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Abstract:In this study, an analysis of the results obtained after simulation studies of the synthesized modified algorithm with a priori unknown 

form of the ultrashort pulses (USPs) reflected from a point target, and when operating in Gaussian noise conditions, has been carried out. 

Proposals for the boundary conditions for the optimal operation of the algorithm have been made. The Prony method has been used to determine 

the moment of arrival of the reflected signal and estimate the complex components of the USP amplitude. The study is a continuation of the 

publication devoted to the synthesis of a modified algorithm for processing a bunch of USP pulses reflected from a point target. 
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1.Introduction. 
The algorithm proposed in the previous publication for 

calculating the arrival time of the ultra-short reflected pulse was 

synthesized under the condition that only reflected signals are 

considered and noise samples, which are always present in the input 

signal under real conditions, are not accounted for. Under "noise 

component," it will hereafter be assumed that the input sequence 

contains "white" (Gaussian) noise with a one-sided noise power 

spectral density – N0. In this case, the estimation of the time moment 

– τ, will be obtained with a certain error, which will depend on the 

signal-to-noise ratio (S/N).  

 
2. Prerequisites and ways to solve the 

problem.  
In the first stage, it was proven that the chosen approach is 

suitable for calculating and estimating the amplitudes (also presented 

in complex form) of the reflected ultra-short pulses.  

In some publications, the measurement of the arrival time 

of a reflected USP is solved using the MUSIC method. Studies show 

that other known methods can also be used – such as the Annihilating 

Filter, Prony's method, etc.. Further in this study, Prony's method will 

be used. This is necessary for the following three reasons: 

1.It is not possible to use analytical dependencies for 

synthesizing a sequence of mathematical procedures when 

determining the characteristics of the amplitudes of USPs from the 

input packet of reflected signals.  

2. During the synthesis of the modified algorithm and the 

analysis of its effective performance, restrictive conditions were 

imposed regarding: 

- the estimation only of the conditional time shift, and 

- the dispersion of time shifts in the observation period, 

averaged for the input packet of reflected pulses . 

3.Prony's method was used for direct determination of the arrival 

time of the reflected USP. These arguments necessitate that the 

analysis of the estimation effectiveness be computer-modeled in a 

Matlab environment.  

 

3. Solution to the studied problem.  
As a starting point for the modeling, the main mathematical 

expressions from the synthesis of the modified algorithm will be 

recalled: 

- An USP with a bell-shaped form of the type - 𝑠(𝑡, 𝜏) =

𝐴𝑒[−𝛼2(𝑡−𝜏)2] where 𝑡 ∈ [0; 𝑇] was used as a model of the input 

signal reflected from a point target. 

- Normalized time value - 𝑡̃ =
𝑡

𝑇
 and normalized arrival 

time of the reflected pulse - 𝜏̃ =  
𝜏

Т
 were introduced . 

-The result of these introductions is the representation of the 

input signal in the following form 𝑠(𝑡̃,𝜏̃)= 𝐴𝑒[−𝛼̃2(𝑡−𝜏̃)2] where 𝑡̃ ∈
[0; 1], a 𝛼̃ = 𝛼𝑇; 

- The expression illustrating the impulse response of the 

Nyquist filter was similarly transformed, taking into account 

the following dependencies - 𝜔с𝑇 = 2𝜋𝑀, 𝑀 ≥ 2 

- During the modelling itself, a noise component, in the form 

of uncorrelated noise with dispersion - 𝜎2, was added to the signal 

function.  

For conducting the simulation studies, the following input 

parameters for the respective quantities were used: 

 −𝛼̃ = 200, 300, 400; 

− Low-Pass Filter (LPF) Nyquist parameter − 𝛽 = 0.1 ÷ 0.9 

with a step of – 0.1, i.e., β = 0.2; 0.3; ....0.9; 

− Signal-to-noise ratio (S/N - q) – q = 5÷40, with a step of 

5.  

After conducting the simulations, the following conclusion 

can be drawn:  

The "estimation of the displacement" approaches 0, i.e., the 

phenomenon of "absence of displacement" is observed, which 

corresponds to an unambiguous measurement of the arrival time of 

the reflected ultra-short pulse, and thus an unambiguous 

determination of the distance to the observed object.  

This "phenomenon" is especially pronounced at high S/N 

ratios – in the order of q ≥ 20 – 50. To visualize the dependence of 

the error allowed in estimating the time displacement, a graph is 

shown in Fig. 1.1, where the obtained graphs, numbered 1 - 5, are 

displayed for different values of M and N, respectively. The 

horizontal axis shows different S/N ratios with a step of % dB, and 

the vertical axis shows the allowed error in determining the 

normalized arrival time of the reflected signal. It should be clarified 

that curves 1 and 2 were obtained with the same "smoothing 

coefficient" β = 0.55 for the Nyquist LPF.  

 
Fig. 1. Dependence between variables q and V for different values 

of parameters M and N. 
Four series of data are visualized with smoothed lines and different 

colors for better readability. The graph is on a logarithmic scale on 

the Y-axis. Series 1 (blue line, M=2, N=5) shows the highest values 

of V, while Series 4 (red dashed line, M=7, N=15) has the lowest 

values, which suggests better model efficiency or stability with these 



parameters. Different colors are used for each data series, and line 4 

is in red. 
When increasing the values for M and N, respectively, it is 

noted that the "estimation of the time displacement" increasingly 

depends on β, while for small values of M and N, the error in 

determining the arrival time of the reflected pulse increases. This is 

confirmed by graphs 3 and 4, which are displayed for the same values 

of M and N, (M=7, N =15), but where curve 3 uses β = 0.55, and 

curve 4 uses β = 0.1.  

The smaller the smoothing coefficient, the more the shape 

of the LPF's amplitude-frequency characteristic (AFC) approaches a 

"rectangular" shape, which in turn leads to increased accuracy in 

measuring the arrival time of the USP reflected from the target. 

 Based on the conducted simulation studies and the 

comparison of the obtained results with those obtained by the MUSIC 

method, it can be stated that this method can also determine the 

complex amplitudes of the individual components. The same applies 

to the application of Prony's method.  

The obtained numerical results, which are not shown in the 

report, once again confirm the conclusions made earlier in 

publications dedicated to the topic, that the LPF parameters, the 

number of required samples (the quantity of reflected USPs in the 

packet), the S/N ratio, etc., equally affect the accuracy of determining 

the arrival time of the reflected USP and the accuracy of estimating 

the USP amplitudes.  

 

4. Results and Discussion.  
To demonstrate the performance of the synthesized 

algorithm with a priori unknown shape of the input USP reflected 

from the target, an additional assumption in the mathematical 

expressions describing the operational sequence is the use of a value 

for 𝑓𝑚̇ = 1, i.e., independent of the shape of the input signal 

envelope. The simulations conducted in Matlab did not show 

significant changes in the previously obtained results for the accuracy 

of determining the arrival time of the reflected USP and the 

estimation of the complex amplitudes of the USPs in the packet of 

reflected signals. With the initial and boundary conditions thus set, 

an increase in accuracy within 5-6% was noted, which does not lead 

to significant changes in the values for time delay (distance to the 

observed object) and the estimation of the complex amplitude of the 

USP in the packet. That is, for an a priori unknown shape of the 

reflected USP, in the proposed algorithm, it is necessary to use 𝑓𝑚̇ =
1, which also proves the algorithm's performance.  

 

5. Conclusion.  
An estimation of the allowed error when changing the 

initial conditions for the algorithm's operation was made, and it was 

proven that the modified algorithm retains its performance even with 

an a priori unknown shape of the reflected signal, and in conditions 

of Gaussian noise influence on the input packet of reflected pulses 

when using Prony's method – and in this specific case, also when 

using the MUSIC method. 

The report shows that the accuracy of the estimation 

primarily depends on the smoothing coefficient of the Nyquist LPF, 

on the choice of parameter M, which determines the resonant 

frequency of the preliminary LPF, and on parameter N, which, in 

turn, determines the necessary number of reflected USPs in the 

packet (samples) formed at the output of the preliminary LPF.  
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