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Abstract

In this paper we introduce a mixed Pólya–Aeppli process with shifted gamma mixing distribution and call it an Inflated-
parameter Delaporte process (I-Delaporte process). We derive the probability mass function, moments and some basic properties.
Then we define the process as a pure birth process and derive differential equations for the probabilities. As application, we consider
a risk model in which the claim counting process is the defined I-Delaporte process. For the defined risk model we derive the joint
distribution of the time to ruin and the deficit at ruin as well as the ruin probability. We discuss in detail the particular case of
exponentially distributed claims.
c⃝ 2015 International Association for Mathematics and Computers in Simulation (IMACS). Published by Elsevier B.V. All rights

reserved.
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1. Introduction

The Delaporte process was introduced by Grandell (1997), [5] as a mixed Poisson process, where the parameter λ
has a shifted gamma distribution with density

g(λ) =
βr

Γ (r)
(λ− α)r−1e−β(λ−α), β > 0, λ > α. (1)

The parameter α can be interpreted as a basic risk, see [5]. The resulting process is a sum of Poisson process
and a process with negative binomial distribution, independent of the Poisson process. In a similar way, in this
paper we introduce a generalization of the Delaporte process as a mixed Pólya–Aeppli process. The corresponding
generalization of the Delaporte distribution was defined in Minkova (2012), [10] and is called I-Delaporte distribution.
The process defined in this paper is a sum of two independent compound processes: Pólya–Aeppli process and
compound Negative binomial process.

In many cases in the risk model the counting process is the Poisson process. The corresponding risk model is called
a classical risk model. There are many directions in which the classical risk model is generalized in order to become
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a reasonably realistic description. One direction of generalization is by compounding the Poisson process, see for
example Minkova (2004), [8], where the Pólya–Aeppli process was defined. Another direction of generalization is by
mixing. In Minkova (2011), [9] a mixed Pólya–Aeppli process with Gamma mixing distribution was introduced and
the resulting process, called I-Pólya process was applied in analyzing the risk model. Recently, in many papers, the
authors introduce some dependence in the model including copula also, see for example Albrecher et al., (2011) [1],
Boudreault et al., [3] and Cossette (2008), [4]. In this paper we consider a mixed Pólya–Aeppli process with shifted
Gamma mixing distribution. Then we apply the resulting process as a counting process in the risk model.

In Section 2 we give the definition of the I-Delaporte process with probability mass function, moments and in-
terpretation. In Section 3 the process is defined as a pure birth process. As application, in Section 4 we consider
a risk model with I-Delaporte counting process, ruin probability and particular case of exponentially distributed
claims.

2. Definition

Suppose that for a given λ > 0, the number of items in the time interval [0, t] has a Pólya–Aeppli distribution, i.e.,

P(N (t) = k | λ) =


e−λt , k = 0,

e−λt
k

i=1


k − 1
i − 1


[λ(1 − ρ)t]i

i !
ρk−i , k = 1, 2, . . . ,

(2)

where λ and ρ ∈ [0, 1) are parameters. We use the notation N (t) ∼ P A(λt, ρ). The mean number of arrivals and the
variance are given by E(N (t) | λ) =

λ
1−ρ

t and Var(N (t) | λ) =
λ(1+ρ)

(1−ρ)2
. Then, for the Fisher index of dispersion we

obtain F I (N (t)) =
Var(N (t))
E(N (t)) =

1+ρ
1−ρ

, i.e., Pólya–Aeppli process is over-dispersed with respect to the Poisson process.
The probability generating function (PGF) is given by

ψN (t)|λ(s) = e−λt(1−ψ1(s)),

where

ψ1(s) = Es X
=
(1 − ρ)s

1 − ρs
(3)

is the probability generating function of the geometric distribution, Ge1(1 − ρ).
Suppose that the parameter λ has a shifted gamma distribution, given in (1). Then, the unconditional probability

mass function (PMF) is given by

P(N (t) = m) =


∞

α

P(Nt = m | λ)
βr

Γ (r)
(λ− α)r−1e−β(λ−α)dλ. (4)

Calculating the integral in (4) gives the following probability mass function

P(N (t) = m) =



e−αt


β

β + t

r

, m = 0

e−αt


β

β + t

r 
r(1 − ρ)

t

β + t
+ α(1 − ρ)t


, m = 1

e−αt


β

β + t

r


m
i=1


m − 1
i − 1


r + i − 1

i


(1 − ρ)

t

β + t

i

ρm−i

+

m
i=1


m − 1
i − 1


[α(1 − ρ)t]i

i !
ρm−i

+

m−1
i=1

i
j=1


i − 1
j − 1


[α(1 − ρ)t] j

j !
ρi− j

×

m−i
k=1


m − i − 1

k − 1


r + k − 1

k


(1 − ρ)

t

β + t

k

ρm−i−k


, m = 2, 3, . . . .
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From the PMF it follows that the process N (t) is a sum of two independent processes, N (t) = N1(t) + N2(t),
where N2(t) ∼ P A(αt, ρ), and N1(t) has a PMF

P(N1(t) = m) =




β

β + t

r

, m = 0
β

β + t

r m
i=1


m − 1
i − 1


r + i − 1

i


(1 − ρ)

t

β + t

i

ρm−i , m = 1, 2, . . . .
(5)

The process in (5) has an Inflated-parameter negative binomial distribution with parameters β
β+t , ρ and r , see Minkova

(2002), [7]. We say shortly I-Negative binomial and use the notation N1(t) ∼ I N B( β
β+t , ρ, r). For the process N1(t),

called also I-Pólya process, and application in risk models see Minkova (2011), [9]. The PGF of N1(t) is given by

ψN1(t)(s) =


π

1 − (1 − π)ψ1(s)

r

,

where π =
β
β+t and ψ1(s) is given by (3). The mean and the variance of N1(t) are given by

E(N1(t)) =
r t

β(1 − ρ)
and Var(N1(t)) =

r [t + β(1 + ρ)]t

β2(1 − ρ)2
.

For the Fisher index of dispersion we obtain

F I (N1(t)) =
1 + ρ

1 − ρ
+

t

β(1 − ρ)
,

i.e. the I-negative binomial process is over-dispersed related to Pólya–Aeppli process.
Then, the PGF of N (t) is then given by

ψN (t)(s) =


π

1 − (1 − π)ψ1(s)

r

e−αt(1−ψ1(s)). (6)

Remark 1. In the case of ρ = 0, the distribution of N (t) simplifies to the Delaporte distribution, Grandell (1997), [5].
In this case it is a composition of independent negative binomial and Poisson distributions. In a similar way, the
non-central negative binomial distribution (NNBD), introduced by Ong and Lee (1979), [11], is a composition of
independent negative binomial and Pólya–Aeppli distribution.

This motivated us to say that the process N (t) with PGF (6), has an Inflated-parameter Delaporte distribution or
I-Delaporte distribution, and to give the following definition.

Definition 1. The process N (t), defined by the PGF (6), is called an Inflated-parameter Delaporte process (I-Delaporte
process).

Interpretation: Let us denote by N0(t) the Delaporte process, given in Grandell (1997), [5]. Then, the process N (t)
can be represented as a compound Delaporte process, i.e., N (t) = X1 + · · · X N0(t), where X i , i = 1, 2, . . . are
independent, geometrically distributed with success probability 1 − ρ, and PGF given in (3), independent of N0(t).

Moments: Let us rewrite the PGF in (6) as

ψN (t)(s) =


π(1 − ρs)

1 − (1 − π(1 − ρ))s

r

e
−αt


1−

(1−ρ)s
1−ρs


. (7)

By differentiation in (7) we obtain the mean and the variance of the I-Delaporte process

E N (t) =


α +

r

β


t

1 − ρ
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and

Var(N (t)) =


α(1 + ρ)+

r((1 + ρ)β + t)

β2


t

(1 − ρ)2
.

For the Fisher index we obtain

F I (N (t)) =
1 + ρ

1 − ρ
+

r t

(1 − ρ)β2

α +

r
β

 ,
i.e., I-Delaporte process is over-dispersed related to Pólya–Aeppli process.

3. I-Delaporte process as a pure birth process

In this section we define the I-Delaporte process as a pure birth process. Suppose that N (t), t ≥ 0 is the number of
times a certain event occurs in time interval (0, t]. The transition probabilities of the counting process N (t), for every
m = 0, 1, . . . are specified by the following postulates:

P(N (t + h) = n | N (t) = m) =


1 −


α +

r

β + t


h + o(h), n = m,

(1 − ρ)


αρk−1

+
r

β


β

β + t

2 
1 − (1 − ρ)

β

β + t

k−1


h + o(h),

n = m + k, k = 1, 2, . . . ,

where o(h) → 0 as h → 0. Denote the probabilities of N (t) by Pm(t) = P(N (t) = m), m = 0, 1, 2, . . . . Then the
above postulates yield the following Kolmogorov forward equations:

P ′

0(t) = −


α +

r

β + t


P0(t),

P ′
m(t) = −


α +

r

β + t


Pm(t)

+ (1 − ρ)

m
k=1


αρk−1

+
r

β


β

β + t

2 
1 − (1 − ρ)

β

β + t

k−1


Pm−k(t), m = 1, 2, . . . .

(8)

with initial conditions

P0(0) = 1 and Pm(0) = 0, m = 1, 2, . . . . (9)

From the equations of (8) we get the following differential equation for the PGF of N (t)

∂ψN (t)(s)

∂t
= −


α +

r

β + t (1 − ψ1(s))


(1 − ψ1(s))ψN (t)(s). (10)

The solution of (10) with the initial condition ψN (t)(1) = 1 is given by (6). This leads to the second definition.

Definition 2. The stochastic process, defined by the differential equations (8) with initial conditions (9) is called
I-Delaporte process.

4. Application to risk models

As application of the I-Delaporte process, we consider the standard risk model {X (t), t ≥ 0}, defined on the
complete probability space (Ω ,F , P) and given by

X (t) = ct −

N (t)
i=1

Zi ,


0
1

= 0


. (11)
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Here c is a positive real constant representing the risk premium rate. The sequence {Zi }
∞

i=1 of non-negative i.i.d.
random variables is independent of the counting process N (t), t ≥ 0, and represents the claim sizes to the insurance
company. The claim sizes {Zi }

∞

i=1 are distributed as the random variable Z with distribution function F, F(0) = 0
and mean µ.

We consider the risk model (11), where N (t) is an I-Delaporte process and we call this process I-Delaporte risk
model. The interpretation of the counting process is the following. Suppose that the successive claims are of two
types, such that the first type of claims are counted by the INB process and the counting process of the second type of
claims is the Pólya–Aeppli process. Our interest is in counting all the claims in total. Then, the number of claims has
an I-Delaporte distribution.

Let τ = inf{t : X (t) < −u} with the convention of inf ∅ = ∞ be the time to ruin of an insurance company having
initial capital u ≥ 0. We denote by Ψ(u) = P(τ < ∞) the ruin probability and by Φ(u) = 1 − Ψ(u) the non-ruin
probability. The relative safety loading θ for the I-Delaporte risk model in (11), is given by

θ =
E X (t)

E
N (t)
i=1

Zi

=
c(1 − ρ)

µ

α +

r
β

 − 1.

If the safety loading θ < 0, then Ψ(u) = 1 for all u, see Asmussen and Albrecher (2010), Proposition 1.1, [2]. If
θ > 0, then Ψ(u) < 1 for all sufficiently large u. In the case of positive safety loading θ > 0, the premium income
per unit time c should satisfy the following inequality

c >
µ

1 − ρ


α +

r

β


.

The main in the application is to analyze for this model the joint probability distribution G(u, y) of the time to ruin
τ and the deficit at the time of ruin D = |u + X (τ )|. The function G(u, y) is given by

G(u, y) = P(τ < ∞, D ≤ y), y ≥ 0, (12)

see Klugman et al. (2004), [6].
It is clear that

lim
y−→∞

G(u, y) = Ψ(u). (13)

Using the postulates, we get

G(u, y) =


1 −


α +

r

β + t


h


G(u + ch, y)+ (1 − ρ)

∞
k=1


αρk−1

+
r

β


β

β + t

2 
1 − (1 − ρ)

β

β + t

k−1


h

×

 u+ch

0
G(u + ch − x, y)d F⋆k(x)+


F⋆k(u + ch + y)− F⋆k(u + ch)


,

where F⋆k(x), i = 1, 2, . . . is the distribution function of Z1 + Z2 + · · · + Zk . Rearranging the terms leads to

G(u + ch, y)− G(u, y)

ch
=


α +

r

β + t


1
c

G(u + ch, y)

−
1 − ρ

c

∞
k=1


αρk−1

+
r

β


β

β + t

2 
1 − (1 − ρ)

β

β + t

k−1


×

 u+ch

0
G(u + ch − x, y)d F⋆k(x)+ F⋆k(u + ch + y)− F⋆k(u + ch)


. (14)

Let us denote by

H(x) =
1 − ρ

α +
r
β+t

∞
k=1


αρk−1

+
r

β


β

β + t

2 
1 − (1 − ρ)

β

β + t

k−1


F∗k(x), (15)
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the probability distribution function of the aggregated claims. It follows from (15), that H(0) = 0 and H(∞) = 1,
i.e., H(x) is a proper distribution function. By letting h → 0 in (14), we obtain the following differential equation

∂G(u, y)

∂u
=


α +

r

β + t


1
c


G(u, y)−

 u

0
G(u − x, y)d H(x)− [H(u + y)− H(u)]


. (16)

In the following theorem we obtain the initial condition.

Theorem 1. The function G(0, y) is given by

G(0, y) =


α +

r

β + t


1
c

 y

0
[1 − H(u)]du. (17)

Proof. Integrating (16) from 0 to ∞ with G(∞, y) = 0 leads to

−G(0, y) =


α +

r

β + t


1
c

×


∞

0
G(u, y)du −


∞

0

 u

0
G(u − x, y)d H(x)du −


∞

0
(H(u + y)− H(u))du


.

The change of variables in the double integral and simple calculations yield to

G(0, y) =


α +

r

β + t


1
c


∞

0
[H(u + y)− H(u)]du

and then (17). �

4.1. Ruin probability

Theorem 2. For u ≥ 0, the ruin probability Ψ(u) satisfies the equation

∂Ψ(u)
∂u

=


α +

r

β + t


1
c


Ψ(u)−

 u

0
Ψ(u − x)d H(x)− [1 − H(u)]


. (18)

Proof. The result follows from (16) and (13). �

Remark 2. The nonruin probability Φ(u) satisfies the equation

∂Φ(u)
∂u

=


α +

r

β + t


1
c


Φ(u)−

 u

0
Φ(u − x)d H(x)


. (19)

Theorem 3. The ruin probability with no initial capital is given by

Ψ(0) =
µ

c(1 − ρ)


α +

r

β


. (20)

Proof. According to (13) and (17) we get

Ψ(0) = lim
y→∞

G(0, y) =


α +

r

β + t


1
c


∞

0
[1 − H(u)]du.

If X is a random variable with distribution function H(x), then, by the definition of H(x) and E Z = µ we obtain

E X =

µ

α +

r
β


(1 − ρ)


α +

r
β+t

 .
Using the fact that E X =


∞

0 [1 − H(x)]dx we obtain (20). �
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4.2. Exponentially distributed claims

Let us consider the case of exponentially distributed claim sizes with mean µ, i.e. F(x) = 1−e−
x
µ , x ≥ 0, µ > 0.

In this case, for the distribution function H(x) we obtain

H(x) = 1 −
α

α +
r
β+t

e−
1−ρ
µ

x
−

r
β+t

α +
r
β+t

e−
1−ρ
µ

β
β+t x

,

i.e. it is a mixer of two exponentially distributed variables. For the function G(0, y) in (17) we obtain

G(0, y) =
µ

(1 − ρ)c


α


1 − e−

1−ρ
µ

y


+
r

β


1 − e−

1−ρ
µ

β
β+t y


.

By differentiation of (18), in the case of exponentially distributed claims, we obtain the following differential
equation for the ruin probability.

∂3Ψ(u)
∂u3 −


α +

r

β + t


1
c

−
1 − ρ

µ


1 +

β

β + t


∂2Ψ(u)
∂u2

−
1 − ρ

µ


α +

r

β + t


1
c

−
α

c

t

β + t
−

1 − ρ

µ

β

β + t


∂Ψ(u)
∂u

= 0. (21)

The characteristic equation of (21) has a root zero and two negative roots. The solution has the form Ψ(u) =

C1 + C2eR1u
+ C3eR2u , where R1 and R2 are the nonzero roots of the characteristic equation and Ci , i = 1, 2, 3 are

constants. According to the condition Ψ(∞) = 0, it follows that C1 = 0 and ruin probability is given by

Ψ(u) = C2eR1u
+ C3eR2u,

where C2 + C3 =
µ

c(1−ρ)


α +

r
β


.

5. Concluding remarks

In this paper we have defined a risk model with I-Delaporte counting process, which gives a possibility to count
two types of claims. The model is a generalization of the classical risk model, the Pólya–Aeppli risk model and the
I-Pólya risk model.
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