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Abstract. The double singular perturbation for two-point boundary value problem (TPBWVP) for nonlinear system of
ordinary differential equations (ODE) in the conditionally stable case is considered. An asymptotic expansion of the
solution is constructed by the method of boundary functionsand generalized inverse matricesand projectors.

1. Introduction

We considertheboundary value problems

g% =Ax+eF(t,x, ¢ ft,e)+et), te[ab], O<e<xl, Q)
with boundary conditions

I(x(-))=Mx(a)+ Nx(b)=h , heR", 2

where & is a small positive parameter.

Supposethatthe following conditions are satisfied:
(C1) The nxn matrix A with constant elements has p eigenvalue with negative real part, and remaining

(n— p) eigenvalues have positive real part, i.e. 4 € o(A), R(4)<0,i=1p and R(%)>0,i=p+Ln;

(C2) The vector-function ¢(t) isan n -dimensionalofthe class C* ([a,b]);

(C3) Thefunction F(x,t,&, f(t,€)) isan n -dimensional vector-function, havingarbitrary order continuous
partial derivatives with respect to allarguments in the domain G =[a,b]x D, x[0,£]x D, - where D, € R" issome
neighborhood ofthesolution x,(t) ofthe degeneratesystem Ax,(t)+¢(t) =0, D, e R” is bounded and closed
domain, 0 <€ <&. Thefunction f(t,&) is smooth ofarbitrary order with respectto allargument in the domain
G =[a,b]x(0,£] and its valuesbelongsto D, ;

(C4) The vector functional | has the form(2), where the (mxn) matrices M and N have constant elements.

We assume that the function f(t,¢) of (1) contain singular elements (for example,
f(t,e) = f (exp(-t/¢),sin(t/ ). Thus the system(1) is withe double singularity. On one sidethe smallparameter

& appear before the derivative, and on the other hand bringin asingularity of the function f .

The constructing of the asymptotic solution of the problem(1), (2) is based on the boundary functio ns method
(see, forexample, [12]). The initial research fora Cauchy problemwith double singularity is made in [9] in the case
Aeo(A), R(4)<0,Vi.

Primary research of the problem (1), (2) with conditions (C1)-(C4) are considered in [3]. This paper is
continuation ofthe article [3] and [7]. The proof of the asymptoticaly of the formal asymptotic order obtained in [7],



is done in work [8]. Here , we considera private randomtwo-point boundary problemthat uses a generalized inverse
matrices and projectors [1], [10].
The problem (1), (2) with condition R(4) <0,Vi, A € o(A) and (C1)-(C4) in diverse casesare research in [4],

51, [7], [11].

2. Auxiliary results and Notations

First, we point out theresults obtained in articles [2] and [3].
Lemma 1. [2] Let the matrix A satisfy thecondition (C1), P is aspectral projectionon the left half plane of the
matrix A and functions g(z)e C(0,+»), g(v)e C(-x,0) satisfy theinequalities

lo(@)|<C"exp(-a’7),C" >0,a" >0,r>0;
[a(v)]|<C*exp(-a'v),C* >0,a" >0,v <0.
Then the systems gl_xz Ax+9(r), >0 and g—y= Ay +g(v), v <0 haveparticular solutions (L. g)(r)
T v
and (L,g)(v) respectively in the form
+o0 0 —
(LO)@) =] K(9)gE)ds and (LG)() =] K(s)gE)ds (3
satisfying the inequalities
I(L.g)(@)|<Cexp(-yz),z 20;
I(L.g)(@)|<Cexp(-yz),z 20;
where C,C,y,7 are certain positive constants, and
K(e.s) = X (z)PX71(s), 0<s<7<+w
T X@(1-P)XY(s),  0<7<s <40
R(s) = ~X()(1-P)X(s), -oo<v<s<0
X ()PX7(s), —0<s<y<0.

©)

Let alinear system % = Ax have afundamental solutionthe matrix X (t) = exp(At), X(0)=E, and B be an

(nxn) nonsingular constant matrix such that B™"AB =diag(A,,A ), where A, is an (px p)- matrix having
eigenvalues with negative realpart, R(4) <0, i=1p and A is ((n— p)x(n— p)) matrixhaving eigenvalues with

positiverealpart R(4)>0,i=p+1n.

The system %: Ax hasstable manifold S* intheforms* :X = Hx, where H =B,B; is an ((n-p)xp) -

matrix, and unstable manifold S~ in the form S~ :x = HX , where H =B,,B,} is an (px(n—p)) - matrix Cells

. . B B,
B, .i, j =1,2, are elements of the block representation of the matrix B :( H B“ J .
21 22

Let

Xp(f)=X(r)[E"] - (Nx p) - matrix

H
E

n-p

X, ,(v)= X(V)[ J (nx(n-p)) - matrix

The following denotations



D,(¢)=1(X,0)) = Mxp((')_a}r pr((')_bj:

& &
=MX, (0)+ pr(a—bj — (nx p) — matrix;
&
_ )= a—() b-())_
Dz(g)_l(xn_p())_MXn_p( . j+an_p( . j
= Mxn_p(a_bj+ NX,_, (0) — (nx(nx p)) — matrix;
&

D(e) =(Dl(€), Dz(g)) - (nxn) —matrix (5)

introduce.

In this case, we assume that the matrix D(s) has the presentation D(e)=D,+O(&%exp(-a/z)),
geN,a>0, D,—(nxn) —matrix.

Instead of (1), (2) we consider TPBVP with two parameters ¢ < (0,] and x €(0,£],0<& <1

g% =Az+eF(t,z,e, T(t,w)+o(t), te[ab], O<e<xl, (6)
with boundary conditions

I(z())=Mz(a) + Nz(b)=h, heR"™ , @

The solutionofthe TPBVWP (6), (7) we look ofthe form

2(t, &, 1) = Z:ZO[ZK(t,ﬂ)+Hk(T,y)+Qk(V,/1)]gk . T =t_7a,l/ =% (8)

In (8) the functions z,(t,«) are the elements of the regular series, I1, (7, x) and Q, (v, ) are boundary

functionsin aright neighborhood ofthe point t =a and left neighborhood ofthe point t =b respectively. The
boundary functions are the elements of the singular series.

Afterthe determinationof z, (t, x), IT, (7, &) and Q, (v, ») the solutionof (1), (2) has the form
x(t,&) = Zio[zk (t,&)+11,(r,€) +Q (v, &)] &

We substitute the series (8) in the system(6) and we represent thefunction F(t, z, &, f (t, &) inthe form
FD (2 () + T (7, ) +Q (v, ))&, (1, 1)

= If(t,g,,u)+HF (7.6, 1) +QF (v, &, 1),
where

Fte,u)=Ft.Y. 7 (tu)e e f(tw),
NF (r,6,u) =F(a+er, ). (2 (a+er, u)+T0, (7,u))" &, f(a+er, 1))
—Fa+er,y. 7 (a+er,u)e e f(a+er,p)),
QF (v,&,1)=F(b+ev, zk 0( b+ev, u)+Q, (v, ,u))g g, fb+ev, u)
“Fb+ev, Y 7 (b+ev,u)e e, f (b+ev, ),

©)

We decompose thefunction F (t,, ) in Taylorseriesin aneighborhood of the point (t,z,(t),0, f )

F(tien)=2  F(tu)s",
where

F(t,2,(1),0, f (t, 1)) k=0
Fo(t ) =4 F, (t2,(0),0, f (t, 1))z, (t, 1) (10)
+0, (2o(t) 2, (), (L)), k=12,

In (10) the functions g, contain derivative upto (k —1) -th orderofthe function F(t, z,&, f (t, 1)) with respect
to z and ¢, calculated in the point (t,z,(t),0, f ).



The function TIF(z,&,4) We decompose also in Taylor series in a neighborhood of the point
(a,z,(a) +1I1,(7),0, f ) and z, (t, x) inaneighborhood ofthepoint (a, ) . Then I1F (7, «) will be written in the
form

IF (7,6,4) = Zf:oHFk (7,p)"
where

F(a,z,(a)+1I1,(7),0, f (a, 1))

-F(a,z,(a),0, f(a, ), k=0
F.(a,2,(a)+ 11, (7),0, f (&, )11, (7, 1)

+G, (7.0 (7). T (7, 1), F(a 1)), kK =1,2,...

I1F, (7, 11) = (11)

The functions G, containderivativeup to (k —1) -thorderofthe function F(t,z,¢, f(t, »)) with respectto
t,z and &, inthe point (a,z,(a) +11,(z),0, f ) and derivativeupto (k —1) -thorderofthe function z, (t, ) with
respect t inthe point (a, x).

The function QF (v, &, 1) we decompose byanalogy ITF (z,¢, ) in Taylorseriesin a neighborhood of the
point (b, z,(b)+Q,(v),0, f) and z, (t, «) inaneighborhood ofthe point (b, .) . Then QF (v, ¢, .) will be written
in the form

QF (v,&, 1) szQF (v,

where
F(b,z,(b)+Q,(v),0, f (b, 1)
—F(b,z,(b),0, f (b, ), k=0

F,(b,7,(b)+Qyv,0, f (b, 1))Q, (v, )

R (v:Qy () Qs (Vi) F(0, 1)), k=12,...

The functions R, contain derivativeup to (k —1) -thorderofthe function F(t,z,¢, f(t, »)) with respectto
t,z and &, inthe point (b, z,(b) +Q,(v),0, f ) and derivative up to (k —1) -th orderofthe function z, (t, ) with
respect t inthe point (b, x).

QF (v, )= 12)

3. Main results

3.1.Thecasen=m
3.1.1. rangD, =n

In this case D,* exist. In the case ofa general linear function, the finding of the elements of the regular z, (t, )
and singularorder IT, (7, 1) and Q, (v, ) is obtainedin [3]. We apply functional | to IT, (z, ) and Q, (v, 1) :

(1020022 52

+MQk[agb,yj+NQk(0 /U) (13)

_ [h=Mz,(a)— Nz, (b) , k=0
Mz, (a, 1)+ Nz, (b, ), k=1

Denote



h, =h- MA"p(a) - NA¢p(b)
h, =—Mz,(a, ) = Nz, (b, )

~M (L.TTR,)(0, )~ N (L, TTF, )(bga,yj (14)

~M(L,QF, )[ b,,uj N (L,QF/)(0. )

where (LTH_Fk)(z',,u) and (LVQFk)(v,y)they are defined in (3),(4).

Theorem1. We assume that the conditions are fulfilled:

(1) (C1) -(C4)

(J2) rangD, =n=m.

Then there is auniquesolution inthe domain G the TPBVP (6), (7) which is continuously differentiable with
respect to t €[a,b] and continuous for x € (0,£] . The series (8) is formally asymptotic series for this solution,

where the functions z, (t, «), k >0 have the form
—Alp(t) k=0

()= » _
b=, (gzkla,u)—ala,u)]. k>1 15

where F,(t, «) are defined in (10) and the elements of the singular series 11, (z, ) and Q, (v, x) are of the
type

Xﬁﬂ[ ] k=0
I, (7, 1) = ” (16)
X, ()| 0hk]p+(|_ MR )(z,4), k=1
X, ()| Dgthy | k=0
Qv 1) = o
anp(v)[Dolther(LvQF ) u), k=1

where h, and h, aredefined in (14).

Proof. It is clear that the elements z, (t, 1) ofthe regularseries havethe form(15). It is obviousthat thefunction
z,(t) nodependenton g .Theboundary functions I1, (7, ) and Q, (v, u) satisfy thelineardifferential systems
(17) and (18) respectively with boundary conditions (13).

FLLD A1, () +TTF, (7. 1) fe[o,b"—a] ue(0], an
T &
R _ 7Q () +QF, (), ve[a;bﬁ} ue(0.e], 8)

— 0, k=
M (T”u):{HFkl(r,y), k=12,...
Q_Fk(v,u){o' <
QF ., (viu), k=12,..
where TIF (7, u) and QF, (v, x) arethe notations (11) (12).

Considersystems (17), (18) and boundary conditions (13) for k=0.
The equation a%(r) = AIl,(z) hasasolution
T

,(r) = X, (7)8,, T, €R",7[0,+x)

and aQa"(V) = AQ,(v) has asolution
14

Q=X (V)G &R we(00)]



Substituting into the boundary conditions for ¢, = (60,50 )T obtaining the algebraic system

D,(e)c, + D, (5)(2:0 =h, & Dy =h,
with solution
¢, =D,'h,.

Then we get

I, (r) = X, (r)[Dglho]p

Q) =X, (v)[Dglho]mp .
with K >1 the system's (17), (18) have solutions

I, (7, 1) = X, (7)5, +(LTH_Fk)(T,,u)

Q)= anp (v)(?k +(LVQ_Fk)(v,,u) ,
¢ = (GG )T are solutions solutions of the equations D,c, =h, = ¢, = D;*h, .
We finally get

I, (7, 1) = xp(f)[D(;lhk]p +(LTHFk)(r,u)

Qk(VuU):anp(V)[Doflhk]p+(|—VQ_FK)(V'!1), k>1. <«

3.1.2. rangD, =r <n.

In work [7] has receivedthe solution under general boundary conditions. In this work, we consideronly a two-
point boundary problem.

In this case D, notexist. Butaccordingto [10] or [1] we will us unite Mur-Penrous pseudoinverse matrix of

D, which is written as D; More details in connectionto pseudoinverse matrices, means of determination, can be
seen in the marked literature. Let B, and P,. are (nxn)-matrices (orthogonal projections) projecting. Having in

mind that rangD, =r <n then rangR, =rangP. =n-r=q.

Theorem?2. Supposethe following conditions are satisfied:
(HD) (C) - (Cy)
(H2) the matrix D(¢) has the representation D(s) =D, +0(s%exp(-a/£)), qeN, @ >0, D,~(nxn) -

— matrix and rangD, =r <n;
(H3) R, h, =0, where h, =h—MA™p(a) - NA"p(b) .
(H4) the nonlinearequation PDahl(g,y, &)=0forall0<e<z 0< L < & haveuniquebounded solution
withe respectto & =y (&, u)e R where
h (&, 1.4 )=-Mz(a, 1)~ Nz, (b, 1)
-M jow K(z,8)ITR,(s)ds  (19)
- Nf K(v,s)QF,(s)ds

For z,(t) we havethe form

z,(t) =—A"p(t) (20)
and forboundary functions I1,(z), Q,(v) representation

M,(7)= X, (7)) Py, Jp &+ %, (r)[Dshy ],

(21)
Q) =X, , (v)[PD% }n_p &+ X0, ([D5hy ]
respectively.
Proofwith minor modifications is the same as in work [7], using condition H3and 19. <

We introduce the following denotations:



h, (gllulék—l) =D, (¢, )&, +S,,(¢, ) ,Where &, eR* k22,
D, (&, 1) = ~MF, (,2,(2) +I1,(0),0, f (a, 1)) X , (a)[Doq ]p
= NF, (b, 2,(6)+Q,(0),0, (b, 1)) X,,, (b)[ Dy, |

S, (5, /1) =-Mz, ,(a, 1) —Nz,_, (b, &)
—MF, (a,2,(a) +11,(0),0, f (a, 1))@, (a, &, 1)

n-p

—NF, (b, 2 (b) +Q,(0),0, f (b, )) D, (b, &, 1) (22)
-MG, (a:Ho @), L, (a 1), T (a, ,U))
~NR, (b,Qy(0).....Q 4 (b, ), f(b, 1)), k>1,

r,6,4)=X, (z’)[Dgﬁk]p +(L,H_Fk)(r,,u) ,
vie, 1) =X, (v)[Dghanip +(LVQ_Fk)(v,,u),
(

= (Snﬂ): 3

=
=

& méq)=h (s uv (s u)),

1
S_k(g,,u)=—PDy S, (&, 1), k>1.

Theorem3. Supposethe following conditions are satisfied:
(H1)-(H4) of the Theorem2and the condition

(H5) rang D, (&, u)#0, 0<e<1 and 0<u<1 befulfilled.
Then the coefficients ofthe series (8) z, (t, x), I1, (7, ») and Q, (v, u) for k >1 havethe form

) =—(A) LT () SR ()

dtt ¢!
M, (0 ==X, (7)] Po, ]p 5 (£,1)5, (. 11) + By (7.2, 1),
QU =X, (V)P | D (em)S, (e)rd (view) @)
The proofis analogous to that of Theorem2by [7]. <

3.2. Thecase m<n
3.2.1. rangD,=m<n

Theorem4. We assume that conditions

(J1) (C1) - (C4)

(J2) rangD, =m < n are satisfied.

Theninthedomain G the TPBVP (6), (7) has a one-parametric solution, continuous derivatives with respectto
t e[a,b] and continuous solution for x € (0,£]. The series (8) is then formalasymptotic series for this solution,
where the functions z, (t, ¢), k >0 have the form(15) for x=¢ and I, (7, ) and Q, (v, &) havetheform (24),
(25) for p=¢,where n, isarbitrary q-dimensionalvector.

Mo(2) = X, (@) Py, | 0+ X, (2)[ D51, ] .

Q) =X, W[ P, | 7+ X,,0[Dshy] (24)
[ (5.0 = X, (D) Py, ]p ne+ X, (D[] +(L IR (7 40),
Q) =Xy, 0[Py, | m+ X, I[D5h ] +(LQF)(v.u) (25)

Proof. In this case D,' exist. We note with P, and P_. the matrix orthoprojectors P, 1 R" — ker(Dy),
Py :R™ — ker(Dy), D; =D, . With D; we note the unique Moor-Penrose inverse (nxm) -matrix of the matrix

D, .Let P, bea (nxq) — matrix with g =n—m linear independentcolumns fromthe matrix P, . Inthis case



the system D,c, =h, is always possible to solve (P. =m-m=0) and ¢, = Pos,To +Dyh, ., 1, €RY,
C, :(EO,EO)T . Thenthe solutionofthe system (17) and (18) for k=0 is
My(2) = X, (@) Py, | 0+ X, (2)[ D51, ] .

Q) =X, W[ P, | 7+ X, ,0[Dshy]
It should be notedthat IT,(z) and Q,(v) doesnotdependon y . Determining the 7, is carried out next step
when finding [1,(z, #) and Q,(v, ») from(17), (18)

T, (. 1) = X, (0)E, + (L, TIR, ) (7, 1)
Qv,22) = X, , ()T +(L,QR ) (v, 1) -
Then the solution of the system D,c, = h,, ¢, :(El,a)T is ¢, =P, 7+D;h, .
My(r.) = X, ()] Po,, | m+ X, @[DGh ], +(LITR (7. 40),
Qi) =Xy [P, |+ X, 0[50 ] +(LQR)(v.s)-

n-p
Then I, (7, #) and Q, (v, ) we obtain usingthemethod of mathematical induction

(@)= X, @[ By, | 1o+ X, @[ O5h, ] +(LTIR ) (7.4,

Q) =Xy )| Po, | m+ X, 0[5 ] +(LQR)(va). <
Remark 1. The case where rangD, =n, <m is being considered in asimilar way to Case 3.1.2, ofcourse, with
small modifications.

Remark 2. The case of over-determination, when m>n considered further with all the features mentioned
above.

Example ofa double singularity.
We are looking at the problem

dx

“atl (0 2)(x sintx| (2t

d = L 1 +& s |+ Nk O<exl,
ey y 0

dt
with boundary conditions

o 8w 43

where X =(x,y)" eR*, heR,h—const,te[0,1] , n=2, m=1,

.t
A:(O 2), F(X,t,e,f(t,s))[smle, ¢(t):(2tj, a=0,b=1.
1 -1 : 0

We are going to a problemwith two parameters:
dx

&— ot
0 2 sin—x 2t
dy 1 -1)\y 0
&— 0
dt
Z=(xy)", ue(0,z], &<<1
with boundary conditions:
x(0) x(@)
1(2)=(1 0( j+0 —1( J:h. 27
® My Py @
The solutionofthe BVP (26), (27) we look of the form

(o) = X0 4 G+ T+ Q)]s r= v =t



The functions z, (t, ») are the elements of the regular series fromthe formulas (15), I1, (z, ) and Q, (v, x) are

boundary functions in aright neighborhood of the point t =0 and left neighborhood of the point t =1 respectively
fromthe formulas (21). The boundary functions are the elements of the singular series.

. : 0o 2) .
We find the matrix A= ( J eigenvalues 2, =-2, 1,=1.
1 -1

. . . -1 . 2
Then eigenvectors correspondingto 2, is « =[ 1] andto 4, is g =[1].

diag(A+,A_)=(_2 OJ=C

0 1
We find the matrix B suchthat B*AB =C

B 1 2 B—]_:ll -2 B— 12 _ By By
-1 1) 3 1) -1 1) (B, B,)

H=B,B;=-11"=-1, H=B,B,=21"=2,

X (t) = exp(At) = ® (t) = B. (eZt Ot j Bt
0 e

3

1 (eZ‘ +2e8 —2e% 426! J

- +¢' 2 +¢'

det X (t)=3e™

X (1) = E(Ze‘t +2e%  2et- 2e2‘J .
9

et _ g2 et 4 22t

—27

H 2e"
X,() =X, ,(v)= X(V)[EJ=( o J

0.(e)=1(X,0)=(2 0%, 240 -x,()

&

We find xl(f):xp(f):xa)[ﬁ]:[ erJ,

2

j+(o -1) ® lot4e ,

o)} _

D,()=1(%,,0)=(2 0)%, ;=2 | +(0 -1, (0

1

10|, |+ —1)(12J:2e” -1 ,

e

D() =(Dy(2), D, (2)) = (l+ e 14 Zeij

Denote D, =D,(¢)=(1 -1)+0O(-1/¢) =D, =(1 -1)

1
We find the pseudoinverse matrix D, =D" (DD* )71 = 21
2



and ortho-projectors P, =E, —D,D; =1-(1 -1) =0. Therefore the problemis only solution.

[0 2] o 1(1 2)

A= =A==

1 -1 21 0
G 1122y [+t

h, =h—MA™p(a) - NA"p(b)

=h+(1 O)[8j+(0 —1)[3 =h-1 (const)

The boundary functions are obtained fromthe formulas (21)

NI N~

le—Zrh

I, (r)= )

Q)= _lth
2

2(t e ) = 2 o[z (6 ) + T (7, 1) + Q (v, 1) ] 6
= 2,(t, 12) + 11, (7) + Q, (v) + O(¢)

o [ Lewn) (e
(J+ 1 + 1, |+0(8)
- __e—Zrh __eh

2

Afterthe determination of z, (t, &), IT, (7, #) and Q, (v, &) thesolution of (1), (2) has the form
X(t, &) = Zf:o[zk (t,&)+I1,(r,8) +Q (v, )] "



10.
11.
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