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INVESTIGATION OF THE TRANSVERSE VELOCITY AND TRANSVERSE
DISPLACEMENT OF A SOLID PARTICLE IN A HORIZONTAL BOUNDARY LAYER
WITH LONGITUDINAL VELOCITY PULSATIONS

Rumen YANKOV
r.yvankov @abv.bg

Marivana IVANOVA

msivanovadtu-sofia.b:

Maria GRAMENOVA-ANGELOVA
mgramenova tu-sofia.bg

Faculty and College-Sliven, Technical University-Sofia, Bulgaria

Summary: The article examines the movement of a single solid particle in the boundary layer of a flat
horizontal flow with a fixed velocity, with longitudinal velocity pulsations, under the action of forces
implementing the so-called inertial transport.

Keywords: solid particle; boundary layer; horizonial flar current with longitudinal velocity
pulsations; mass and surfuce forces.

Introduction

The movement of a solid particle in a fluid
flow is determined by the action of forces of
different magnitude and nature, as well as by the
nature of the movement of the carrier phase.
Under certain conditions, some of them can
significantly change the direction and magnitude
of the velocity, as well as the position of the
particle in the volume of the flow of the carrier
phase [Crowe et al. 1998], [Maxey et al. 1983],
[Kapanerkor u ap. 2014], [Kapanetkos u ap.
2018], [Kapanetsos u ap. 2015], [JI.J1. Jlasmay
u aip. 1988], [Moitwanckuii w ap. 1973], [Tletpos
2018), [Tuxouos u ap. 1972], [Caasucka w ap.
2022).

The purpose of the publication is to
investigate the movement of solid impurities
with low concentration in the boundary layer of
a plane horizontal, quasi-steady flow with a low
degree of turbulence and to establish the
influence of certain hydrodynamic forces, the
force of gravity, as well as inertial forces
generated by longitudinal pulsations of the
velocity field of the carrier phase on the
velocity, trajectory, and redistribution of inertia-
dominated solid particles.

Exposure

Longitudinal harmonic velocity pulsations
are created in the boundary layer of a horizontal
plane flow with a fixed velocity. At a point of
the initial section (0-0) (Fig. 1), solid spherical
particles of the same diameter (d,) are
periodically released.
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Figure 1
Statement of the task: To investigate

the influence of longitudinal velocity pulsations
in the current on the motion of the solid
particle.

The velocity field “of the current in the
boundary laver consists ‘of one established
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longitudinal velocity (U g)and one longitudinal
pulsation component (11} ):

The components of the current velocity along
the coordinate axes are: along axis x U e+ u’g;
along axis y - Vz = 0.

The ripple component is a harmonic function
of time (t):

ug = ug. cos(w. t), 1
for which the amplitude (u,) and the frequency
(w) are known.

The range of frequency variation (w) is
given by the expression

w==¢

= L::

where (g) is degree of turbulence. Moderate
turbulence is assumed to be (& = 0,08).

Thus, by observing the above dependence,
the low-frequency large-scale vorlex tange is
covered, in which the so-called inertial transport
of impurities falls.

The forces that determine the inertial transfer
of particles are: Aerodynamic resistance force,
Tnertia force from the added mass, Gravity force,
Safman force and Archimedes force.

The equations describing the motion of the
solid particle under the deseribed hydrodynamic
conditions are compiled using the Lagrange
method. They form the following system:

du. N )
2 =A(Ug 4 ug —up) +B.vy; 2)

dv, [—Avpt B(Ug + up — up) — &
dt -g (1 o ifep)

These equations describe the motion of single
solid impurities in the boundary layer of a
horizontal ~ plane  quasi-steady flow with
longitudinal harmonic velocity pulsations.

The right-hand side of the equations includes
the projections of: The resistive hydrodynamic
force; Safman's power; The force of gravity
corrected by Archimedes' force.

The initial conditions used for the solution
are:

duy,
t=10 uFa:US;EZO; (@)

With the initial conditions thus formulated,
the mathematical model of the considered
process is complete.

Solution of the task: By eliminating the
velocity (up) and its derivatives, from the
system (2) and (3), the differential equation for
the velocity (v].,_) is obtained:

d?vy,
et

dvp Z 4 g2 ead
+2'A'E+(A +BH.vy + (5)

+A.g (1 -1, Ep)
= —B.ug. w.sin{w, t)

This equation describes the motion of a
single solid particle in a resistive medium and
the presence of forced velocity pulsations in the
surrounding fluid.

The solution of (5) is a sum of the solution
of the homogeneous equation describing the
self~damping oscillatory motions (left-hand
side) and a partial solution describing the
influence of the forced external velocily
pulsations (right-hand side).

The  characteristic  equation of the
homogeneous equation on the left side

a? +2.A 0+ (A2 + B =0

It has complex roots oy » = —A 1 1. B.
As known from mathematics, the general
solution of the left side of (5) has the form:

(Cl.cos(B. t) +) _AL_
+C;.sin(B. 1)
P Ag 1
“azrpE\T '/EP)
The partial integral, in accordance with (1),
has the form

(6)

N = Hy.cos(w.t+ 8;) =
_ {Hl,cos(w,t).cm;(slj —] (M)
~ | —=Hy. sin(w. Usin(8,) J
Here (H;) and (&,) arc constants. Their
determination takes place after (7) is
differentiated twice and substituted together
with the derivatives in (5):
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= {-to (tiyainan )

n'= {—I{I.wz

By summing the coefficients in front of
(cos(ew.t)) from (5), (7), (8) and (9), we get:

(8)

cos(w. t). cos(§,) —
( —sin(w. t),sin(lﬁi) )} ®

H, ((AZ + B? — w?).cos(8,) —

—2.AH;. w.sin(8,) )=.0 (10)

From the last for(8,) we get:
A2 4+ B? —?
2. Aw '

By summing the coefficients in front of
(sin(w.t)) from the same dependences, for
(Hy) we get:

8, = atan( (11)

B.ug. w
{(AZ + B2 — w?).sind, +}'
+2. A w. cosdy

H, =

(12)

The integration constants (C;) and (C,) are
determined according to the initial conditions
4
dvp

Att=10 v, =wvpg N

=0.

These conditions are replaced in the general
solution formed by the sum (6) and (7):

[Clcos(B. t) +) oAt _
+Cpsin(B.t) J°

v, = (13)
= +BZ( e )
+H,. cos(w. t + §,)
Whence for C; we get:
Cr= s (1-1fe,) - Hicos(8:).  (19)

And for the second integration constant it
follows:

Cp = Cy o5+ “2sin(8,). (15)

Dependencies (119, (12), (14), (15) and (13)

form the mathematical model for the transverse
velocity (v, ) of single solid impurities in the
boundary layer of a horizontal flow with

longitudinal ~ velocity pulsations in  the
surrounding - fluid. This model allows the

transverse velocity to be studied as a function
of time, ie., vy = vy(t) and is used to derive
the particle's transverse displacement function
of time, i.e., a function of the form y = y(t).

Farticis™s crae velacity w0) 1 (10 Boundiry layar of forizontal S/ sEpam whi e sl

In fig. 2 shows the graphical representation
of the variation of the particle's transverse
velocity as a function of time for a "light” and a
"heavy" particle. The two particles start from
the same point of the initial cross-section with
no initial transverse velocity (vp,, = 0).The
upper line shows the variation of the transverse
velocity of the "light" particle. After a very
short transition period, the particle begins to
move with an oscillating change in speed
around the constant value (v, = Mz“m) The

direction is vertical, up towards Lhe higher
speed zone. The “heavy" particle has a
significantly longer transition period. Tt is
directed downwards, towards the area with
lower current velocities, and oscillates around a
fixed vertical velocity (vp) = —0.0657.
Unlike the "light" particle, here the fluctuations
are significantly larger and the decay is much
slower. The (-) sign indicates that the particle is
pointing downwards, towards the wall.

The displacement of the particle across the
streamlines is determined by the solution of the
integral y = [ v,.dt in which the velocity is
replaced by (13). It is obtained:
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Figure 3

In fig.3 the graphical form of the function
¥ = y(t) for a "light" and a "heavy" particle is
shown. The upper line shows a monotonous rise
of the "light" particle towards the region of
higher carrier phase velocities. Trregularities in
linearity are due to the influence of forced
velocity ripples. Irregularities in linearity are due
to the influence of forced velocity ripples. The
displacement of the "heavy" particle (bottom
line) in this case indicates the decrease in height
relative to the initial position.
In this way, it passes into the zone of lower
velocitics of the carrier phase. This contributes
to the reduction of the longitudinal velocity of
the particle and its further settling on the
boundary wall.

Conclusion

According to the obtained results, the
longitudinal ~ velocity pulsations  create a
transverse inertial force that acts on the particle
and thus overcomes the action of the Safman
force. This was to be expected given the
constraint on the pulsation.  parameters:
amplitude and frequency as a function of particle
size, carrier phase velocity and degree of
turbulence.
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M3CNEQRBAHE HA HAMPEYHATA CKOPOCT M HANMPEYHOTO NPEMECTBAHE HA
TBBPIA YACTULIA B XOPM3OHTANEH MPAHUYEH CNOWN C HAIMBXHK
CKOPOCTHM NYNCALIUA

Pysmen IHKOB  Mapusiia MBAHOBA  Mapiss TPAMEHOBA-AHI'EJIOBA

B paGoTa ce micne/sa JBHACHHETO Ha CAMHWYHE TEBPIA HaCTHUA B TPAHHYHHA CIOH Ha PaBHWHHO
XOPHIOHTAIHO, KBAHCTALMOHAPHO TEUEHHE € HHCKA CTENEH Ha TypOyAEHTHOCT, € IEN YCTAHOBABAHE Ha
BIMAHHETO H@ ONPEICTEHH XHIPOJAHHAMHTHH CHIH, CHIATA HA TEXECTTd, KAKT0 W WHEPLHOHHUIE CHIH
NOpPOIEHH OT HALILAKHHTE MYNCAUMHTE HA CKOPOCTHOTO [I0J1é HA HOCEMATd haza BEPXY CKOpOCTTA,
TPACKTOPHATA H IPEPasLPE/ICICHIETO Ha TBLP/H YacTHIN C npeodia/IaBanlo HHEPIHOHHO ABHKCHHE.

B rpammisEg ¢10il Ha XOPHI0HTATHO PABHHHHO TEMEHHE ¢ YCTAHORCHA CKOPOCT C€ Ch3AABAT HA/ITBAHH
XapMOHU4HHM CKOPOCTHH myacaimm, ¢ur.l. Macneasa ce BIHAHMETO MM BhpXY ABIKEHHETO Ha CIHHHTHH
TELPIH NPHMECH, MPEICTABEHO ChHE 3aRHCHMOCTHTE!

v

. d

| U , ;-'p A(U§+ug—u)+3vp (2]

_l.,. ~ ..._ﬂ/ F‘l.
f dvy
Az o/ I L o= —Av+B(Uy +uy— ) - g (1-7,) (3)
e Ty

Il_Y“ //'/ stI Havanuute ycnosus, H3NOT3BAHA 33 PEILCHACTO ca:

H X

A I du, y
=0 =1, s 0; = —£ =
durypa 1 0= 00 =t T e d " “)
Pewapa ce muhepeHIHANHOTO YPABHEHHE!

dv
dtzp+2 A IJ+(A2+B2) vp+Ag (1 —1/£ )— —B.ugy. w.sin(w. t) (5)

O (5) e nomyyeH MaTEMATHHECKMA MOJICN 33 HANPEHHATA CKOPOCT HA EAHHHYHW TRRPIH MPHMECH B
rPaHMYHAA CTT0H HA XOPH30HTANHO TEMEHHE ¢ HA/UILKHH CKOPOCTHMH HYICAINH B saoburansuma Gayag (16).

H,
((B.C, — A.C,).sin(B.t) — (A.C, + B.C,).cos(B.t)). =7 A2 5 +—51n(w t+8,)—

. (16)
Ag AC+BC H,
_—-—A2+Bz.(l—1f€p),t+_—Az+Bx 2 Lsin(8y)

Ha ¢ur. 2 e npencTaseno rpadiHo HIMEHEHHETO HA HAMPEHHATA CKOPOCT HA,JIeKa™ H . TeKa" YacTHIa
BLB (DYHKIAA OT BPEMETO, @ Ha HuT. 3 e npeicTaseH rpaduuen By Ha dyHkmaTa ¥ = Y(t) M0 3aBHCHMOCT

(16).

y=

L R iy

®urypa 2
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