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1. Notations. Let H be a sufficiently large positive number. We denote
by € an arbitrary small positive number, not the same in all appearances.
The letters d, h, k,l,q,r,xz,y with or without subscript will denote positive
integers. By the letters D, Dy, Hy and ¢t we denote real numbers and by
m,n integers. As usual u(n) is the Mobius function and 7(n) denotes the
number of positive divisors of n. Further [t] and {t} denote the integer part,
respectively, the fractional part of ¢. Instead of m = n (mod d) we write
for simplicity m = n (d). Moreover (I,m) is the greatest common divisor
of [ and m, and (I, m,n) is the greatest common divisor of [, m and n. The
letter p will always denote a prime number. We put ¢(t) = {t} — 1/2. As
usual e(t)=exp(2mit). For any odd ¢ we denote by ( ) the Jacobi symbol.

For any n and ¢ such that (n,q) = 1 we denote by (n) n), the inverse of n
modulo q. If the value of the modulus is understood from the context then
we simply write 7.

We shall consider the Gauss sums

4q 2
mx® + nx

(11) G(vaan) = Ze<q>7 G(Q7m) = G(Qa m, 0)7
r=1

and the Kloosterman sums

(1.2) K(q,m,n) zq: e<m‘”+”x>.

=1
(z,0)=
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2. Introduction and statement of the result. The problem of con-
secutive square-free numbers arose in 1932 when Carlitz [I] proved that

(2.1) > P (n)p(n+ 1) :H<1—22>H+(’)(H9+5),
n<H p p

where § = 2/3. Formula was subsequently improved by Heath-Brown [6]

to § = 7/11 and by Reuss [9] to 6 = (26 + 1/433)/81.

In 2018 the author [2] showed that for any fixed 1 < ¢ < 22/13 there exist
infinitely many consecutive square-free numbers of the form [n°], [n¢] 4 1.

Recently the author [3] proved that there exist infinitely many consecu-
tive square-free numbers of the form [an], [an] + 1, where n is natural and
a > 1 is an irrational number with bounded partial quotient or irrational
algebraic number.

Also recently the author [4] showed that there exist infinitely many con-
secutive square-free numbers of the form [ap], [ap] + 1, where p is prime and
a > 0 is an irrational algebraic number.

On the other hand, in 2012 Tolev [11] proved ingeniously that there exist
infinitely many square-free numbers of the form 22 + 32 + 1. More precisely
he established the asymptotic formula

Z u?(x2+y2+1) ZCH2+O(H4/3+E),

1<z, y<H
where )
Alp ))
= 1- and A(q) = Z 1
4
p < p 1<z,y<g
22492 +1=0(q)
Define
(2.2) rH)= Y @@ +y>+ )@ +y"+2)
1<z, y<H
and
mx + ny
2.3 Aq1,q2,m,n) = e\ — |,
(23) anmm = 3 e "EM)

ex)
where the summation is taken over the integers x, y satisfying the conditions
1<z, < qge,
(2.4) 2 +y  +1=0 (q1),
22+ +2=0 ().
We also define
(2.5) Alar, q2) = M1, 42, 0,0).
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Motivated by these results and following the method of Tolev [I1] we
shall prove the following theorem.

THEOREM 2.1. For the sum I'(H) defined by ([2.2)) we have the asymptotic
formula

(2.6) I'(H) = cH? + O(H%/9),
where

- A(p?, 1) + (1, p?)
(2.7) 0—1;[(1— o >

From Theorem [2.1] it follows that there exist infinitely many consecutive
square-free numbers of the form 22 + y? + 1, 22 + ¢ + 2.

3. Lemmas. The first lemma we need gives us the basic properties of
the Gauss sum.
LEMMA 3.1 (5, ]).
(i) If (q1,q2) =1 then
G(q1q2, m1g2 + maqi, n) = G(q1,m1g3, n)G (g2, magi, n).
(ii) If (g,m) =d then

G(g:m,n) = {
(i) If (q,2m) =1 then B
G(q,m,n) = e(_4m”2> (m) Glg,1).

q q

dG(q/d,m/d,n/d) if d|n,
0 if d1fn.

(iv) If (¢,2) =1 then
G*(q,1) = (-1)@ V.
The next lemma gives us A. Weil’s estimate for the Kloosterman sum.

LEMMA 3.2 ([§]).
1K (q,m,n)| < 7(q)q"*(q,m,n)"/>.

The next lemma is the central moment in the proof of Theorem 2.1} Right
here we apply the properties of the Gauss sum and A. Weil’s estimate for
the Kloosterman sum.

LEMMA 3.3. Let 8¢ q1, 81 g2 and (q1,q2) = 1. Then for the function A
defined by (2.3) we have

(3.1) IA(q1, g2, m,n)| < 167%(q102) (0102) Y2 (q1.g2, m, n) /2.
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In particular,
(3.2) a1, ¢2) < (q1g2)'Fe.
REMARK 3.4. An estimate of type is valid for any positive integers
q1, q2. We introduce the restrictions 8 1 ¢1, 8 1 g2 since in this case the proof

is slightly simpler and only such q;, g2 appear in our work.

Proof. We consider three cases.

CASE 1: 21 q1g2. Using (1.1)), (2.3)), (2.4) and Lemmawe get

(33) A(Qla q2,m, n)

_ Ly (m+ny> > e(h1<x2+y2+1>>

N9 1<z,y<q1q2 Nq2 1<hi<q1 a
ho(z? + 3% + 2)
IR
1<ha<q2
1 h1 2ho
= Z e<> Z e<>G(Q1QQ,h1QQ+h2(J1,m)
N2 Greg N 1dp<g, B

X G(Q1QQ, hi1gs + haqq, n)

2h
X Z €<22> G(QQath%am)G(q27h2q%7n)

1<ha<g2

1 h
— LS Y ()6t mamGla o

1
D920 1<h<a
(h1,91)=q1/l

2h
% Z Z e(qj) G(q2, h2at, m)G(qz, haai, n).

lalgz  1<ha<qe
(h2,92)=q2/12
Bearing in mind (1.2)), (3.3), 21 ¢1¢2 and Lemma [3.1 we obtain
(34)  Xaqi,q2,m,n)

1 T _ _
=qe Y, 5 Y. 6<£>G(l1,rlq§,ml1q11)G(l1,rlq§,nllq11)

Ll <<
(q1/11)|(m,n) (r1,01)=1
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1 2r _ _
DY 2 > 6(;)G(l27T2Q%7ml2q21)G(l27T2Q%7nl2qu)

l2|g2 2 1<ra<ly
(q2/12)[(m,n)  (r2,l2)=1

G*(11,1 ri — 4rig(m? 4+ n?)l3q;
— g Z (121 ) Z e<1 1(12(l1 )1‘11)

g1 1 1<ri1<ly
(q1/l1)|(m,n) (ri,l1)=1
G2(Ip, 1) 2ry — Araqi(m? + n?)13¢y >
X Z l% Z e( lo
l2]q2 1<r2<ly
(g2/12)](m,n) (r2,l2)=1
—1)(a-1)/2
= {41492 Z ()l (l17 ]-a 4q2(m +n )llql )
l1|q1 !
(q1/11)](m,n)
—1)(2—1)/2 S B
X Z #K(lg, 2,4q3(m* +n?)l3q;?).

la
l2]q2
(g2/12)|(m,n)
From (3.4) and Lemma it follows that

7(l (1
(35) [Aquamn)| <qae Y 5/12) 3 ZE/Z)

l1|q1 1 l2]q2 2
(@1 /11)|(m,n) (q2/12)|(m,n)

—1/2 1/2 —1/2 1/2
<qerae) Y, ¢ %/ > @ Py

T1 ‘ (ql,m,n) r2 ‘ (q27m7n)
< 1) (q192) Y *(qrg2, m, ) /2.

CASE 2: q1 = 2"q], where 2 { ¢} and h < 2, and 2 { g2. The function
Aq1, g2, m,n) defined by (2.3) is such that if

(1d1,a505) = (d1,47) = (¢, q5) =1

then
(3.6) Marat's a5, m,n) = Ndh, 42, m(q765) 1 4y - 7(a705) 1 )

X /\(Ch:(ha (ql%) 4 "7 (‘h%) U ”)

(Since the proof is elementary we skip the details.)
Using (3.5 and the trivial estimate |A(2",1,m,n)| < 4" we get

(3.7) M(2hql,q27m n)| = |A@2", 1,m(¢]q2)n, n(q]42) o)
x )‘(qi’qz’m@q’qwn@q’qz)‘
< 167%(d192) (1 02) "> (d1 g2, m, m) '/
< 167%(q142)(q142) " (q12, m, ) /2.
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CASE 3: 21 ¢1 and g2 = 2"¢}, where 2 { ¢5 and h < 2. By (3.5), (3.6)
and the trivial estimate [A(1,2" m,n)| < 4" we get

(38) |)‘(q17 2hq55 m, n)| = ‘)‘(17 2ha m(QlQé)%, n(qlqé)Zh)

< a1, @, m(2) g g, (27 1)
1/2

< 167 (q15) (q15)"/*(q1qh, ., n)
< 167%(q192)(q192)"*(q142, M, 1)

Now (3.1) follows from (3.5, (3.7) and (3.8]). As a byproduct of (3.1) we
obtain (3.2). m

LEMMA 3.5. Assume that 8 1 q1, 8 1 q2, (q1,q2) = 1 and Hy > 2. Then
for the sums

(39) A= Y M, L= Y 1A\(g1, 92, m,n)|

1/2

1<m<Hy m 1<m,n<Hjp mn
we have
(3.10) AN K (Q1QQ)1/2+6H8, Ay <K (Q1QQ)1/2+€HS.
Proof. Using (3.9) and Lemmawe get
.m)1/2
(3.11) A < ()P ) (g m) (g )it
1<m<H, m
where 12
(q192,m)
n= 3 lneml
1<m<Hp m
We have
1
(812) Mg DM Y — < (logHy) Y 7 < (q12Ho)".
7|q1g2 m<Ho 7|q1g2
m=0(r)

From (3.11)) and (3.12]) we deduce the first inequality in (3.10).
Using (3.9), (3.12) and Lemma we obtain
1/2

qiq2, m,n
As < (q1g2) e Z g mn) 7 ’mr; )
1<m,n<Hy

Z (q192, m)*(q192,m)

mn

L 1/2
< (qg2)'?*

1<m,n<Hy
= (qg2)/*T A3 < (q1g0)"/* e HE,
which proves the second inequality in (3.10). =

The final lemma we need gives us important expansions.
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LEMMA 3.6 ([10]). For any Hy > 2, we have

v =— 3 WL o),
1<|m|<Ho

where f(Ho,t) is a positive, infinitely differentiable and 1-periodic function
of t. It can be expanded into the Fourier series

+o0
f(Hth): Z bHo(m)e(mt)v

m=—oco

with coefficients b, (m) such that

log Hy
0

bm,(m) < for all m

and

Y b (m)] < Hy ™

1+
|m|>Hy"*

Here A > 0 is arbitrarily large and the constant in the < symbol depends on
A and e.

4. Proof of the theorem. Using (2.2) and the well-known identity
(2 (n) = 3 4oy, 1(d) we get

41 rE)y= Y pldpd) S 1= D(H) + y(H),

di,ds 1<zy<H

(d1,£i2):1 x2+y2+150 (d%)
z24y%+2=0 (d3)
where
(4.2) I(H) = Z :U’(dl)/j’(dQ)E(Ha d%vd%%
di1da<z
(d1,d2):1
(1.3 D)= Y () S(H. 4. 8).
dida>z
(d1,d2)=1
(4.4) 2(Hd},d3) = > 1,
1<z, y<H
22 +y2+1=0 (d?)
z24924+2=0 (d%)
(4.5) VH < z < H.

Estimation of I'1(H). When estimating I'1(H) we will suppose that
q1 = d?, go = d%, where d; and dy are square-free, (q1,q2) = 1 and dids < 2.
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Denote

(46) Q(Ha QI7QQ,$) = Z L.
h<H
h=z (q1q2)

Apparently
(4.7) Q(H,cn,qz,x) = Hgy gy '+ O(1).
Using (2.4), (4.4) and ( we obtain
(4.8) S(Hoq,e) = Y, 2H,q,q,7) 2H, q1,q2,9).

vy @4
On the other hand, (4.6]) gives us

H—y -y H -y H—y
q192 4192 a1q2 a1q2 a1q2
From (4.8) and (4.9) we find that
H H—
(410) Z(H,q,q2) = Y RH,q.q2.% )< —¢< y>> + 3,

.y @) q1q92 q192
where
El: Z Q(H7Q17QQaw)¢(y>
2y @4 4192
To estimate X', we decompose it as
(4.11) X=x"4+ 3"
where
(4.12) =Y QHqqr) Y w(_y),
1<2<g142 1<y<qe NP
22+1=0 (q1) y*=0(q142)
x242=0 (q2)
D YL YR SR (= 3
1<2<q142 1<y<qias Nz
224120 (q1) y =z —1(f11)
24220 (g2) y?’=—22-2(q2)

First, we consider X"”. We note that the sum over y in (4.13) does not
contain terms with y = ¢1¢2/2 or y = q1q2 . Moreover for any y satisfying

the congruences and such that 1 <y < g1g2/2 the number q1qs — y satisfies

(q192—y)

710 ) = 0. Consequently,

the same congruences and we have i ( s ) —i—w(
(4.14) X" =0.

Next we consider the sum X”. According to the above considerations the sum
over y in (4.12]) reduces to a sum with at most two terms (corresponding to
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Yy = q1q2/2 and y = q1q2). Therefore
(4.15) Y& Z 2(H,q1,q2, ).

1<z<qiq2
224+1=0(q1)
22 4+2=0 (g2)

Now taking into account (4.7]), (4.15)), the Chinese remainder theorem and

the fact that the number of solutions of the congruence z? = a(qiqo) is
O((q192)%) = O(H*), we get
(4.16) Y« Z QH,q1,q2,¢) < H (Hq'g; P 4 1).
1<z<qiq2
z?=a(q142)

Here a depends on ¢; and gs.

From , and it follows that
(4.17) Y < H°(Hq 'y ' +1).
By (4.10) and (4.17]) we obtain
H H—y
(4.18) S(H q,q)= Y. Q(H,Qh(p,iﬁ)( —¢< )>
2y 2) q192 q192
+O(H*(Hg; 'g; " +1)).
Proceeding in the same way with the sum 2(H, g1, ¢2, ) we find that
(4.19)

H H—=x H H—y
zy: 9142 7192 q192 Q142
+O(H*(Hqy ;" + 1))

Bearing in mind (2.3), (2.5) and (4.19)) we get

HQ)‘(QLQZ) H
4.20 Y(H,qi,q) = -2 2h(H, q1,q2
(4.20) ( ) aia3 q1¢2 ( )
+ ZQ(Ha q17q2) + O(HE(qu_qu_I + 1))7
where
H—=x
(4.21) SiH q,) = Y, ¢ :
vy @) q192
H-—z H—y
(4.22) Xo(H,q1,q2) = Z 1/1( e )"lﬂ( 0 )
vy B3 192 192

First we consider X (H, ¢1,q2). Using (2.3) and Lemma with Hy = H
we obtain

(423) El(Ha Q17q2) = Ei(Hv q1, C]2) + O(EY(H, Q1,CI2))a
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where
elm H—zx
(4.24) S(Hoqup)=— Y, > elnl)) 2;3;22))
zy: [@24) 1<|m|<H
mH)A(qlqua m,O)

_ }: e(QIQQ
2mim ’

1<|m|<H
(4.25) SUH qug) = > f< d >
! e
Formula (4.24)) and Lemma [3.5| give us
(4.26) SU(H, q1,q2) < H* (q1q2)"/?.

In order to estimate XY (H,q1,q2) we use (2.3), (2.5)), (4.25) and Lemmas
B3 B35 B8 o get

(427> 21/(H7 ql')QQ)

= Y (bH(0)+ > bH(m)e<m(H_x>)>+O<1)

CE,yZ 1§|m|§H1+5 q192
mH
=bnO)Mav@)+ 3, bulm) e(m> Mar, a2, =m, 0) + O(1)

1<|m|<H*e
<<H571Q1QQ+1+H€71 Z ‘)\(QhQQa_ﬂ%O)‘
1<|m|<H'te

’)‘(QIaQQ7m7O)‘ 1/2
—m .

< H 'qugp + 1+ H* Z < H 'qigo + H (q102)

1<|m|<H e
From (4.23)), (4.26]) and (4.27) it follows that
(4.28) S1(H, q1,q2) < H 'quge + H (qug2) /2.

Next we consider the sum X9(H,q1,q2). Bearing in mind (4.22)), (4.25),
(4.27) and Lemmas and we find that

(129)  SHagne)= Y Y

(e )

N2
2y @) 1< ml [n|<H (2mi)Smn
+O(H X{(H,q1,¢2))
((m+n)H)
q192
= A ) y T Moy ™
Z (27i)2mn (41, 62, =m, —n)

1< |m,Jn|<H
+ O(H quga + H® (q1q2)"?)
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Z |>\(q17q27m7n)‘

oy + H ' qiq0 4+ H (qug2)/?

<
1<|m|,|n|<H

< H 'qigo + HE (qug2) V2.
Taking into account (4.20)), (4.28)) and (4.29) we get

A(q1,
(4.30) E(vaIlaQZ):HZ(qui;D)
9143

—i—O(H‘E(qu_/ 1/2 +q1/2 1/2+H (h(]z))

From and (| - we obtain

(dy) )A d?, d2
431)  nHE)=H® Y ) d4d4( LB) | o(me22)
dida<z
(dl,dQ)ZI
2 12
— O'H2 _ H2 Z lu’(dl)lu’(dj>i\(dl7d2) +O(H62'2),
dida>z dydy
(d1,d2)=1
where
p(di)p A(dpdz)
(4.32) Z 2
dy,do=1 d dy
(d1,d2)=1

Using (3.2)) we find that

(4.33)
pu(dr) pu(d2)A(d7, d3) (dydy)**e
<
dl%z d4d4 d1§>z (dl d2 n>z
(d1,d2)=1 (d1,d2)=1

It remains to see that the product (2.7) and the sum (4.32)) coincide. From
(2.5), (3.6) and (di,ds) =1 it follows that

(4.34) A(d?,di) = A(d1, 1)A(1, d3).
Bearing in mind (| and we get
,udl)\dz, wu(da)A(1,d
(4.35) = Z di ! Z di 2)fd1(d2)
d1 1 d2 1
where
1 if (dl,dg) = 1,
do) =
Jan (d2) {o if (dy,do) > 1

Clearly the function

d% fd1 (dQ)
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is multiplicative with respect to de and the series

Z Mﬁﬂ@)

d4
do=1

is absolutely convergent.
Applying the Euler product we obtain

(4.36) Z Mfdl(dQ)

da=1 d3
: ,ﬂ( ) (- ) 1}(1 Ay

From (4.35) and (4.36]) it follows that

I e SN (S

di=1 p p pld1 P
1p p(di)A(d}, 1) AL\
—H( ); AU

Obviously the function

2’ A ,2 -1
M(dl);‘idl 1) H(I B (1419 )>

1 pld1 b

is multiplicative with respect to d; and the series

0 p(d)A(d?,1 AM1L,p2)\ !
Zu( 1)d§1 )H<1_ (4p)>

d1=1 1 pldi p

is absolutely convergent. Applying again the Euler product from (4.37)) we
obtain

038 oo H(l B )\(24292)) g(l B A(pi, 1) <1 _ A(1,4p2)>_1>

. P p
_ H(l AR D)+ A(1,p2)>.
p v
Bearing in mind , , and we get
(4.39) N(H)=cH* 4+ O(H(2* + H*27Y)),

where o is given by the product (2.7)).
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Estimation of I3(H). Using (4.3)) we write

(4.40)  |L(H)| < (logH)? > > > >,

D1<d1<2D1 D2<d2<2D> k<(2H2+1)d_2 1<z,y<H
(g2 T2 Ay=kd2—1
kd?4+1=0 (d2) y*=kd;
where

(4.41) 1/2 < Dy,Ds < V2H?+2, DDy > 2/4.
On the one hand, (4.40) gives us

(442)  |(H)| < H Y > > Yoo

D1<d1<2D1 g<(2H2+1) Dy ? D2<d2<2D2 |<(2H%+2)D; 2

kd?+1=1d3
<H > > r(kd}+1)
D1<d1<2D1 g<(2H%4+1)D; 2
< H*® Z Z k<(2H2+1)D21 < H*Te Dt
D1<d1<2Dy
On the other hand, (4.40) implies

(4.43)  |(H)| < HS ) > > > 1

D2<d2<2D2 <(2H?+2) D5 ? D1<d1<2D1 k<(2H2+1) D2

kd2=1d2—1
<H® ) >, ot -1

Dy<d2<2D2 |<(2H?+2)D; >
<H > > 1< H™D
D2<d2<2D2 |<(2H?+2) D} >
By (4.41)—(4.43)) it follows that
(4.44) |Dy(H)| < H*F271/2,

End of the proof. Bearing in mind (4.1]), (4.39) and (4.44]) and choosing
z = H*® we obtain the asymptotic formula (2.6).
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