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The implementation of Impulsive Gene
Regulatory Networks Applying the Message
Passing Interface

M. Kostadinova - Gocheva

Abstract—This paper introduces a parallel implementation
of Impulsive Gene Regulatory Networks (GRNs) using the
Message Passing Interface (MPI), with a focus on enhancing
system robustness through h-manifolds analysis. Impulsive
GRNs model sudden, discrete changes in gene expression that
occur due to environmental or internal factors, posing
challenges for accurate and scalable simulation. To address
this, we develop an MPI-based framework that partitions the
network into subsystems processed concurrently, enabling
real-time synchronization of impulsive events. In addition to
improving computational efficiency, we incorporate stability
criteria to ensure the robustness of the system under
uncertainty and external disturbances. This technique allows
evaluation and design of gene regulatory networks that can be
scalable and quick in simulation, as well as robust against
changes. Simulation results demonstrate both performance
gains and enhanced system stability, making this method

suitable for large-scale biological modeling in high-
performance computing environments.
Keywords—gene regulatory networks, impulses,

mathematical model, parallel programming

l. INTRODUCTION

To understand how complicated dynamical behavior of
gene regulatory network (GRN) systems, it is logical to
employ neural networks (NNs) as dynamical systems
characterized by the interconnections among genes
(mRNA), proteins, and small molecules. The defined
structure established by these models helps practitioners in
addressing a significant challenge in estimating network
connectivity from experiments: the limitation that only
certain representative subsets of neurons can be recorded
concurrently. This modeling approach has been extensively
used by many researchers [1]-[5].

According to their extensive applications delayed GRNs
have attracted much interest from various researchers [6]-
[10], including several recent articles. Delay effects are
often seen in neural network modeling applications [11],
[12]. Delay effects are often seen in neural network
modeling applications. Additionally, with the limited
transmission speed of information in everyday situations,
time delays are inevitable in the spreading of signals within
biological networks [13].

Stability is the most extensively explored dynamical
characteristic of gene regulatory network models. It is
complexly associated with synchronization and regulation.
Even so, the current findings on the stability of Gene
Regulatory Network (GRN) models have mostly been based
on Lyapunov-type ideas of asymptotic and exponential
stability. The global asymptotic stability criteria for gene
regulatory networks with time-varying delays are
established in [9]. Global exponential stability criteria for
Gene Regulatory Networks with constant and spreading

delays have been proposed in [12], [13]. An investigation of
asymptotic stability has been conducted, and effective
criteria for the asymptotic stability of gene regulatory
network states under impulsive influences have been
established in [14]-[16].

Even so, for models with several equilibrium points, the
notion of stability for integral manifolds of states is more
significant [8], [9], [12]-[16]. However, for models with
many equilibrium points, the principle of stability for
integral manifolds of states becomes more significant [17].
Integral manifolds are specifically defined by a function h.
The extended concept of stability for h-manifolds is
employed to examine the stability characteristics of various
probable manifolds of trajectories known as h-manifolds.
The concepts of stability in h-manifolds are notably
adaptable as they encompass the stability of an individual
state. [18]-[23]. The stability notions of h manifolds provide
significant practical advantages and applications, and their
previous absence in the study of GRNs stimulates our
attention.

The Lyapunov direct approach is widely recognized for
its extensive application in analyzing the qualitative
behavior of many systems, particularly in problems with
stability [24]-[26].

The above described factors were the impetus for our
practical analysis of a delayed impulsive GRN using a
Lyapunov-based h-manifold approach. The fundamental
contributions of our research are:

a) In opposition to the findings in [6]-[12], we
incorporate impulsive effects, rendering the
model more comprehensive and facilitating the
utilization of impulsive control methodologies;

b) As opposed to the impulsive Gene Regulatory
Networks examined in [14], [16], [27], [28], the
model described here incorporates time-varying
transcriptional and translational delays, hence
enhancing its realism.

c) The extended hybrid idea of practical stability
for the h-manifold is incorporated into the
delayed impulsive GRN model. This enables us
to extend several established stability
conclusions for delayed impulsive GRNs [14]-
[16], [28], [29], [30] to the h-manifold scenario,
taking into account the realistic stability
extension;

d) The Lyapunov function approach is utilized,
providing practical stability conditions for h-
manifolds in relation to the model.

e) Robust stability analysis is conducted, and
innovative criteria are developed to ensure the
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robust practical stability of h-manifolds
associated with the impulsive GRN.

In this paper, we demonstrate a practical realized model
and explore the effectiveness of a parallel system.
Parallel programming is essential for analyzing impulsive
genomic networks for several key reasons:
e High computational complexity

Stochasticity: Impulsive networks are frequently
represented using stochastic differential equations (SDES)
or algorithms that replicate random jumps (impulses). A
simulation is highly time-consuming, as it necessitates a
limited number of time steps for precision.

Replicates: The stochastic characteristics of the
simulations necessitate that, for the results (means,
variances, probability distributions) to have statistical
significance, hundreds, thousands, or even millions of
independent simulations must be performed under identical
beginning settings. This task is well-suited for
parallelization.

e  Parametric exploration

Monitoring the network's activity includes traversing a
large parameter space (constant speed, impulse values,
thresholds, cutoffs).

Parallel programming enables simultaneous execution of
simulations with varying parameter settings, significantly
expediting the process of detailing the system's behavior.

e Model complexity

Realistic genetic networks include lots of elements
(genes, mMRNAs, proteins) and complex nonlinear
interactions among them. Simulations of extensive models
are extremely demanding for an individual CPU. Parallel
methods (especially with data partitioning) can distribute
the computations to different parts of the network or to
different equations within a single simulation (although this
is more difficult for impulsive systems).

e Big data analysis

Many simulations provide huge amounts of data. Post-
processing, including statistical analysis, visualization, and
pattern recognition, can also optimize performance using
parallel processing.

e Time constraints

Researchers often need fast results for hypothesis testing,
model validation, or interaction with experimental data.
Parallel execution on a multi-core computer or computing
cluster could reduce the processing time from days or weeks
to hours or minutes [31]-[35].

The Message Passing Interface MPI is a portable message
passing standard that facilitates the development of parallel
applications and libraries.

The standard defines the syntax and semantics of a core
of library routines useful to a wide range of users writing
portable message passing programs in Fortran or C.
MPI is used to specify the communication among a set of
processes forming a concurrent program. The message
passing paradigm is attractive be cause of its wide
portability and scalability. [36]

OpenMP (OpenMP 2009), the Open standard for shared
memory Multi Processing, was designed to facilitate the

creation of programs that are able to exploit the features of
parallel computers where memory is shared by the
individual processor cores. OpenMP is intended to facilitate
the construction of portable parallel programs by enabling
the application developer to specify the parallelism in a code
at a high level, via an approach that moreover permits the
incremental insertion of its constructs.

However, it also permits a low-level programming style,
where the programmer explicitly assigns work to individual
threads [37].

Il. MATHEMATICAL MODEL
Let R™ be the n - dimensional Euclidean space,
n

Jlxl] = > 1l

i=1
represent the norm of a vector x = (x;, x5, ..., x,)T € R",
R, =[0,) and R} = R, X...R,.
Ren and Cao examined in [9] a delayed genetic regulation
network defined by a system of delayed differential
equations.

Mi t) = — iMi t) + iili P t— t + Bi
© = —aM,(0) ;w]f,(,( @)+ B,
B(t) = —cipi(0) + diM;(t — (D)), i=1,..,n

that regulates the concentrations of mMRNA M;(t) and
protein P;(t) of the ith node, respectively, at time t, where
i,i=1,2,..,n is the number of the node, the positive
constants a; and c; represent the decay rates of mMRNA and
protein, respectively, d; are the translation rates, f; are the
regulatory functions defined as

(/8"
fitx) = ——————
1+ (x/B;)"

where H; are the Hill coefficients and p; are positive
constants, B;(t) = ¥e;,b", b;; represents a constant that
shows the dimensionless transcriptional rate of a
transcription-regulating factor j to i, I; is the set of all the j
which is a repressor of gene i, and the coupling coefficients
w;; are defined as

b;;  if transcription factor j is an activator of gene i
wij = { —b;; if transcription factor j is a repressor of gene i
0 ifthere is no link from node j to gene i,
o(t) is a transcriptional delay and ©(t) is a translational
delay.

The term Y7, wy;f; (Pj(t—a(t))) is called the sum
input function (SUM) logic as in [8] and the cited
references. The regulatory function f; is monotonically
growing for each j =1,2,...,n, i.e., there exist constants
l; such that

Osfj(fl)— fj(fz)slj' @
$1— &2
forall &, & € R, & #&,.

This research is to apply the delayed GRN model (1) to
an impulsive setting. Analyze a series of discrete times
{t.}, tx € R,, k =1,2,...are such that
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<ty < <t < ---,,lim t, =00

To implement the concept of impulsive control, we
provide a delayed impulsive Gene Regulatory Network
(GRN) model defined as

(11,6) = —auh, 0+ > wy @5 (B (£ = ) + B0, # i,
=1

JPI ®) = —cipi(®) + GOM(t —7:(D) t %t ,

LMi &) = M;(t) + 05 (M;(t)),
P(tH) = Pi(ti) + 24 (Pi(t)),

where g;(t) and 7;(t) are time delays for mRNAs j and
protein i, respectively, 0 < 0;(t) < 0, 0< 7;(t) < 7,
i,j=1,2,..,n, the coupling parameters w;;(t), the
translation rates d;(t) and B;(t) are continuous functions,
the quantities M;(t,) = M; (t;) and P,(t,) = P; (t;)
represent the concentration of the ith mMRNA and ith protein
at time t, (before an impulsive perturbation), respectively,
M; (tf) and P; (tf) are the concentration of the ith
mRNA and ith protein after an impulsive jump at the
moment t,,, respectively, the functions @;, and 2;, are the
impulsive controllers that represent the level of abrupt
changes of M;(t) and P;(t) at the impulsive moments t;, i.e.
AM;(ty) = M;(&8) — Mi( ;) = 05 (M, (t))) and
AP(ty) = Pi(t}) = Pi(t) = Qu(P(t)), i = 1,2, ...,m,
k=1,2,..

Remark 1. The proposed model (5) extends the delayed
model (1) and similar designs examined [6]-[8], [11], [12]
in the impulsive situation. The impulsive model (5) employs
impulsive discrete times and the impulsive functions 0,
and 2;;, to regulate the qualitative behavior of the GRN (1).
So, the impulsive control system (5) can be defined as a
closed-loop system of (1) managed by the impulsive
controllers that relate to these functions @;;, and £2;, .

The impulsive controllers will be considered to be in the
form

(4)

{AMi( tr) = Ou(M;(ti)) = e (M; (i)
AP(t) = Qu(Pi(t1)) = Vi (Pi(t1))

i=12,..,n, k=1,2,..

Then, we can be rewrite the model (3) as

M@ = —aM, () + ) wy@f; (P (£ - 5(©)) + B0, # &
=1

B(t) = —epi(0) + di(@OM(t —7,(0)),t # 1y, ,
AM;(t) = ay (M),
AP(ty) = Vik(Pi(fk)),

(5)

where i =1,2,...,n, k=1,2,..., the constant sequences
{ai} {ri} € R define the level of intensity (magnitude)
of sudden changes of M;(t) and P;(t) at the impulsive
moments ¢, and can be applied as controls.
Let n =max{o,7}. We introduce

the class

®)

PCB, = PCB [[-7,0],R3"], of functions ¥ : [-7,0] —
R2" that are bounded, piecewise continuous on [—n, 0]
with points of jump discontinuities at which the one-sided
limits exist and the functions are continuous from the left.
The norm of a function ¥ € PCB [[-n,0],R3"] that
corresponds to the norm || . || will be denoted by

sup

bl = 4 [, 07 W@

Let¢ € PCB [[-7,0],R2"], ¢ = (¢1, by, -, Pn, )T and
¢ € PCB[[~0,0],R}], ¢ = (91,02, -, 0, )" - We
consider initial conditions for the model (5) of the type

Pi(v;0,0) = ¢ ;(v),—0 <V <0
M;(0%;0,¢) = ¢ ;(0), P,(0%;0,9) = ¢ ;(0),

M;(;0,¢) = ¢ ;(v),-T <V <0,
(6)

i=1,2,..,n, where M;(0%;0,¢) and P;(0*;0, @) are the
right-hand side limitsatt = 0
The solution

(M@®),P®)" = (M(&0,9), P(t;0,0))"
= (Ml(t' 0, ¢)' MZ(t; 0' ¢)' ey Mn(t; 0; d));
Pi(t;0,9),P,(£;0,¢), ..., B (t; 0,0))"

of the initial value problem (5), (6) is in general, a piecewise
continuous function with points of discontinuity at the
moments t,, k =1,2,.., and according to the theory of
impulsive differential systems [38]-[42] we assume that

M(ti) = Mi(ty), Pi(ty) = Pi(t),
M;(t§) = My(ti) + aucM; (ti), Pi(tf) = Pi(ti) + vuePi(tie)
fori=1,2,..,n, k=1,2,..

The primary objective of this study is to establish
practical stability criteria for the manifolds associated with
the delayed impulsive control GRN model (5). To this end,
for a continuous function h = h(t,M,P), h: [—n, ] X
R? x R? - R}, | < 2n , we define the next manifolds
called h — manifolds [20], [23], [42].

M,2n—1) ={(M,P)T €R? xR? : h(t, M,P) =0, ¢ € [0,)},
M, n(2n—1) ={(M,P)T € R? x R : h(t,M,P) = 0,
t € [-1,00}
M (2n—D(e) ={M,P)" € R} X R} : [|h(t, M, P)ll <,
t €[0,0)},e>0,
M,n(2n—0D(e) = { € PCBy = |Ih(t, P, <e,

where (IRt P)lly = _y 2y < o IR(EB@)])-

t € [-n,0]},

If we accept that the sets M,(2n — 1)(&), My ,(2n —
D(e) are (2n—1) - dimensional manifolds in R2", we
present the subsequent definitions of practical stability for
the delayed impulsive GRN (5) for the function h.

Definiton 1. The delayed impulsive GRN (5) is said to be:

(a)(A, A) - practically stable with respect to the function
h, if given (4, 4) with 0 < A1 < A, we have ¥ = (¢, 9)T €
M, (2n — 1)(1) implies
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(M(£:0,¢), P(£;0,9))" € M,(2n—1)(A),t > 0;

(b)(A, A) - globally practically exponentially stable with
respect to the function h, if given (A, A) with0 < A < A and
Y =(¢,9)" € M ,(2n—1)(A) there exist positive
constants v, u

(M(£;0,8),P(£;0,9))" € M,(2n — D(A +vIIR(0*, Y)ll,e ) t = 0.

Remark 2. The concepts of stability about a function h are
very important in various applications. The h-manifolds
delineated by this function could represent manifolds of
trajectories constrained by the function h. Therefore, the
concept of stability in h-manifolds provides a robust
methodology applicable not just to individual solutions but
also to cases involving manifolds of solutions. M,(2n — )
are attractors for the models. Thus, the stability with respect
to h-manifolds extends numerous single state stability
concepts studied in [14]-[16], [28]-[30] practical stability.

Remark 3. Additionally, practical stability is different from
Lyapunov stability and can be used in situations where the
model doesn't have Lyapunov stability, while the state
behavior remains acceptable for practical needs [25]. It is
also seen from part (b) of Definition 1 that for A = 0 the
global practical exponential stability implies the global
exponential stability of the h -manifold M, (2n — 1) [42].

Remark 4. Also, if h(t,M,P) = (M,P), reduces to the
practical stability of the zero solution of the delayed
impulsive GRN model (5), which is examined in [43].

Remark 5. The practical stability of model (5) with respect
to the function h guarantees that the set {(t,M,P):t €
R,, (M,P)T € M.(2n — 1)(A)} is a positively invariant
set of (5).

Next, the fundamentals of the method of piecewise
continuous Lyapunov functions V: R, X R?" — R, will
be given [38], [40], [43].

Let X = (tpop, te) X RP™, k=1,2,.., t, =0,

X = UX.
k=1

Definition 2. A function V: R, X R?"® — R, belongs to the
class V, if:

1. The  function 7V is
Ure1 Xy and V (¢,0,0) =0fort = 0;

continuous on

2. On each of the sets X the function V is locally
Lipschitz continuous on the variables (M, P)T;

3. There exist the finite limits

V(ty,M,P) =1limV(t, M, P),V(t,j, M,P) = limV(t,M, P)
toty oty
t<ty t<ty

and
V(ty,M,P) = V(ty,M,P)

foreachk =1,2,...

For a function VeV, and vy = (¢,p) €
PCB [[-n,0],R?"], we will define the derivative with
respect to the model (5) is defined by

D&V (t, ¢(0), 0(0))

= vl_l](?)l+ sup% [V(t+v,M(t +v;0,),P(t +v;0,9))
- V(t, ¢(O)' (p(o))]r

where (M(t;0,), P(t;0, <p))Tis the state of (5) with

(¢, )" € PCB[[-n,0], R*"].
The following result from [23] will be applied in the
proofs of our main results.

Lemma 1. Assume that the Lyapunov function V € V, is

such that for ¢ = (¢, )" € PCB[[-n,0],R*"| and t >

0:

(i) v(e*,¢(0) +4(¢), 9(0) + 4(0)) < V(& ¢(0),¢(0)),
t=t, k=12, ..;

(if) Forp, p = 0, the inequality

D&V (t, 9(0), 9(0)) < —uV(t, $(0),9(0)) + p, t # t;
is satisfied whenever

V(t+v,¢@), o) <V(t,$(0),9(0), —n<v<=<0.
Then
VI(t M(£0,4),P(£;0,9)) < sup V(0,¢(),¢®))e ™ + 5,
-nsv=0
t20]
Remark 6. The comparison Lemma 1 and related results that
involve the Lyapunov-Razumikhin condition (7) are
intensively applied in the study of the stability properties of
different classes of delayed differential systems.

I1l. MAIN RESULTS
1. STABILITY OF H -MANIFOLDS. RESULTS.
In this section, we will apply the Lyapunov-Razumiknin
approach to study the practical stability properties of the

delayed impulsive control GRN model (5) with respect to a
function h.

We will begin with criteria for practical stability with
respect to h-manifolds.
Theorem 1. Assume that 0 < A < A and:

(i) There exist positive constants Kl.(jl), and K2, such that
lwy (O] < kP, (0] < kP
fori,j =1,2,..,n,and t € R,;

(ii) The model's parameters satisfy

1<isn <isn

n
min {a;, ¢;} = 1max KL.(Z), Zl(j(il)li ;
=1
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@iy B;(t) =0,i=12,..,n, t = 0;
(iv) The constants a;;, and y;; are such that

—ZS(XL'kSO, —ZSYikSO;

(v) For the function h(t, M, P) the next inequalities are
satisfied

[1h(t, M, P)I| < [IM(O]] + I[P
< A(H)||h(t, P,M)||, (t,P,M) € R, X R?"

where A(H) = 1, A(H)A<Aand 0 < H < co.

Then, the delayed impulsive control GRN (5) is
(A, A) —practically stable with respect to the function h.

Then the delayed impulsive GRN (5) is robustly (A, A4) -
globally practically exponentially stable with respect to the
function h.

In Fig. 1 and Fig. 2, the practical realized model is shown.

i3 mRNA Concentrations

025

0.2

015

s —~—
= = =
[

: :
0.2 0.4 0.6 0.8 1 1.2
<108

Fig 1. mRNA concentrations y(t)

08 Protein Concentrations

055 P

05

Fig 2. Protein concentrations y(t)

Fig. 1 and Fig. 2 show the delayed impulsive GRN is
robustly globally practically exponentially stable.

2. HIGH PERFORMANCE PARALLEL
ARCHITECTURE

The effectiveness of a parallel system is mainly
influenced by the available parallel algorithms and the
architecture of the system on which processing is executed.
The graphical representation reflects the relationship
between speedup in parallel computations and the number
of processors used according to Amdahl's Law. The law
defines the theoretical limit of acceleration through
parallelization of program code and is formulated as
follows: [45]

_ 1

T a-p+E
S - the speedup of the system,
p - is the proportion of the execution time of the part that
takes advantage of the improved resources,
(1 —p). - represents the sequential part, which remains
unchanged regardless of the number of processors.
n - the number of cores in the system

In Fig.3. shown the graph of the function thus shown

based on the verified configuration.
The evaluation of scalability will be done according to the
processing time of amRNA and protein concentrations. The
present study used the IGRNs model (3).

()

Amdahl's Law

150

16 k- 64 128 256
Number of processars

Fig. 3. Analytical assessment of the scalability of a parallel system
based on an IGRNs model

The practically built parallel architecture used in the
study consists of [46]:
e CPU: AMD Ryzen Threadripper 2990WX 32-
Core Processor 3.00 GHz;
e RAM: 16 GB;
e  Graphics card: ASUS Dual Radeon RX 580 O4G;

The algorithmization of the problem was concentrating
on complexity and optimizing communication between the
different processors. The results are shown in Fig. 4.

Runtime Scaling with Core Count

3320 ms

25 s140ms

»0

s

7 1630 ms

150

125

100

i 7,10 ms

50 130 me

- 150 ms 4 -

: S 0.60 ms .30 ms 015 ms
0 I 2 4 O 1 3 6t 128 6

Numbar of processers

Fig 4. Time for the implementation of tasks.

Fig. 4 shows the execution time of the task based on the
number of processors used. At the beginning, a limit to the
increasing speedup is noticeable. As the number of
processors used increases, the parallel part of the
calculations is distributed over more computing units, which
leads to a decrease in the total execution time. The results
confirm the validity of Amdahl's law in the context of
practical scalability.
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IV. CONCLUSION

We apply the extended h-manifolds practical stability
concept and formulate effective criteria that verify equal the
practical stability and the global practical exponential
stability of the model related to a manifold characterized by
a continuous function h. Impulsive functions can be
employed for the implementation of an impulsive control
strategy. To improve the efficiency of parallel processing,
the sequential component of the calculations must be
reduced by modifying the algorithmic logic or using a more
efficient parallel structure. In addition, every individual
program has a suitable quantity of processors that
maximizes the balance between speedupand use of
resources.
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