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Abstract: In this short paper we shall prove that there exist infinitely many consecutive
square-free numbers of the form [ap], [p] + 1, where p is prime and o > 0 is irrational
algebraic number. We also establish an asymptotic formula for the number of such square-
free pairs when p does not exceed given sufficiently large positive integer.
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1 Notations

Let IV be a sufficiently large positive integer. The letter p will always denote prime
number. By € we denote an arbitrary small positive number, not necessarily the same in
different occurrences. We denote by ju(n) the Mobius function and by 7(n) the number
of positive divisors of n. As usual [t] and {t} denote the integer part, respectively, the
fractional part of ¢. Instead of m = n (mod k) we write for simplicity m = n (k).
Moreover e(t)=exp(2mit). Let o > 0 be irrational algebraic number. As usual 7(N) is
the prime-counting function.

Denote )

o= H (1 - ?) . )

p

2 Introduction and statement of the result

In 1932 Carlitz [3] proved that there exist infinitely many consecutive square-free num-
bers. More precisely he established the asymptotic formula

Z p2(n)pi(n+1) =oN + O(N9+E) , 2)

n<N
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where ¢ is denoted by (1) and 0 = 2/3.

Subsequently the reminder term of (2) was improved by Mirsky [9] and Heath-Brown
[8]. The best result up to now belongs to Reuss [10] with # = (26 + +/433)/81.

In 2008 Giiloglu and Nevans [7] showed by asymptotic formula that the sequence

{lan]}nZ 3)

contains infinitely many square-free numbers, where o« > 1 is irrational number of finite
type.

Recently Akbal [1] considered the sequence (3) with prime numbers and proved that
when k£ > 2 and o > 0 is of type 7 > 1, then there exist infinitely many k-free numbers of
the form [«p]. Akbal also established an asymptotic formula for the number of such k-free
numbers when p does not exceed given sufficiently large real number x.

As a consequence of his result Akbal established that whenever o > 0 is an algebraic
irrational number, then

6 9
>~ wA(lap]) = m(N) +0 (N7
p<N
(see [1], Corollary 1).
In 2018 the author [4] showed that for any fixed 1 < ¢ < 22/13 there exist infinitely
many consecutive square-free numbers of the form [n¢], [n¢] + 1. More precisely he proved
that

> pA(n)pd(n]+1) =X + O (Xl—EQ/z) ,

X
Z M ([pc])/ﬂ(LpC] +]_ _ngld— (Xefcom) ’

S (D] +1) = GoX + 0 (X172)
u;(i;(:l
where o is denoted by (1) and ¢o > 0 is an absolute constant.

Further in 2019 the author [5] showed that there exist infinitely many consecutive
square-free numbers of the form [an], [an] + 1, where n is natural and o > 1 is irra-
tional number with bounded partial quotient or irrational algebraic number. More precisely
he showed that )

>~ i (lan))p(lan] +1) = oN + O (N7%) |
n<N
where ¢ is denoted by (1).

Recently the author [6] proved that there exist infinitely many consecutive square-free

numbers of the form 2 + y? + 1, 2% + y* + 2. More precisely he proved that

> p@? 4y 4 ) p(e? 4y +2) = 6H? + O (Hi )
1<z,y<H

where

p4

6=]] <1 ARt D)+ )\(171)2))
p
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and
Mar,g2) = > L.
1<z,y<qy492

22+4241=0(qq)

22442 4+2=0 (q2)
Define

S(N,0) =Y pP([ep))p?(lop] +1). @
p<N

Motivated by these results and following the method of Akbal [1] we shall prove the fol-
lowing theorem.

Theorem 1. Let « > 0 be irrational algebraic number. Then for the sum (N, «) defined
by (4) the asymptotic formula

S(N,a) = on(N) + O (N%+€) (5)

holds. Here o is defined by (1).

From Theorem 1 it follows that there exist infinitely many consecutive square-free num-
bers of the form [ap], [ap] + 1, where p is prime and o > 0 is irrational algebraic number.

3 Preliminary lemmas

Lemma 1. (Erdos-Turdn inequality) Let {tk}sz1 be a sequence of real numbers. Suppose
that T C [0, 1) is an interval. Then

K 1
#E<K: {ty)eT) —K|I|‘ <G F| D ethta)
h<H = |k<K
for any H > 1. The constant in the O-term is absolute.
Proof. See ([2], Theorem 2.1). O

Lemma 2. Suppose that H, D, T, N > 1. Let a > 0 be irrational algebraic number. Then

ooy > Ze@Q—’g) <<(HDTN)E(H1/2D2T2N1/2+H3/5DTN4/5

H<h<2H D<d<2D T<t<2T |p<N
+ HDTNY* - H¥DRT2N3) - (6)
Proof. This lemma is very similar to result of Akbal [1]. Inspecting the arguments presented

in ([1], Lemma 3), the reader will easily see that the proof of Lemma 2 can be obtained by
the same manner. O
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4 Proof of the Theorem

Assume
2< 2 < (aN)?/3, (7

We use (4) and the well-known identity 12 (n) = 22| 1(d) to write

S(Na) = > pP(laph)p®(fapl +1) =D Y pld) > plt)

p<N p<N d?|[ap] t2[[ap]+1
= > udpt) Y 1=3i(N)+Da(N), ®)
d,t p<N
(d,t)=1 [ap]=0 (d?)
[ap]+1=0 (¢2)
where
SiN) = Y pdpt) > 1, )
dt<z p<N
(d,t)=1 [ep]=0 (d2)
[ap]+1=0 (+2)
S(N)= Y wdut) Y 1. (10)
dt>z p<N
(d,t)=1 [ap]=0 (d2)
[ap]+1=0 (¢2)
Estimation of 3; (N)
From (9) and Chinese remainder theorem we obtain
SiN) = Y opldpt) > 1, (11
dt<z p<N
(d;t)=1 [ap)=q (d2t2)

where 1 < ¢ < d?t% — 1.
It is easy to see that the congruence [ap] = ¢ (d*t?) is tantamount to

q ap q+1
zz <1ze) < ez (12

Bearing in mind (11), (12) and Lemma 1 we get

d)pu(t N 1 ah
B =) 3 MR o [ F 1) 0| Y G IS e ()

dt<z dt<z dt<z h<H p<N
(d,t)=1 (d,t)=1

d)u(t d)p(t N

d,t=1 dt<z
(d,t)=1 (d,t)=1 =

1 ahp
+o| Y Zgze<m> ) (13)
gz, 1 o
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It is well-known that

Y My H( > (14)

d,t=1 P
(d,t)=1
On the other hand
p(d)u(t) 7(n) 1 -1
Z T 22 <Zd2t2_§:?<2%<26 : (15
dt>z n>z n>z

(d,t)=1

By the same way

1= 7(n) < 2E. (16)

dt<z n<z

From (13) — (16) it follows
b (N):UW(N)+O(7T(N)ZE_1)+O 5214-5 ) Z Z 1 Ze ahp
1 H h 22 )|
di<zh<H'® |p<N
a7

where o is denoted by (1).

Splitting the range of h, d and ¢ of the exponential sum in (17) into dyadic subintervals of
theform H < h <2H,D <d <2D,T <t < 2T, where DT < z and applying Lemma
2 we find

1 ahp 272 A71/2 4/5 3/23/2 £r3/4
DI Ze<m> < (HDTN)*(D*T?N'/2 + DTNY3 + D213 N3 /4)
di<zh<H ' |p<N

< (HzN) (ZQNl/ 2 N5 23/2N3/4) . (18)
Taking into account (7), (17), (18) and choosing H = N1/5 we obtain

$1(N) = on(N) + (’)(NS <z2N1/2 + ZzNY5 4 232 N3/ 4 Nz—1)> . (19)

Estimation of 3 (IN)
By (7), (10), (15) and Chinese remainder theorem we get

MeY Y =Y Y ey Yo

dt>z n<N dt>z n<N dt>z m<[aN]
[an]=0 (d2) [an]=1 (d2t2) m=l(d2t2)
lan]+1=0 (t2)
1
1+e, -1
KN Y o <N (20)
dt>z
The end of the proof

Bearing in mind (8), (19), (20) and choosing z = N'/10 we establish the asymptotic
formula (5).
The theorem is proved.
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