PROCEEDINGS OF THE TECHNICAL UNIVERSITY OF SOFIA, ISSN: 2738-8549, 2738-8530 VOL.76, NO. 1, YEAR 2026

Dynamic Management of the Activation of
Participants in a Social Network in Continuous
Time

Petar Marinov

Abstract— The present work is devoted to the problem of
dynamic control of the activation of participants in a social
network in continuous time, which is formulated and solved as
a choice of the number of activators introduced at each
moment of time. Participants are in two states — active or
inactive. Each participant makes a decision to be in one of these
two states, taking into account the opinion of other participants
with whom he contacts, the share of the latter determining his
threshold. It is assumed that the change in the initial share of
participants is described by a first-degree dynamic equation of
the distribution function of the thresholds of the participants.
Introducing control (adding activators) leads to a controllable
dynamic system that has an equilibrium state. Initially, the
reachability set and the monotonicity of the control trajectories
are studied. Then, the case of continuous control is
investigated. The problem of activating all participants in the
social network as well as the case of positional control are also
investigated.
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l. INTRODUCTION

This work is devoted to models for controlling
participants in social networks in continuous time [2]. A
model of the dynamics of collective behavior, in which at
the initial moment of discrete time all participants are
inactive, then at each of the subsequent moments of time the
participants act simultaneously and independently is given
in [1]. The problem of dynamically controlling the
activation of participants in a social network in continuous
time is formulated and solved by choosing the number of
activators introduced at each moment of time. The
participant model itself is a generalization of the
Granovetter model [8] for the case of continuous time
[31,[4]. Tt is assumed that if x0 € [0; 1] is the fraction of
participants acting at the initial (zero) moment of time, then
its evolution in time x(t), t > 0 is described by the equation

x=F(x -x, 1)

where F(*) is a known continuous function that has the
properties of a distribution function and is essentially a
function of the distribution of the thresholds of the
participants, so that F(0) = 0, F(1) = 1. Introducing control
(representing the addition of activators) u(t) € [0; 1] by
analogy with the way it was done in [1],[5],[6] leads to a
controllable dynamical system

x=ul)+1-u(®) F(x) - x. )

The sequence of presentation of the material in this
section is as follows: First, the reachability set and the
property monotonicity of trajectories of control are studied.
Then, the case of constant control is studied. Third, the tasks

of activating all participants in the social network are
studied. Finally, the case of positional control is studied.

Il. REACHABILITY SET AND MONOTONICITY

Let us consider the functions G, (x,t) and G,(x,t), such
that R X [ty, +o0) - R, which we assume to be
continuously differentiable with respect to x and continuous
with respect to t. In addition, we assume that the functions
G, and G, yield solutions to the Cauchy problems for the
system of differential equations

X1=G1(x,t)

Xz =G2 (X,t) (3_0)

with initial conditions (ty, x,),xo € R to be infinitely
extendible in t. Let us denote these solutions of the Cauchy
problems as x; (t, (to,Xo)) and x,(t, (to, %)) respectively.
In such a case, if for every xeR for every t > t, 0 it is
fulfilled G,(x,t) > G,(x,t), then for every t>t, it is
fulfilled x, (t, (to,X0)) > x,(t, (to, %)) are satisfied.

d d
EXI([’ (6 %)) >axz(rr (6, X))

=l =l
Therefore, one can find a number € > 0 such that
Vie (.t +el > x (64, x)) > x (64, %)) ,
i.e. the graph of the solution of the first equation lies above
the graph of the second on the entire half-interval (t0, t0 +
€]. Such an arrangement of the graphs is valid for all t > t0.

If we doubt the statement about the arrangement of the
graphs and assume that it is possible to exist t"such that

3t x (1, (L, %)) = x, (¢, (¢, x,)) = X.

where t"is the first moment at which the graph x2 reaches
the graph x1, i.e.

t=inf t>t+e:x(4(L,x) =x(t(t,x)) <+oo.
It is clearly seen that £ > t, + £ > t, and that
Ve (t, ) = x (t (5, x)) > x, (&, (6, x)) .
Therefore, for T € [0, £ — t,) we will have
% (=706, %)) = X% (0. (6. ) > %, (1 7. (. %)) = % ({, (6, %)) .

since the second integrands in both parts of this inequality
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are the same and equal to X. Moreover, if | divide both parts
of the inequality by ( — 1) (the sign of the inequality will
change to the opposite) and we move to the limit transition
at 7— 0, as a result we will obtain a dependence for the
derivatives of the solutions x; and x; at the point £ of the
form:

d d
EXI{{' (IE]’)QJ)} SEXZ({; ("ur )Q,))

=i =i

from which it will follow that G;(%,f) < G,(&,©). This
contradicts the accepted conditions and shows that the
doubts are unfounded.

In this case, it is not necessary to consider the inequality
G,(®,0) > G,(&,f) for all x € R, it is enough to limit
ourselves to the union of the reachability sets of equations
(3-0) for the chosen values of the initial conditions (to, xo).

Let us denote by x:(u) the value of the share of active
participants at time t, using control u(-). Due to the fact that
V X € [0; 1] F(x) < 1 and the right-hand side of expression
(1) monotonically increases under the control u for each t,
then the following statement is true:

Let the function F(x) be such that F(x) < 1 for x € [0; 1). If

Yit=> {ﬂ —> U] (t) > UZ (t)and X(](U]] = Xn(ﬂg) (XD {1 )
then

Vi>t, x(u) > x(w).

Indeed, by virtue of the conditions of the statement, for all t
and x <t the inequality is satisfied

(O +1-u ) F&x) - x>u,()+01-u, () F(x) —x,

ul) <A t= 16 (3)

where A € [0; 1] is some constant.

In what follows, we will assume that to = 0, X(to) = x(0)
=0, i.e. at the initial moment the actors are not activated.
If the efficiency criterion is the fraction of actors acting at a
given moment T > 0, then the corresponding final control
problem has the form:

x, (1) — max,
w(-)

x=ulf)+(1-u(®)) F(x)—x
ult) <A 25 (4)

The solution to problem (4) has the form: u(t) = A, t € [0;T].

Let us denote by 7(xu)=min{r>0[x()>% ne
earliest moment of time at which the share of active
participants reaches a given value & (if the set {¢= 0] x, (u) = %}

is empty, then we put 7(xu) =+ew). ). Within the
framework of the considered model, the following task of
rapid response can be formulated:

7 (X, u) = min,
ul-)

x=u()+(1-u() F(x) —x

ulf) <A t> ¢ 5)

The solution to problem (5) has form: u(t) = A, t € [0; t].
Essentially, as in discrete-time models [6], within the
framework of problem (4) or (5), it is most profitable for the
control center to introduce the maximum permissible
number of activators among the participants of the social
network at the initial time point and to do nothing else (not
to try, for example, to then reduce and then again increase
the number of introduced activators at subsequent time
points). This structure of the optimal solution is due to the
fact that in models (4) and (5) the control center does not
bear the costs of introducing and/or maintaining activators.
We study the properties of the reachability set

D= U x(u), Dc|0;1]

u(Hel0;A]

due to the fact that the right-hand side of the dynamic system
(2) becomes zero at x = 1.

From the point of view of possible applications, the case
of constant controls: u(t) = v, t > 0, when using which the
share v € [0;A] of the activators is the same at all times. Let
us denote by xt(A) = xt(u(t)) = A, t € [0;T], and by

D= |J x(mcloll

vel|l; Al

denote the reachability set under constant control. Since
xt(V) is @ monotone continuous map of [0; A] in [0; 1] and
x7(0) = 0, the reachability set at the initial time has the form
Do = [0; XT(A)].

Let us consider models that take into account the costs of
the control center. For a fixed cost A > 0 for maintaining one
activator per unit time, the costs of the center for time t> 0
will take the form:

c(u) =k ]u(t) dt
; ©)

Let the following monotonic functions be given: 1) the
final profit H(-) of the control center from the share of active
participants and 2) the current profit h(-). Then the following
problem (7) will be a generalization of problem (4)

H(x () + [h(x(0)dt~ ¢, (u) > max,
[V}
X=u(t)+(1-u()) F(x) - x
Lul) A 21 @)

If constraints are given on the total costs C of the control
center, then the problem of type (7) can be formulated as
follows

Hx (1)) + ].h(x(r)) dt — max,
x=u(f)+(1-u(t) F(x) - x
cu<C (8)

A possible variant of problems of type (4), (5), (7), (8)
would be the problem of minimizing the costs of providing
a given share x"of active participants at time T:
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¢; (1) — min,
u
X (u) 2 %,

s=u(®) +(1-u(®) F(x) - x
€))

Problems of type (7)-(9) reduce to standard optimal control
problems.

Let us consider problem (9) in the case when F(x) = x.
Suppose that Xo = 0 and the center costs are given by (6)
with Lo = 1. As a result, we obtain the following optimal
program control problem with fixed ends:

JI k=u(l-x),

x(0) =0, x(7) = X,
l 0<ux<A, (10-1)
We are looking for a solution to this problem provided that

r
Ju((] dt — min

wel0,A]

0 (10-2)

We solve a conditional extremal problem as a problem of
fast response. The Pontryagin function for problem (10) will
be H=1y.(u(1—-x)). According to the Pontryagin
maximum principle, this function must take maximum
values with respect to u. Since the function is linear with
respect to u, the maximum is achieved at the ends of the
interval [0, A] depending on the sign of the coefficient in
front of u, i.e. we can write

u = A.sign(. (1 —x))

The linearity of the Pontryagin function in control is a
consequence of the linearity of both the right-hand side of
the dynamical system (2) and the functional (6). Therefore,
if the constraints in optimal control problems of type (7)-
(9) are linear in control, then the optimal program control
will have a structure described by expression (11), within
which structure the control value at any time is equal to
either the maximum possible or the minimum possible
value.

Hamilton's equations look like this:

(11)

. OH (1—x). v oH .
k=—=u(l—-x), Y=——"—=wyp.
oy v Ox v

Boundary conditions are imposed only on the first
equation. The solution of the first equation for u = 0 will be
a constant, and for u = A the solution is the function

X0 =1-(1- x(5))

From this expression arises a constraint on the maximum
number of activators needed to be able to move participants
in the social network from position zero to position

. 1 1
X:A>=log——.
ST %

There is minimal time involved

1 1
'rmJn = K IOg P

1-x
for which the control must take the maximum value A, and
at other times the control must be equal to zero. In particular,
one of the solutions to problem (10) will be

t<t

min

A,
=
O’ rm'm < fs T

when the maximum number of activators is introduced at
once and kept constant for time tmin.

The structure of the optimal solution to this problem (a
partially constant function taking values 0 or A) may lead to
the need to minimize the number of control switching. Such
an additional restriction is essentially justified by the fact
that the control center can bear some additional costs for
introducing or removing activators. In the event that there is
such a restriction in the considered problem, from the entire
set of optimal controls, the best remain either (12), or
control

(12)

(A telT-t,,.T),
] 0, t<T-t

min *

I1l. CONSTANT CONTROL

From expression (6) it follows that for constant controls
u(t) = v, t >0, at a fixed cost A > 0 for maintaining one
actuator per unit time, the center costs for time T > 0 will be
C:(v) = Av.t. For given functions F(-) (i.e., for a known
dependence x:(v)) problems (7)—(9) are reduced to typical
scalar optimization problems.

As an example, let us consider the case when F(x) = x, T
=1, Xo = 0, H(x) = x, h(x) =y x, where y > 0 is a known
constant. From equation (1) we find:

x(u)=1—exp (- ju(y) dy)
0 (13)
With constant controls we get
Xi(v)=1-e",

Problem (7) will take the form of the following scalar
optimization problem:

c"'[Z -1 2 Jv— max
Vv Vv vel0:A]

(14)
and problem (8) will take the form of the following scalar
optimization problem

e"'(Z—l} ~Z 5 max
Vv Vv vel0:A]

(15)

Problem (9) takes the form and has a solution
accordingly:
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v— min,
ve[0;1] 1
v=In(——)
and I-Xx

—V

l1-e"=x
IV. ACTIVATION OF ALL PARTICIPANTS IN THE SOCIAL
NETWORK

Let us consider the asymptotes of the problems presented
above at T = +oo. We assume that the function F(-) has one
inflection point, F(0) = 0 (shown in [7]), the equation F(x)
= X has a unique solution on the interval (0; 1) — the point g
>0, and

Vxe (0;q) F(x) <x, Vxe(ql) F(x) > x.

We will also assume that the goal of minimal cost
management is to activate all participants.

From the introduced assumptions about the properties of
the function F(+) it follows that if for some time 1 x(t) > q is
satisfied, then even for u(t) = 0 for each t > 0, the trajectory
xt(u) will be non-decreasing and . Essentially, this property
means that all participants in the social network are such that
the region of attraction of the zero equilibrium position in
the absence of management (without introduced activators)
is the half-interval [0; g). In other words, for the participants
it is enough to ensure activation by external influence of a
larger than g share of participants and then, even in the
absence of management, they themselves will strive for the
single equilibrium state.

Let us denote by u- the solution to the following problem:

I u(t)dt — min
wu(t)elmA] x (u)=g
0 (16)
We calculate
Q.= juf () dt
0
and find

¢ =arg min Q.

720
The solution to problem (16) exists under the condition

x— F(x)

= max——
A> A xe[0.g] ].—F(X)

A7)

Given the introduced assumptions about the properties of
the distribution function for the structure of the optimal
solution to the problem under consideration, it is seen that if
condition (17) is satisfied, then ut(t) =0 fort >t

V. POSITIONAL CONTROL

In tasks for controlling the activation of participants in a
social network, a synthesis of time-optimal program control
can be used, which was considered above. However,
positional control can also be used in these tasks. Here we
consider two possible options that correspond to real
situations.

In the first option, the task consists in finding a positional
control law #i(x) : [0; 1] — [0; 1] that ensures maximum
activation of participants (in the sense of tasks (4) or (5))
under one or another restriction on the trajectory of the
system and/or on control.

Let the control by analogy with expression (3) be limited
in the following way:

i(x) <A, x€[0:1] (18)

by placing an additional constraint on the trajectory

x()<5,t=0 (19)
where 6 > 0 is a given constant. In essence, condition (19)
means, for example, that a too rapid increase (per unit time)
in the share of activated participants is noticed by the
corresponding megacenter monitoring the state of the social
network, which intervenes and makes further management
impossible. Thus, the management center, whose goal is to
manage the activation of the participants of the social
network, should strive to maximize the value of the share of
activated participants under conditions (18) and (19). The
solution to the problem formulated in this way, due to the
properties of the dynamic system (2) established above, has
a simple form:

i (x) =min {A; max {0: M}}
1- F(x) 20)

The fraction in expression (20) is obtained by equating the
right-hand side of Eq. (1) to the constant 8. For small values
of 3, there may not be a non-negative control satisfying Eq.
(19).

For F(X) =x, T =1, Xo = 0, H(x) = x, h(x) = y.x, where y
>0 and 8 = 0.35 is chosen, the optimal value of the position
control for this case is shown in Fig. 20.

Fig. 20. Optimal positional control (solid line) The angle
bisector and the function F(-) (dashed lines), The upper bound in
expression (21) (thin continuous line).

The second case of positional control refers to the
problem of calming the participants in the network, in which
the control center is interested in reducing the share of active
participants, and the possible controls on its part are the
number (or part) of the calmers implemented in the network
- additional participants that are always inactive.

If w € [0; 1] is the share of calmers, then the dynamics of
the share of active participants will satisfy the equation
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x=(1-wWF(x)-x, x€[0;1) (1)
Let W (x): [0;1] — [0;1] be a positional control. Then, if
the goal of the control center is to reduce the share of active
participants, then constraint (19) on the magnitude of the
change in the state of the social network will have the form
X(H<0,t=0 (22)
and from Eqg. (21) we obtain the following condition for
positional control:

~ X
wx) >1- e

(23)

The minimum limit on the magnitude of the controls at any
time point in which the system (21) is controllable in the
sense of Eq. (22) is equal to

Amin = max (1 -
xe[0:1]

F(x) )

Fig. 21 shows the value of the position control under

condition (23) and constraint A_min (in the example Amin
=0.385).
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Fig. 21. Minimal positional control: positional control (bold),
angle bisector and distribution function F(-) (dashed)

VI. CONCLUSION

This section describes the tasks of controlling the
activation of participants in a social network in continuous
time by introducing activators or depressants into it.

Of considerable interest for further research is the
consideration of the control of a social network as a

differential game, describing the situation of informational
confrontation between two control centers, making
decisions in continuous time about the shares (or quantities)
of the introduced activators u and depressants w,
respectively (the static task as a starting point in [3]). In this
case, the controlled object will be described by the
dynamical system.

=ull-wW+({10-u—w+2um) F(x) — x.

Another promising direction is the consideration of the
tasks of dynamic (program and/or positional) control of
participants, described by a transfer equation:

0 0
—pxt)+— |u+(l-w)Fix)-x|pxt) =0
ﬁfp 6x[ ( ) J,D

i.e. amodel in which the state of the participants at any point
in time is described not by a scalar proportion of active
participants, but by the corresponding probability
distribution p(x, t).
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