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Abstract. A boundary-value problem (BVP) for almost system of ordinary differential equations (ODE) is
considered. An asymptotic expansion of the solution is constructed in the conditionally stable case. The
boundary function method, pseudoinverse matrices and orthogonal projectors are utilized.

1. INTRODUCTION

We consider the boundary value problems

g% =Ax+eF(t,x, ¢ f(t,e))+ot), te[ab], 0<e<<l, @
with boundary conditions

I(x())=h, heR", )
where ¢ is a small positive parameter.

Suppose that the following conditions are satisfied:
Cl) The nxn matrix A with constant elements has p eigenvalue with negative real part, and remaining

(n—p) eigenvalues have positive real part, ie. 4eo(A), R(4)<0,i=Lp and R(4)>0,i=p+Ln,
A=A fori=j;

(C2) The vector-function ¢(t) isan n - dimensional of the class C* ([a,b]);

(C3) The function F(x,t,¢, f(t,&)) is an n - dimensional vector-function, having arbitrary order continuous
partial derivatives with respect to all arguments in the domain G =[a,b]xD, x[0,£]xD, - where D, € R" is some
neighborhood of the solution x,(t) of the degenerate system Ax,(t)+¢(t)=0, D; € R" is bounded and closed
domain, 0<& <& . The function f(t,e) is smooth of arbitrary order with respect to all argument in the domain
G =[a,b]x(0,&] and its values belongs to D, ;

(C4) The vector functional 1 =col (I1°,..,I") , 1e(C[a,b]—>R",R").

We assume that the function f(t,e) of (1) contain singular elements (for example,
ft,e)="1 (exp(—t/g),sin(t/g). Thus the system (1) is withe double singularity. On one side the small parameter
& appear before the derivative, and on the other hand bring in a singularity of the function f .
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The constructing of the asymptotic solution of the problem (1), (2) is based on the boundary functions method
(see, for example, [13]). The initial research for a Cauchy problem with double singularity is made in [10] in the
case A €o(A), R(4) <0,Vi. The case of a two-point boundary problem is considered in [6], [9].

Primary research of the problem (1), (2) with conditions (C1)-(C4) are considered in [3]. This paper is
continuation of the article [3] and [7]. The proof of the asymptoticaly of the formal asymptotic order obtained in [7],
is done in work [8]. Here we will consider a conditionally stable case of almost linear differential equations with
general boundary conditions, using generalized reverse matrices and projectors [1], [11].

The problem (1), (2) with condition R(4) <0,Vi, 4 eo(A) and (C1)-(C4) in diverse cases are research in [4],

[51, [7], [12].
2.BASIC RESULTS

Instead of (1), (2) we consider BVP with two parameters ¢ e(0,£] and xe(0,], 0<& <<1

gi—i: Az+eF(z,t,e f(t, ) +ot), teab]l, 0<e<<l,

3)
I(z)=h.
The solution of the BVP (3) we look of the form
© t-a t-b
2t e ) = 2 L[5t )+ T (m )+ Qv )] et 7= —= v =—. 4

In (4) the functions z,(t,z) are the elements of the regular series, IT,(z,x) and Q. (v,u) are boundary

functions in a right neighborhood of the point t =a and left neighborhood of the point t =b respectively and they
are elements of the singular series.

After finding the functions z, (t, &), I1, (r, ) and Q, (v, ) the solution of the BVP (1), (2) is obtained in the
form

X(t,e)=> " [2,(t.e)+T1 (z,£)+Q (v,&)]&"
We substitute the series (4) in the system (3)

) d 1 d -1 d
8Zko(azk(t,#)+8' g, k(@ u)+e an(v,ﬂ)jsk

=AY [ (6 0+ () +Q, (v )| ©)
+8.F(t,2f:o[lk (t, ) +11, (7, ) + Q, (V,#)]gk,g’ £t 1)+ () |
We represent the function F(t,z,¢, f(t, «)) in the form
F(LZ::O(Zk (t,,U)+Hk (T,y)+Qk (V,,U))gk,g, £(t, 1))

= If(t,g,,u)+HF (7.6, 1) +QF (v, &, 1),
where

Fte,u)=F(tY 7 (tu)e e ft ),
NF (r,6,u)=F(a+er, ). (7 (a+er, u)+T1, (z,u))e" &, f(a+er, 1))
—-F(a+er, ), 7 (a+er,u)et e f(a+er, p)),
QF (v,&,u)= F(b+£v,zzk:o(zk (b+ev, 1)+Q, (V,y))g & Flo+ev, 1))
—F(b+£v,2::02k (b+ev,u)e g, f(b+ev, u)),
We decompose the function If(t,g,y) in Taylor series in a neighborhood of the point (t,z,(t),0, f)

Fteu)=2 R (tu)s
where



F(t,2,(1),0, f (t, 1)) k=0
Fo(tu)=4F, (t2,(t),0, f (t, 1))z, (t, 1) (6)
+ 0 (20,2 (), F(ta)), k=12,
We develop other features also in Taylor series - TIF (7, 1) of the point (a,z,(a)+11,(),0, f) and
QF (v, &, 1) inaneighborhood of the point (b, z,(b) +Q,(+),0, f).
IF (7,6, 1) = ZT:OHFk (7, 1),
F(a,z,(a)+11,(7),0, f(a, 1))
-F(a,z,(a),0, f(a, ), k
F,(a z, (a)+H0 (r),O, f(a, @), (r,,u)
+G, (7.0, (7)o I (7o), F (A1), K =12,...

Il
o

where R (z,4) =

QF (v,&,u)= ZT:OQFk (vou)e,

where
F(b,z,(b)+Q,(v).0, f (b, 1))

—F(b,2,(b),0, f (b, 1), k=0
F,(b,z,(b)+Qyv,0, f (b, 11))Q (v, 1)

+R (v.Qy (), Qs (van), T (0, 1)), k=12,...

The functions g, ,G, and R, contain derivative up to (k—l) - th order of the function F(t,z,¢, f(t,)) with
respectto t,z and ¢.

QF, (V’,u) =

Let a linear system % = Ax have a fundamental solution the matrix X (t) =exp(At), X(0)=E, and B be an

(nxn) nonsingular constant matrix such that B'AB=diag(A,A ), where A is an (pxp)- matrix

corresponding for eigenvalues with negative real part, R(4)<0,i=1p and A is ((n—p)x(n— p)) matrix

corresponding for eigenvalues with positive real part R(4)>0,i=p+1Ln.
The system % = Ax has stable manifold S* in the form S*:X=HX, where H =B, B isan ((n—p)xp)-
matrix, and unstable manifold S~ in the form S™:X =HX, where H =B,,B,, isan (px(n—p))- matrix. Cells

B B
B, .i,j =12, areelements of the block representation of the matrix B :E H Blz j
21 22

Let X, (r) = X(r)[ipj - (nx p) - matrix;
i
Xop (V) = X(V)[E

The following denotations

D, (¢) =I(Xp (()T_aD — (nx p) — matrix;

Dz(g)=|(xnp(b_(')jj — (nx(nx p)) — matrix;

&

J- (nx(n—p)) - matrix.

n-p




D(¢) =(D,(¢),D,(¢)) - (nxn) — matrix
introduce.

In this case, we assume that the matrix D(g) has the presentation
D(¢) =D, + D, exp(—e, / £)+ D, exp(—a,  €)+...+ D, exp(—e, / €),
D, —(nxn) - constant matrices, ¢, ,i = 1,5 are positive constants such, that 0 < e, < @, <...< a,.
The case where D(g)has the form D(¢g) =D, +O(,9q exp(—a/g)), qeN, >0, D,—(nxn) - matrix, is

considered by [3] and [9].
We apply functional | to IT1, (z, ) and Q (v, ):

(0520 (2 b”jth<l<(ﬂ(>)>) - Q
hy =h+1(A(1))
hk=—'(zk(-,u))—|(L,n_Fk)[('?‘ J (LQR )[() b"‘} ®)

where (LTH_Fk)(z-,y) and (LVQ_Fk)(v,y) they are defined in the following manner: then the systems

Denote

d—j =Ax+9g(r), 720 and 3—?1 = Ay+d(v), v<0 have particular solutions(L.g)(z) and (L,§)(v) respectively in
the form
(L9)@) =], K(r5)g(s)ds and (L, g)(v) = j"w K(v,)q(s)ds
satisfying the inequalities l(L.9)(@)| < Cexp(~y7),z 2 0;
where C,C,y,7 are certain positive constants, and
k(s S):{ X (£)PX X(s), 0<S<7<+40
—X(r)(I—P)X’l(S), 0<7r<s<+o
Rv.s) :{—X(v)(l ~-P)X!(s), -oco<v<s<0

(look Lemma 1 [2])
X (V)PX7(s), —0<s<v<0.

(s+1)(s+2)

We denote the (gmx(s+1)n) blok matrix Q(¢), where 2s+1<q< , se N . The elements of the

matrix Q(e) depend on &, but not have exponentially small terms. For example for s=1, we have
D, 0

= =3, then the matrix Q(¢) has the form Q(s)=|D, D, |. If ¢, =ke,, k=25,
0 D

2141<q< (1+1)(1+2)
. o 2

then gq=2s+1 and Q(¢) has the form



D, D, 0

D, D, D,
Qe)=|D, D_, D_,.. D,
D, D ..D,
D, ... D,
0 o
D

2.1. 1case rangQ=(s+1)n=(2s+1)m.

Theorem 1. We assume that the conditions are fulfilled:

(J1) (C1)-(C4)

(J2) m<n, g=2s+1 and rangQ =(s+1)n=(2s+1)m.

Then there is a unique solution in the domain G the BVP (3) which is continuously differentiable with respect
to t €[a,b] and continuous for u € (0,£]. The series (4) is formally asymptotic seriesfor this solution, where the

functions z, (t, 1), k >0 have the form

~Ap(t) k=0
z (t,u) = _
() A‘l[gz“(t,m—al(t,m], k=1, ©)
where F,(t, .2) are defined in (6) and the elements of the singular series IT, (z, ) and Q (v, ) are of the type
s R Fad p
X, L, o[Q ] exp(- /) k=0
M, (7, 1) = oy _
Xp(T)Zk:o[Q_ hklk 1 exp(—ogk /5) +(LTHFk)(z',y), k>1,
s T il
X, )Y@ 1hk]nk exp(-a, / ¢) k=0
Qv p) = ) (10)

anp(v)ZZ:O[Q‘lﬁk J:: exp(-a, / €) +(LVQ_Fk)(v,,u), k>1
where h; and h, are defined in (8).

Proof. The elements of the regular order z, (t, 1) are easily obtained in the form (9) [3], [9]. After aligning the

coefficients to the corresponding degrees of ¢ in (5) and boundary conditions (12), respectively the colored systems
for the boundary functions

_@“ka(f-“):Ank(r,u)m_ﬁ(r,u), re[olb_a] pue(0.e], (11)
T &
ana(::,lu)=AQk(V,/1)+Q_Fk(V,/l), Ve|:a;b’0:l’ ﬂe(O,g], (12)
= ~ 0, k=0

k(T”u)_ HFk_l(r,,u), k=12,...

5= [0 k=0
QR (v.u)= QF (i), k=12..



I, (7) = All,(r) has a
ot

Consider systems (11), (12) and boundary conditions (7) for k =0.The equation

0Q,(v) _
ov

solution T1,(7)=X,(7)¢,, € €RP,7€[0,+) and AQ,(v) has a solution

Q)= Xn,p (V)EO, 60 ERnfp,Ve(—oo,O],
Substituting into the boundary conditions for ¢, = (60,50 )T obtaining the algebraic system

D,(£)S, +D,(£)C, =h, < D(&)c, =hy.
Keeping in mind the structure of the matrix D(g) , we seek the unknown column vector ¢, in the form

* %s

Co =Co(£)=Co+Cpy€ © +...4Cp€ ¢, C; >0,i=0,5,4>0,i=1s.
- ~ T - -
We introduce €, = (CyyCy.---1Cos ) - (S+1)n-dimensional column vector,
~ T . .
hy = (hy.0,...,0) - (2s+1)m - dimensional column vector.

Replacing ¢, (&) in D(&)c, = h,we get the algebraic system QC, = h, . Using (J2) then we get
I, (z) = X, (T)Zi:o[Q’lﬁo]ni 1 exp(—ozk /8)

QM =X,, (v)ZiZO[Q’lﬁOJ:_p exp(—e, /¢), a=0,>0,i =1s.

k+1

With k >1 the system's (10), (11) have solutions
I, (z, 1) = X, (7)C +(L11_IFk )(r,,u)

Q) =X, , (V) +(L.QR)(v.z0),
¢ = (Ek ,C, )T are solutions of the equations D()c, =h, (&), where ¢, =c, (£)=c,, +ckle% +...+cksef% .
Analogously to c,, from the equations QG, =H,, where & =(C,o,Cer-+,Cis)' -(s+1)n-dimensional column
vector,
B = (heor Mhar- N )’ - (2s+1)m - dimensional column vector,

@ _as
C=C(£)=C+Cue © +...4+Cce *

h(£)=ho+hue * +...+hee © (13)
=& =Q*h,.

We finally get (10)
I, (7, ) = Xp(r)Zizo[Q’lﬁk l: 1 exp(—a, / €) +(erl_|:k)(r,y), k>1,

Q (v, 1) = xn,p(v)ZZZO[Qflﬁk]n": exp(-a,/2) +(LQF)(v.u), k=1. <

Theorem 2. We assume that conditions (C1) — (C4) are satisfied. Then the functionsz, (t,x), k>0 are
bounded, i.e. the next in equations hold ||z, (t, ) |<KN, Vte[abland Vwue(0,&], where N, are positive

constants.
The proof is given in [7], [10].

Theorem 3. The boundary functions IT,(z,z) and Q,(v,u), k>0 decrease exponentially at z—« and
v — —oo respectively, O< u<g
The proof is similar to what was done in [3].



2.2. 11 case rangQ =r <min((2s+1)m,(s+1)n).

Theorem 4. We assume that conditions
(J3) (C1)-(C4)

(34) rangQ =r < min((2s+1)m,(s+1)n)are satisfied.

Then in the domain G the BVP (3) has a one-parametric solution, continuous derivatives with respect to
t e[a,b]and continuous solution for < (0,£]. The series (4) is then formal asymptotic series for this solution,
where the functions z, (t, ), k >0 have the form (9) for x=¢ and [1, (z, ) and Q, (v, ) have the form (14), (15)
for u=¢, where & isarbitrary vector.

M(2) =X, () X1 [ P, go]nil exp(-a, 1)+ X, (1) Xe[Q ]

Mt

o (14)
Qo (V) = xn—p (V)Zi:o[PQqéo]nkAl eXp(_ak /‘9)+ xn—p(v)Zizo[QmO]nM
M (o) =X, O [ Rod ] ew(-ale) +X,@F[QR]"
+(LTHFk )(r,,u), 15

p

Qvm)=X,, (V)Zis:o[PQqégk]:;p exp(-e; /&) + Xn-p(v)Zlo[Qﬂ]:;
+(LQR)(v.n)

Proof. In this case Q' not exist. We note with R, and PQ* the matrix ortho projectors F, : R" —>ker(Q),

P, iR" —>ker(Q*), Q" =Q" . With Q" we note the unique Moor-Penrose inverse ((2s+1)m,(s+1)n)-matrix of
the matrix Q. Let R, bea ((s+1)nxq) —matrix with q=(s+1)n—(2s+1)m=(s+1)(n—m) linear independent
columns from the matrix P,- In order to be the system Qc,=h, is always possible us to set the
condition P(yho =0 and ¢, =R, & +Q'hy, & €eRY, ¢, =(60,50 )T. Then the solution of the system (11) and (12)

for k=0 is
p

M) =X, ()X o[ P& ], oo e)+ X, (1) 25 ,[QF]

% Ny

s n-p s e
Q(v) = Xop (V)Zkzo[PQqégo:L 7 exp(—ak /€)+ anp(V)Zkzo[Q ho]
It should be noted that IT,(z) and Q,(v) does not depend on x . Determining the & is carried out next step
when finding 1, (7, ) and Q, (v, &) from (11)and (12)

I,(7, 1) = X, ()G, + (L, TTF, ) (7, 1),
Qv 22) = X, G +(LQR ) (v, 2)..

Then the solution of the system Qc, =h,, ¢, =(61,€l)T is ¢ = PQq<§1+Q*hl . Using the permitting condition

’
n-p

Mesa

P,-h =0 we get



10.

11.
12.

p

0, (7, 1) = xp(f)zzzo[poqgl]: exp(—a, / &) +xp(r)ZZ:o[Q*fi]nM
(L))

Q= X, () P& ]| exp(-ar 1)+ X, , (I T) (@]
+(L.QR) (v 1)

n-p

Mest

Then T, (z,) and Q, (v, u) we obtain using the method of mathematical induction

M) =X, @O [P b | exw(-ale) +X,@X[QR]
+(LITR (7, ),
Q) =Xy (VD[R] e (-an 1o)X, () [QR]

+(LQR)(v.n)

n-p

M1

where f, are defined in (13). <

Remark 1. The proof that the formally asymptotic solution is asymptotically will be further discussed.
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