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A PROOF OF ONE PROPERTY OF A CLASS OF LINEAR
TIME OPTIMAL CONTROL PROBLEMS
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Abstract. The paper deals with a class of linear time optimal control problems of
decreasing order. A new proof of a property considering the state-space relationships
between two neighboring problems within this class is presented. This property underlies
a new approach for synthesis of time optimal control, requiring no description of the
switching hyper surface.
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1. Introduction

In 1949 Feldbaum [3] for the first time formulated the time optimal control problem.
Since then fundamental theoretical results have been obtained and a great number of papers
has been published in this field. It may be stated that despite the more than 40-year intensive
research, the synthesis of time optimal control for high order systems is still an open problem.
Nevertheless, in the last decade the interest towards this problem considerably declines.

An approach to go further in the solution of the time optimal synthesis problem is to
refine the well-known state-space method, removing the factors that restrict its application to
low order systems only.

The following time-optimal synthesis problem for a linear system of order k is
considered. The system is described by

x, =A4A.x, +Bu,,

xkz[x1 X, ... xk]T, x, e R,
4, =diagh,, A, . . . LA),
A ER A SO, -k, A #EA, P sy,
B, =[b, b, . . . b, beR b0, i-iz,
Lk=12, ..,k
M

The initial and the target states of the system are

xk(0)=[x10 Xy - - - xko]T (2)

and
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x,(t,)=[0 0 . . . 0] (3)

where 7, is unspecified. The admissible control u, (¢) is a piecewise continuous function that

takes its values from the range
—u, <u,(t)<u,, u,=const>0. (4)

We suppose that u, (¢) is continuous on the boundary of the set of allowed values (4) and in
the points of discontinuity T we have

u(t) =u(t+0). (%)

The problem is to find an admissible control u, =u, (x,) that transfers the system (1) from

its initial state (2) to the target state (3) in minimum time, i.e. minimizing the performance
index

I‘M
= [di=t,. (6)
0
We shall refer to this problem as Problem A(k) and to the set {Problem 4(n), Problem A(n-1),
..., Problem A(1)}, n>2, as class of problems A(n), A(n-1), ..., A(1).

The following relations exist between the systems of Problem A(k) and Problem Ak-1),
k=n2:

A _ Ak—l %0(1k71)><1) B _ Bk—l O _ xkfl(o) 7
k 0 """"" xk > Fk T bk > xk( )_ I ( )

(Ix(k=1)) xk()

For Problem A(k), k = ni,l , denote:

u;(t) - the optimal control which is a piecewise constant function taking the values
+u, or —u, and having at most (k —1) discontinuities [1]-[5], [11], [12];

1y - the minimum of the performance index;

L, , - thesetofall state space points for which the optimal control has no more than
(k —2) discontinuities;

S, - the switching hyper surface. Note that S, is time-invariant and includes the
state space origin. As it is well known, the switching hyper surface S, is identical with the set
L,,_, [4] (chapter 14).

2. Main Result

Based on some new state space properties of the presented class of problems, a new
method for synthesis of the time optimal control for the studied class of linear systems
requiring no description of the switching hyper surface is proposed [7] - [10]. A property
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showing the existence of specific relations between the switching hyper surface for the
Problem A(k) and the state trajectory starting from the initial state for Problem A(k) and
generated by the optimal control for Problem A4 (k-1) is studied first in [6] and then in [7] and
[8]. Here we shall present a new proof of this property, which underlies the synthesis of time
optimal control for the considered class of linear systems and makes possible the efficient
design and implementation of time optimal control for high order linear systems.

Theorem. The state trajectory of system (1) starting from the initial point x,(0) and
generated by the optimal control u; (1), t €[0, t;_,,], either entirely lies on the switching

hyper surface S, , or is above or below S, , nowhere intersecting it.

Proof. For the initial state of Problem A(k) we can write

xk(0)=[x10 Xy o - - xkO]T={xkl(0)] (8)

Xko

Let us apply the optimal control u; ,(r) of Problem A(k-1) to the system of Problem A (k) with
initial state

1 _ 1T
x,(0) = [xm - X xko] =
iy

J e b (e ©)
_ x,,(0) Y- 0 )

- xl ’ ko ™ Mili-1 g
kO e

We obtain the trajectory

x () = e™'x1(0)+ j HOOB e (v, tel0, 1], (10)

0

It follows from (9), (10)

t
x, () = e™'x; (0) + J.e’“ OB u (t)dt=
0

:e{(’; 7‘0‘(}|:xk1(0):|+ ].J ) ](t r)|: - 1:|ML [(Ddt =

Xro 0 by

'
eAm’xkfl 0)+ J‘eAH (rir)qu”l{c)il (D)dr

— 0 —

t
Ay Ay (21—
e xy, + _[e “Opu? (t)dt
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t

™, (0)+ [e" VB up (v)k
0

|ty 0

Z| e[, ©,]. (11)
J & g e PR

0 RO + jek*(”r)bkuz_l(r)dr
(_l)e kY k=-1f 0

Since u]_,(#) is the optimal control of Problem A(k-1), then

x/c—l(tl(:—lf)
xl(fi )= ey . oy , —
S ) Iexk(lk"f_”bku,ffl(r)dr+ J.eml"” _t)bku,ffl(t)dr
L 0 0
M t()
- xk-l(ok-lf) =0 0 . . . of". (12)
[N —
L k

Hence, the optimal control u;_,(¢), which is a piecewise constant function with no more than
(k —2) discontinuities, transfers the system from the initial state (9) to the state space origin
in the moment #; ;. Therefore, the point x;(0) and the trajectory starting from this point and

generated by u; (?), 1 €[0, #/ ], lie entirely on the switching hyper surface S, .

Consider now the trajectory x,(¢#) with initial point (2) in form (8), generated by the optimal

control u; ,(¢). Taking into account (7) we can write

t
x, (1) =e™'x,(0)+ IeAk IBu (t)dt=

0

:er;] }Lok}|:xkl(0)i| +’I¢>7] xﬂ(’_r){Bkl}ukv_l(T)dT:

X0 0 b,

eAk,.’xk,l(O) + J.eAH(’_T)kalulffl(T)d‘t
= 0 » 1[0, 1] ()

t
Mx,, + Ie“(””bku,ffl(r)dr
0

According to (13) and (10) we have

x, ()= xL(t) =™ x,(0)+ je*‘k B’ (t)dr -
0

, (14)
— eAktxllc(O)_’_ IeAk(t—r)Bkuz_l(T)dT:|’ t 0, t]‘c’_]/.]‘

0
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From (14), having in mind (11) and (13), we obtain
e, (0)+ Ie*“’*’Bk,lu;;(r)dr

1
x (N -x. ()= -
e xy, + J. M0l (T)dt
0

e, (0)+ j BB (v
- S , tel0, 2] (15)
Mxl, + v[ekk("”bku,ffl(‘c)dr

Thus,

Okflxl 0
xk(l)—xlk(t){ekk,(x“ o } 1e[0, 7] (16)

%0~ Xxo)

Let us analyze the difference between x,(f) and x,(f) in (16). For the kth coordinate

™' (x,, —x;,) we have:

1. If x,, =Xx,, , then the initial state x,(0) (2) coincides with x;(0) (9), i.e.
x,(0) = x,(0). (17)

We have already shown, that the point x,(0) (9) and the trajectory starting in x,(0) and
generated by the control u; ,(7) for #€[0, #; ] lie entirely on the switching hyper surface

S, . Thus, the theorem is proved in case x, (0) = x,(0).

2. If x,, # x,,, then the initial state x, (0) (2) does not coincide with x}(0) (9), i.e.
x,(0) # x,(0), (18)
and
W(xko x]LO) (19)

for 1€[0, 1/, ] does not change its sign and never equals zero, since ¢, is finite.

Hence, in this case the trajectory (10) with initial point (9), generated by u;_(7),
1€[0, #/,,], and lying entirely on S,, is the projection on S, of the trajectory x,(¢) with
initial point x,(0), generated by u; ,(t), #€[0, ¢/, ]. The direction of this projection is
parallel to the axis Ox, . Moreover, the trajectory x,(¢), 7 €[0, #;, ], nowhere intersects the

switching hyper surface S, . Thus, the theorem is proved.
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