density,
velocity, temperature, etc.) are then calculated at each time step. For
single-component flows, the liquefaction yield can be determined by
evaluating the liquid mass fraction (c).
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2.2. Real gas model

Accurate analysis of the condensation in the nozzle under very low
temperatures, particularly at the high-pressure inlet, necessitates a real
gas equation of state (EOS). Errors in inlet flow state calculations
propagate downstream in the domain numerically and significantly
impact results. The Peng-Robinson EOS, known for its simplicity, flexi-
bility, and accurate gas property predictions, is well-suited for this
application and can be written as follows [61]:

p— PcRT ap;

T 1-bp; 1+2bp;—b2p3 )

where a and b are the coefficients of the Peng-Robinson EOS.

2.3. Non-equilibrium condensation models

Within the Eulerian-Eulerian framework, nucleation and droplet
growth models are concurrently implemented. These processes begin
when the gas enters a supersaturated state. Homogeneous nucleation
rates are calculated by using the classical nucleation theory (CNT), where
the free energy of cluster formation is determined by the following for-
mula:

AG = —m,RTIn(Sp) + 4716 (6)

Here, m, represents the mass of a cluster with radius r. The critical
cluster radius is determined by finding the maximum of the Gibbs free
energy with respect to the cluster radius, which results in the following
expression [62]:

20

re=—r——
p,RTIn(S;)

@)

The classical nucleation rate, as determined by Eq. (8), establishes
the rate of volumetric number density of critical clusters formed when
assuming the stagnant bulk of the flow [62].

LA I
J class — o ﬂmfeXp< kBT (8)

The classical nucleation rate, which depends on vapor density (p,),
liquid density (p;), Boltzmann's constant (kg), molecular mass (m; ), and
the Gibbs free energy of critical cluster formation (AG,), is then modified
by using the Kantrowitz correction. This modification considers the
temperature difference (non-isothermal effects) and heat transfer be-
tween the phases. It improves the accuracy of predicting the Wilson
points, pressure, and droplet radius distribution for two-phase flows
(containing H20, Ng, etc.) relative to other alternatives such as classical,
Courtney, Hale, Girshick-Chiu, and Wolk-Strey nucleation models at
various temperatures [60,63-66].

A
20-1) Mg (Mg 1
1+3%:2% (8- 3)

where hy, is the latent heat of condensation, i.e., the energy released
when vapor molecules settle down on the droplet during the conden-
sation. The droplet growth rate is determined by calculating the energy
exchange between the droplet and the surrounding gas. Employing the
Gyarmathy approximation for one-way thermal coupling of gas and
droplet temperature, the growth rate is calculated as follows [60,67]:

9

ar o (17&

dt  phy r) (=) a0

Gyarmathy's growth model provides more accurate predictions of
two-phase flow parameters for different vapors under various temper-
atures as compared with other alternatives such as the Hertz-Knudsen,
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Spalding, and Fuchs-Sutugin models [60,68,69]. The convective heat
transfer coefficient (a,) in Eq. (10) describes the heat transfer between
the droplet and the gas. The relationship between the saturation tem-
perature and pressure is then determined by using the Clausius-
Clapeyron equation as a new approximation to better determine the
droplet growth for gases with a high slope of P-T diagrams by the
following expression [60]:
h,T

= hy; — RTIn(S,) an

By substituting Eq. (11) in Eq. (10), the droplet growth model also
becomes a function of supersaturation, so that there is no need for
special correlations to determine the saturation temperature. The dif-
ference (T(P,) — T) in Eq. (10) is defined as the gas supercooling [70].
Based on Gyarmathy's general model, the convective heat transfer co-
efficient, valid for various droplet Knudsen numbers, is given by a
correlated expression to satisfy the continuum and free molecular re-
gimes as follows [60,71]:
ar = S — 12)

r(l 4 2v8x LKn,)

1.5Prg 7+1

where A is the gas thermal conductivity. The droplet Knudsen number
(Kn,) and the gas Prandtl number (Prg) are calculated by Egs. (13) and
(14), respectively:

Kn, = i — 15'707 VRT 13)
r p

Prg = Crllg 14)
A6

where ji; is the dynamic viscosity of the gas.
2.4. Thermophysical properties

Equations detailed in Appendix A were used to determine the physical
and thermophysical properties of both gas and liquid phases, including
surface tension, droplet density, latent heat, saturation temperature,
viscosity, thermal conductivity, and specific heat capacity of normal
hydrogen (Para-Ortho) as the gaseous phase.
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Fig. 2. Schematic of droplet growth and equivalent diameter at each nozzle
control volume.
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v

Application of initial properties distribution as isentropic ideal gas flow in each it" element
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v
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v
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i Time step
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Calculation of flow properties such as p}, ujt, P}, etc. from Eulerian view and real gas EOS yy

v

Calculating source terms of condensation §(4) and S(5)

v

Applying the boundary conditions

N
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Fig. 3. Algorithm for analyzing the two-phase nucleating flows in the numerical model.

Table 1 Table 2
Boundary conditions at the nozzle inlet and outlet. Main assumptions governing the model.
Boundary condition T P u n cr, Assumption Physical justifications Range of
validit;
Inlet To Py Qo(2) =2Q1(2) — Q2(2) 0 0 d
Outlet azv - 26[\]7 - 6N, ) Inviscid 1D flow C.ore flow dominates axial variations; Rep > 10°
high Reynolds number.
Flow continuity The fluid behaves as a continuous Knex1

2.5. Equivalent diameter of the droplets

medium.

Homogeneous Neglecting the impurities or foreign n, <102 m3
. . . . . nucleation particles.
The single-diameter approach serves as a primary engineering proxy No-Slip condition Small droplet relaxation time due to Stg<1
for the liquefaction performance. In real separators, micron-sized drop- for droplets micro-scale size. Heat transfer between
lets are sufficient for centrifugal separation and liquid film formation. th; phases follows t"{e;i“gle motionless
Due to the small droplet size, the Weber number of droplets is low sphere convectlon with stagnant vapor.
K K . No coalescence for Dilute dispersed phase; high inter-droplet ¢ > 0.95
(Weq < 12) and droplet breakup is considered negligible [60]. Further- droplets distance.
more, the high-speed expansion creates a dilute dispersed phase with No droplet breaking ~ Surface tension dominates aerodynamic ~ Weg < 12
large void fractions (¢ > 0.95), where the short residence time makes drag.
coalescence negligible [60]. While a real polydisperse distribution exists, Single-diameter Uniform droplet size at each cross- ¢ > 0.95 and
model section. Weyq < 12

the predicted mean diameter can effectively approximate the feasibility
of centrifugal separation in the nozzle. Thus, a single-diameter model,
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Fig. 5. Contours of (a) pressure and (b) droplet size distributions through the Moore nozzle using ANSYS Fluent. Comparing the pressure and droplet sizes resulting
from the 1D model against experimental data and numerical solution of ANSYS Fluent at each section of: (c) Moore et al. data for water steam (Py = 25 kPa, Ty =
357.6 K, L =750 mm, and ¢ = 6.5 x 10~% mm) [75], and (d) IWSEP nozzle (P, = 100 kPa, Ty = 423.6 K, L = 133 mm, and frictionless) [76].
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which serves as a primary indicator of the bulk liquefaction potential, is
used to describe the droplet distribution in the domain. According to
Fig. 2, each control volume contains two droplet groups: one originating
upstream and growing, and another formed locally. Eq. (15) is used to
calculate the equivalent diameter of these groups at each element.

d 3 6CL
=_= 15
Teg =75 . (15)

where c;, is the liquid mass fraction, and n is the number density of all
droplets.

2.6. Solution flowchart

The AUSM scheme is employed to solve the conservation equations.
AUSM is well-suited for capturing shocks and steep gradients inherent in
real gas flows. The computational domain is discretized into numerous
control volumes, and the conservation equations are solved concurrently

with droplet growth and nucleation models. The updated conservative
n

vector is determined by calculating surface flux terms ?i .1 and utilizing

2
the previous time step's vector as follows [72]:

—n+1 —n At | —n —n —n
=Q. F.1—F, 1|+ S,At

i i B i+5 i—5 L (16)

At each time step, two independent parameters of state (such as
pressure and temperature) are updated. The Peng-Robinson EOS is used
to calculate the gas pressure, and subsequent parameters are derived
from these updated values. Nucleation and droplet growth source terms
(S(4) and S(5)) are non-zero when the flow is supersaturated.

Two independent parameters of state (such as pressure and tem-
perature) are updated at each time step using the Newton-Raphson
method to determine the other properties of the gas and liquid phases.
The solution algorithm is illustrated in Fig. 3.

The calculations are repeated until stationary conditions are ach-
ieved, i.e.:

N
——<e aa7)

i=1 L

where N is the total number of elements. At the n time step, the pres-
sure at the center of the i element is denoted as P. Solution conver-

gence is achieved when the residual falls below the criterion ¢ = 1076.
The subsequent time step is determined by the following equation:

At = (ﬂ) CFL
umﬂ.x

where the Courant number is assumed to be CFL. = 0.4.

(18)

2.7. Initial and boundary conditions

The nozzle inlet conditions are defined by specified temperature and

.
pressure. At the nozzle exit, conservative vectors (Qy) are determined
through extrapolation from interior control volumes by using the for-

mula aN = 261\,_1 - aN-z- Similarly, the inlet flow rate is also calcu-
lated via extrapolation of the second conservative component (Qy(2) =
2Qi(2) — Q2(2)) and adjusted during the solution to reflect throat
choking. Table 1 provides further details on the boundary conditions.

2.8. Principal assumptions

The main assumptions governing the model are summarized with
their ranges of validity in Table 2.

3. Results

The following Section 3.1 presents the validation of the obtained
results against available theoretical and experimental data for well-
known nozzles. Therefore, the accuracy of the Peng-Robinson EOS in
predicting the saturation compressibility and pressure of hydrogen is
thus investigated. In the continuing, the pressure and equivalent droplet
radius distributions resulting from 1D numerical modeling are
compared against a performed 2D solution in ANSYS Fluent 19.1 and
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Fig. 7. Thermodynamic diagrams (P-T, P-v, and Z-P,) for hydrogen liquefaction when inlet pressure ranges from 325 to 400 bar at the fixed inlet temperature of 97 K.

available experimental data for steam and non-steam expanding vapors.
Furthermore, in Sections 3.2 and 3.3, the effects of inlet operational
conditions (such as temperature and pressure) on the condensation and
thermodynamic parameters of the nozzle are studied. For realistic inlet
conditions, the inlet temperature is assumed to be around 100 K, with a
pressure below 400 bar. Such inlet temperatures can be achieved by
using precooling heat exchangers containing liquid nitrogen or using the
cold flow from the nozzle in the precooling heat exchanger, while the
high inlet pressures can be provided by advanced turbo-compressors
with high-compression ratios. Through the analysis, it is assumed that
the flow consists of pure hydrogen, free of impurities such as Oy, Nj,
CO,, and H,0, whose frozen particles can form initial sites of partial
heterogeneous condensation and flow obstructions.

3.1. Validating the results

Since there is no reliable data for the non-equilibrium condensation

of hydrogen through experimental nozzles, the condensation and EOS
models are validated here. Therefore, the compressibility factor and
saturation pressure of hydrogen extracted from the EOS are compared
with the saturation data available [73,74] (see Fig. 4). The Z-Pr satu-
ration diagram data [73], valid for all simple fluids, has been derived by
the Lee—Kesler EOS, which is an accurate model for describing the gas
and liquid behavior accurately. As can be seen in Fig. 4a and b, the Peng-
Robinson EOS predicts the gas and liquid saturation data accurately in a
wide range of temperatures from the triple to the critical points of
hydrogen. In addition, it can also be concluded that the condensation
properties (e.g., liquid phase density) that are used in the calculations
have enough accuracy in presenting hydrogen condensation behavior.
Figs. 5a—c consider the non-equilibrium condensation of steam in the
Moore et al. [75] and IWSEP nozzles [76] to validate the 1D Eulerian
solver and condensation models. First, the 2D contours of pressure and
droplet equivalent radius, derived from the ANSYS Fluent 2D inviscid
solution, are shown in Figs. 5a and b. Then, the average pressure and
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Fig. 8. Variation of droplet (a) radius, (b) nucleation rate, (c) number density, and (c) mass fraction in the nozzle for different inlet pressures when T, = 97 K.

droplet radius at each section of the divergent part from the ANSYS
Fluent simulations are presented as a reference to validate the 1D
modeling analysis. Furthermore, the pressure and droplet size are
compared with the experimental data of Moore et al. [75]. The
normalized mean absolute error of the 1D solution for determining the
pressure and droplet size against the ANSYS Fluent numerical solution is
about 8% and 47.5%, respectively. In addition, the normalized mean
absolute error of the 1D analysis against the experimental data is about
7.6% for pressure and 26.5% for droplet size. Hence, it can be concluded
that the proposed 1D model is sufficiently accurate for analyzing the
non-equilibrium condensation of vapors in nozzles by predicting flow
parameters and droplet size distributions. The difference between the
ANSYS Fluent numerical and the 1D solution in predicting the experi-
mental data is due to the difference in growth, EOS models, and property
formulations used. For example, ANSYS Fluent uses the Young growth
model and Virial EOS [60] to describe the vapor state. Additionally,
sectional averaging of the pressure and droplet radius in the 2D solution
are employed there to obtain distortion-free data in the x-direction
through the nozzle.

10

Fig. 5d presents the pressure and droplet radius size distribution
compared with the experimental data for the IWESP nozzle [76]. It can
be seen that the 1D model provides an acceptable accuracy in the
determination of pressure, condensation shock location, and strength. In
addition, it is observed that droplet sizes resulting from 1D modeling are
in the same range as experimental data [76]. Such errors can be
attributed to the circumstance that the single-diameter 1D model does
not consider the droplet size distribution in each section. Moreover, the
Kantrowitz nucleation and growth models may also have some de-
ficiencies within various pressure and temperature ranges, given that
these models are derived via ideal gas assumptions [60]. The deviations
(Figs. 5¢ and d) likely arise from model simplifications such as inviscid
flow, stagnant nucleation, and neglecting phase slip and coalescence
combined with uncertainties in experimental droplet size
measurements.

To validate the models for predicting flow and condensation pa-
rameters of non-steam vapors, the numerical solution for CO5 pressure
distribution in the nozzle of Littieri et al. [77] and NH3 Wilson points in
the nozzle of Jaeger et al. [78] were compared (as shown in Figs. 6a and
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Fig. 10. Influence of the inlet pressure enhancement on the outflow droplet
radius and liquefaction yield for To = 97 K and P, = 325 bar.

b, respectively). The normalized mean absolute error of numerical so-
lution against experimental data of Lettieri et al. [77] and Jaeger et al.
[78] are 2.3% and 8.7%, respectively. Therefore, the current model is
capable to be used for modeling H; condensation in nozzles. Usually, the
Wilson points are approximately fixed, while the difference between the
Wilson points derived from numerical solutions and experimental data is
due to the difference between the divergent angle of the nozzle in the
numerical solutions and the nozzle studied by Jaeger et al. [78].

3.2. Effects of inlet pressure

It was demonstrated in Section 3.1 that the presented 1D model has an
adequate accuracy when calculating the two-phase parameters of various
vapors, including H,0, CO,, and NH3 in supersonic nozzles. Moreover,
the droplet radius is one of the most sensitive parametrs in such problems.
This means that the deviations in determining the submicron size of
droplets are higher than deviations in pressure or liquid mass fraction
distribution. Therefore, the model can successfully be used to predict the
parameters of two-phase hydrogen flow (such as pressure, liquefaction
yield, and even droplet size behavior) in Laval nozzles. Generating liquid
hydrogen in supersonic nozzles necessitates low inlet temperatures and
high pressures. The adiabatic expansion of hydrogen within the nozzle
drives the gas to much lower temperatures and pressures. The nozzle
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specifications used in this study, assuming frictionless walls, are detailed
in Appendix B.

Figs. 7a—c presents P-T, P-v, and Z-P, diagrams for inlet pressures of
325 to 400 bar at a constant temperature of 97 K. As can be seen,
hydrogen gas starts to condense around T = 20 K and P = 1.5 bar in the
nozzle. The diagrams illustrate that the increased inlet pressure reduces
the supercooling temperature but enhances the overall non-equilibrium
condensation within the nozzle due to the higher nucleation rate (see
Figs. 7a, 8b and c). This intensified condensation releases more heat,
resulting in a higher nozzle exit temperature. Consequently, the flow
further deviates from the isentropic dry flow assumptions, thus
approaching near-equilibrium or saturation conditions at the nozzle
exit.

Fig. 7c demonstrates that the nozzle inlet flow deviates significantly
from the isentropic dry gas behavior. During expansion in the conver-
gent and divergent sections, the compressibility factor decreases.
However, in the divergent section, it increases and initially tends to
unite as the flow enters the two-phase region upon crossing the satu-
ration line. Non-equilibrium condensation then stops this trend, causing
the compressibility factor to decrease again, an effect intensified by
higher inlet pressures.

Fig. 8 illustrates the distribution of droplet radius, nucleation rate,
number density, and liquefaction yield within the nozzle for various
inlet compression pressures with the maximum expansion of A/A, =
47.4. As can be seen, due to the high heat capacity of hydrogen vapor, it
has a significant capacity to absorb latent heat released during
condensation without a large increase in the two-phase flow tempera-
ture. This allows for sustained higher supercooling during the expansion
process, enabling the droplets to grow further, so that the droplet radius
can exceed 1 pm. As a result, hydrogen has a high potential for lique-
faction by the supersonic separation technique. Increasing inlet pressure
leads to upstream condensation onset, higher nucleation rates, and
smaller droplet sizes at the nozzle exit. However, the liquid phase mass
fraction increases overall. After crossing the Wilson line and returning to
quasi-equilibrium conditions, nucleation stops, and droplet growth
slows due to reduced supercooling. Consequently, the rate of increase in
liquid mass fraction diminishes, particularly at 400 bar, indicating
limited liquefaction yield for each separation stage in the nozzle. The
maximum liquid mass fraction achieved is 18%.

Fig. 9 depicts the temperature and Mach number distributions
throughout the nozzle for different inlet pressures. Notably, achieving
supersaturation states of hydrogen necessitates high area ratio nozzles,
which generate hypersonic flow with a Mach number of 5.5 < Ma < 6.5
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Fig. 11. Thermodynamic diagrams (P-T, P-v, and Z-P,) for hydrogen liquefaction when the inlet temperature ranges from 90 to 100 K at a fixed inlet pressure of

350 bar.

at the outlet. The flow experiences a temperature drop as it progresses,
reaching the Wilson point, the location of maximum supersaturation.
Subsequently, the latent heat release causes a temperature rise,
accompanied by a Mach number decrease as the gas and liquid phases
reach equilibrium. In the post-equilibrium region, the Mach number
increases again, though at a reduced rate (as compared with the dry
flow), due to a slow increase of the liquid phase from droplet growth. For
the case when Py, = 400 bar, the condensation starts at A/A; = 12 and
at the nozzle exit, while the temperature difference between the
condensing and dry flow scenarios is roughly 6 K. Increasing the inlet
pressure moves the non-equilibrium condensation zone upstream,
leading to a more pronounced condensation shock and a greater Mach
number reduction in the droplet formation region.

Fig. 10 demonstrates the sensitivity of the droplet size and mass
fraction at the nozzle outlet as affected by the inlet pressure, while
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keeping the inlet temperature constant. Due to the hydrogen's high
specific heat capacity, increasing the inlet pressure leads to the forma-
tion of micron-sized droplets, optimizing liquefaction yield and simpli-
fying droplet separation. This makes the supersonic separators an ideal
choice for hydrogen liquefaction. As the inlet pressure rises, the droplet
size decreases due to the decrease in Wilson point supercooling, while
the liquid mass fraction increases. For a 23% compression pressure
(relative to Py = 325 bar), the droplet radius is approximately 0.77 pm,
while the liquid phase mass fraction is around 18%. However, for inlet
pressure enhancements below 3%, the incomplete nucleation and the
system's failure to achieve thermodynamic equilibrium led to a localized
increase in the droplet size. Additionally, when pressure enhancements
are below 10%, the outlet radius sizes exceed one micron.
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Fig. 12. Variation of droplet (a) equivalent diameter, (b) nucleation rate, (¢) number density, and (d) liquefaction yield throughout the nozzle when the inlet

temperature ranges from 90 to 100 K at a fixed inlet pressure of 350 bar.

3.3. Effects of inlet temperature

This section analyses the influence of inlet temperature on the
thermodynamic and two-phase flow characteristics of a supersonic
separator nozzle (operating at a fixed pressure of 350 bar). Fig. 11a-c
demonstrates that decreasing the inlet temperature significantly de-
creases the Wilson point supercooling and enhances hydrogen lique-
faction, thereby facilitating droplet gas-liquid equilibrium within the
supersaturation region. In contrast, when the inlet temperature is 100 K
or higher, the liquefaction potential is substantially reduced, leading to a
low latent heat release and a negligible rise in flow temperature during
condensation. According to Figs. 11b and c, after providing equilibrium
conditions at the nozzle outlet, the specific volume of the gas will be
close to the gas saturation state, and the compressibility factor reaches
Z = 0.68.

Figs. 12a-d depict the distribution of condensation parameters along
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the nozzle divergent section for various inlet temperatures. It can be seen
that hydrogen droplets are formed at nanoscale sizes; however, due to
their rapid growth, their size reaches the micron scale at the nozzle outlet.
Obviously, lowering the inlet temperature shifts the onset of condensa-
tion towards the upstream region of the nozzle at lower area ratios.
Additionally, reduced inlet temperatures lead to increased nucleation
rates (up to 6 x 10%° mS. s’l) and decreased droplet radii (down to 0.6
pm). The dominant effect of the droplet number density over the droplet
growth results in a significant increase in liquefaction yield, reaching up
to 22% with a decrease in the inlet temperature. The relatively small slope
of the liquid mass fraction curve suggests that the maximum supersonic
liquefaction yield per nozzle stage is limited to the range of 20-25%,
which is still a substantial achievement. Notably, for inlet temperatures
exceeding 100 K, despite the considerable droplet growth, the low
number density of the formed droplets in the low supersaturated region
before the Wilson point results in an approximately zero liquid mass
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Fig. 14. The effects of inlet temperature on the outflow droplet radius and
liquefaction yield for a fixed inlet pressure of Py = 350 bar (T; = 90 K).

fraction.

Figs. 13a and b illustrate the temperature and Mach number profiles
along the nozzle for various area ratios, considering different inlet
temperatures at a fixed inlet pressure. As the inlet temperature de-
creases, the onset of non-equilibrium condensation shifts upstream. For
instance, in the case when To = 90 K, the condensation initiates at A/Atnh
= 6, ending at a maximum temperature deviation of 12% relative to the
isentropic flow at the nozzle exit (where the maximum reduction in
Mach number as compared with the dry case reaches 1.4), which is a
remarkable finding.

Fig. 14 demonstrates the sensitivity of droplet equivalent radius and
the liquefaction yield at the nozzle outlet towards the inlet temperature,
while keeping the inlet pressure at 350 bar. As can be seen, increasing the
inlet temperature beyond 6% (relative to 90 K) leads to the formation of
droplets with radii over one micron and reduces the liquefaction yield. As
the inlet temperature rises, the droplet size increases, and the liquid mass
fraction decreases. Therefore, for an inlet temperature of 90 K, the droplet
radius is approximately 1.1 pm, and the liquid phase mass fraction is
around 22%. For an inlet temperature increase over 9%, the incomplete
nucleation and the system's inability to reach thermodynamic

14

equilibrium before the Wilson point result in a local decrease in the outlet
droplet radius trend. As is obvious from Figs. 10 and 14, the liquefaction
and droplet growth of hydrogen are approximately twice as sensitive to
the inlet temperature as to pressure (i.e., a decrease in the inlet temper-
ature by 10% enhances the liquefaction yield by about 20%, while a 10%
enhancement in the inlet pressure improves the liquefaction yield by
some 10% only). On the other hand, a 10% reduction in temperature or a
10% enhancement in pressure results in a 50% and 20% reduction in
droplet sizes, respectively. The physical reason for the condensation to be
twice as sensitive to temperature as pressure is the increasing slope of the
P-T saturation line with temperature. By increasing the inlet pressure, the
isentropic expansion in the supersaturation region results in a shorter
advancement in the supersaturation state than the similar process with a
decrease in inlet temperature.

4. Concluding remarks

This study demonstrates the effectiveness of high-expansion Laval
nozzles for industrial liquefaction of hydrogen as a suitable alternative
to the J-T valves and the expansion devices in traditional cryogenic
cycles. Generating a high amount of liquid hydrogen by means of non-
equilibrium condensation is investigated numerically under realistic
operating conditions and hypersonic nozzle flow. By employing a 1D
CFD model (incorporating the Peng-Robinson equation of state and a
modified Gyarmathy growth model based on the Clausius-Clapeyron
relation), this study establishes that hydrogen's high heat capacity and
low molecular mass enable substantial condensation and droplet growth
beyond the Wilson point. In particular, a significant liquid-phase yield of
22% and the formation of micron-sized droplets can be achieved per
separator nozzle stage. It has been shown that, due to the hypersonic
flow velocity and low supercooling in the nozzle outlet, there is a
liquefaction limitation for hydrogen in the separation applications. Due
to the increase in the P-T saturation line slope with temperature, the
inlet temperature is a more sensitive parameter as compared with the
inlet pressure in terms of liquefaction yield and droplet size. This
liquefaction yield is twice as sensitive to inlet temperature (A 10%
reduction in inlet temperature results in a 20% increase in liquefaction
yield, whereas a 10% increase in inlet pressure provides only a 10%
gain). Furthermore, for cases with higher inlet temperatures and lower
pressures, although the expansion to supersaturation states before the
Wilson point results in micron-sized droplets, a negligible liquid mass
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fraction is produced due to the low droplet number. Consequently,
significant droplet growth requires inlet conditions that provide intense
condensation, which occurs once the flow state crosses the Wilson point
in the nozzle. The results also show that supersonic liquefaction reveals a
promising avenue for reducing energy intensity and infrastructure de-
mands in the cryogenic industry. Simultaneously, further research is still
necessary with a focus on optimizing nozzle geometry and droplet
management, with the ultimate goal to secure a scalable and sustainable
hydrogen value chain for production, storage, and distribution.
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Using existing data [74], a polynomial relationship between hydrogen saturation pressure and temperature is determined as follows:

Ps:ao +a1T+azT2+(13T3+(14T4+a5'1-6+(16'1-6 (A~1)
where T and P; are in Kelvin and bar, respectively. The coefficients a, to as for various temperature ranges are presented in Table A.1.
Table A.1
Coefficients for calculation of the saturation pressure in Eq. (A.1).
ap a; as as a4 as [£3
T>13.46 K 8.009704322 —2.98687058 0.45046908 —0.0350771 0.00147456 —3.1278E-5 2.7023E-07
T <13.46 K —14,515.003 7079.4244 —1437.798 155.64214 —9.4713066 0.30720048 —0.004149
The density of liquid Hy (in kg/m?) is assumed to be a function of temperature, and it is correlated by Eq. A.2 [79]:
=0 +aT+aT* +asT? +a,T* +asT® +asT® (A.2)
where T is in Kelvin. The coefficients ag to ag are presented in Table A.2.
Table A.2
Coefficients for calculating the density of liquid H, by Eq. (A.2).
ay a a as as as as
—202.36155605 85.20761046 ~10.502551 0.67676206 —0.0242709 4.59027417E-4 —3.587542E-6
Eq. (A.3), used to calculate the surface tension of H= droplets (in N/m), is derived by fitting data [80] as follows:
G:a0+alT+(12T2+a3T3+a4T4+asT5 (A.3)

where T is in Kelvin. The coefficients ay to as are presented in Table A.3.

Table A.3
Coefficients for calculating the surface tension of liquid Hy by Eq. (A.3).

ao a az

as as as

4.53873E-3 3.7227439E-5 —2.058324E-5

1.01021428E-6 —2.40912E-8 2.283444E-10

The latent heat of hydrogen (H:) varies with temperature (in Kelvin) and can be determined by using Eq. (A.4) (in J/kg) [74,81]:

hg = a0+ @ T+aT? + @ T + ayT* + asT° + ag T

15

(A4)
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The coefficients ay to a4 are presented in Table A.4.
Table A.4

Coefficients for calculating the latent heat by Eq. (A.4).

ao ay az as ay as [

—86,712.735019 23,918.598124 —2695.733384 159.810158 —5.2588364 0.091135718 —6.50471E4

The gas specific enthalpy (hg) is determined from the Peng-Robinson formulation as follows [82,83]:

da
T@E—a

bv8

T
he = / CpodT + (A5)
0

R 1+ (1+v2)bpg
1+ (1-v2)bpg

where, C,o represents the ideal gas isobaric specific heat capacity. The isochoric specific heat capacity for a real gas is calculated by Eq. (A.6) [82]:

ou Te
v=2=] =Co—R+|—L |In
( > 7 bV8

(A6)

VG+(1+\/§)b
Vg+(17\/§)b

The Peng-Robinson equation's parameters, a and b, are used to compute the real gas isobaric specific heat capacity, according to Eq. (A.7) as
specified in [84].

Y2\ (Pv
C,=Cy,— (Y) (7) (A7)

where Y = T/P(0P/dT), and X = — v/P(0P/0v);. In the AUSM scheme, the flow Mach number for flux calculations is determined by:

Ma = & (A.8)

\/E
PG
where the real gas isentropic exponent is determined by Eq. (A.9):

Ve oP Cp
— _G(Z) = A9
4 P ((}VG) TCV ( )

The Chung method [85] is employed to accurately calculate the dynamic viscosity and thermal conductivity of the real gas across all pressure
ranges.

31.2 _ _

26(T, pg) = ==37° (Gy" + Be3) +aB:¥* VT,Go (A.10)
.36.344/m; T,

#o(Tho) = Ho——z5—— ! (A11)

Egs. (A.10) and (A.11) include the gas equivalent molecular mass (m; ) and critical temperature (T, ), with all other parameters (such as yg, y, G2, Y,
etc.) derived as per a previously recommended methodology [85].

Appendix B. Nozzle profile

A quintic polynomial convergent nozzle, with a circular cross-section, is used in this investigation. The convergent profile is described by Eq. (B.1),
and it is further detailed [34]:

5 4 3
R =Ry + (Ro —Ray) [l—6(§) +15(Lﬁ> —10(%) } (B.1)

The diverging part of the supersonic separator nozzle is designed within two distinct sections: A circular arc and a conical segment with a constant
divergence angle. The nozzle's configuration and associated design parameters are detailed in Fig. B1 and Table B1.

Table B1
Coefficients related to the nozzle profile in Eq. (B.1) (aq is the divergent angle, and R, is the tangent circle radius at the nozzle throat in Fig. B1).

Parameter R;(mm) Ry, (mm) R;(mm) L¢(mm) R.(mm) ap

Amount 60.33 7.54 147.03 211.16 51.9 1.5°

16
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Fig. B1. Schematic of the design parameters corresponding to the studied nozzle.

Data availability

Details and clarifications could be obtained from the corresponding

author upon request.
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