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Abstract

An initial value problem for linear and almost nonlinear singularly perturbed systems with generalized impulse
actions was considered. The asymptotic expansion was constructed by boundary functions using generalized inverse

matrix.

1. Linear singularly perturbed system
1.1. Statement of a problem
A singularly perturbed system
dz
dt
te€la,b,t#m,i=1p 0<e<k1
=Ep<n< < Tp < Tpp1 =D,

is considered under the following conditions:

H1: A isn x n matrix, with constant elements and its
eigenvalues have a negative real parts, i.e., \; € o(4),
ReX; < 0,i=1;n.

H2: Ai(t) isn x n matrix, which elements are contin-
uously differentiable functions of class C*°[a, b].

H3: o(t) [a,b] — R™ is a partially continuous
n~-dimensional vector-function, which has breaks of first
kind in the points 73,7 =1, p, i.e,,

(P(t) = (P'L(t)a te (Ti—lyTi]v 1= 17p+ 1,
¢(a) = p1(7o), ©(b) = Ppi1(Tp+1),
Pit1(Ti) = t_llTIiI}Fo(p(t), 1=1,p.

An n-dimensional vector-function z(t,€), which is
partially continuous with respect to the first argument and
continuous with respect to the second argument, whene €
(0, 0], i.e., z((-), €) € C((a,b]\{m1, ..., o), (¢, () €
C(0, g] is sought. The vector-function z(¢, £) also satis-
fies the system (1), the generalized condition of Cauchy

Dz(a) =v )
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e— = Az + A1 () + (1), @ |

where D is given s X n matrix with constant elements, v
is given column vector with s components and the gener-
alized impulse conditions in the fixed moments of time

NiIIZ(Ti+0)+MiiE(Ti —0) Zhi, 1 zi—,_p (3)

The matrices M; and N;, i = 1, p, satisfy the condi-
tion: '

H4: M;, N;,i = 1,p are known k; x n-dimensional
matrices with constant elements, h; € RX: are known
column vectors.

A degenerate system

Az+ () =0
is obtained at € = 0 in (1). It has an unique solution
zo(t) = —A7 p(t). “

The vector-function z(t, ) will be seeking on this way
that a next limit is true lim. ;0 z(¢,€) = zo(t), t €
(@, b\{r1,...,7p}.

The basic methods for research of linear and nonlin-
ear impulse systems for ordinary differential equations are
described in the monographies [11], [4].

Singularly perturbed systems of the form

dr dy
EZ _f(t7$7y)7 65 —g(tvm’y) (5)

with initial condition z(a) = v, (D = E) are considered
in [12], [13]. ‘

Results from [12] are applied in [1], [2] for the system
(5) with impulse conditions of the form

Awlt:n = S’ix + ai, 1= 1—:'5 (6)
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A fundamental matrix of the solutions of impulse sys-
tem

dx —

yri A(t)z, t;é Ti, Azli=r, = Siz, i =1,p
where det(S; + E) # 0 is essential in [11]. With its help
the solution of the system (5), (6) is constructed in [1].

In this paper additional conditions about the matrices
M;, N; are not put, because of the generalized impulse
conditions (3). This shows that the fundamental matrix
from [11] can not be used in this case.

A boundary functions introduced in [12], [13] are
used in this work. A formally asymptotic solution of the
problem (1), (2), (3) in the interval (a,b)\{7, -, 7p}
1s constructed by the method using these boundary func-
tions. This is done by means of generalized inverse ma-
trices and projectors [6], [8], [9], [10].

Diverse questions connected to the impulse systems
can be seen in [7]. :

1.2. Formally asymptotic expansion

A formally asymptotic expansion of the solution of the
problem (1), (2), (3) is sought in the form

(0]
at,e) = (@} (t) + (1)), (7)
k=0
Vi:t_%, i=T,p+r1

where z(t) are elements of the regular series and IT% (v;)
are boundary functions in a right neighbourhood of the
points 71,4 = 1,p+ 1.

Formally (7) is substituted in the system (1), the func-
tion A; (t) is expanded in the Taylor series in the neigh-
bourhood of the points ¢ = 7,1, 4 = 1,p+ 1. The
variables are separated with respect to ¢ and v; and the co-
efficients before the same powers of € are equalized, then
the elements of the regular series are obtained

: —A"lgai(t) k=0
2 (1) = A 8
z(1) {A—IL[x;_l(t)], k=1,2,.. ®
. dz
where L is operator of the form Llz] = i Ai(t)z,

i=1,p+ 1
For the coefficients of the singular series the following
systems are obtained

d"ngiz&y(:—i) = AL (vs) + fi(vs), (9)
k=012, i=1,p+1
where the functions f}(v;) have the form
fi(w)
_ 0_’ (k—j~1) k=0
: j:(:ﬁ(k——%%!__l)”f"j_lnﬁ(”*)’ E=1,2, (10)

The solutions of the systems (9) are sought in the form

IT (1) = X (v3)ck, + /OW X(ui)X“l(s)f,i(s)ds,(ll)

i=1p+1, k=0,1,...,

cfc are unknown constant vectors from R", X (v;) is nor-

mal fundamental matrix of the system %X = AX,
X(0) = En.

Let the following condition is fulfilled:

H5: rankD =m < min(s,n).

By D is denoted an unique Moore-Penrose inverse
matrix of the matrix D, by Pp and Pp« — matrices ortho-
projectors Pp : R® — ker(D), Pp~ : R™ — ker(D*)
where D* = DT.

From (2) is found

z(a) = Pp€+ Dtv, £ € R, (12)

if and only if

H6: Pp+v=0.

From (10) and (11) when v; = 0 is obtained I} (0) =
ct. Keeping in mind (7) and (12) when t € (79, 71] is
found

> e*lai(a) + ci] = Ppé + Dv, £€R™ (13)
k=0

In (13) the coefficients before the same powers of € are
equalized. Then the constant vectors ¢}, k¥ =0,1,2,---
are obtained

cs = Ppé + DTv —zl(a), ot =—-zl(a), k=1,2,...
k

Thus when t € (79, 71] the boundary functions have the
form

Io(1) =X (v1)[Pp€ + D™ v — z5(a)],
i (v1) = ~ X(11)z}(a)

+ / X(v1) X7 (s)fi(s)ds. (14)
0]

On this way the solution in the first interval depends on
an arbitrary n-dimensional vector £ and this dependence
is done by the functions f1(v1) from (10).

Let t € (7;,—1, 7] and the next condition is satisfied:
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H7: rankN; = m; < min(ki,n), i=1,p.

By Nf is denoted an unique Moore-Penrose inverse
matrix of the matrix N;, ¢ = 1, p, by Py, and Py» —matri-
ces orthoprojectors Py, : R™ — ker(NV;), Py» : R¥ —
ker(N;) where N} = N7'..

The series (7) is substituted in the impulse conditions
(3),whent € (-1, 1), t=2,p+1

M;_121(7i-1,€) + Ni—1%:(Ti-1,€)

=hiy, i=2,pF 1. (15)

. i_1{Ti—1 — T3-2
The functions ITi!(———==

€
small and it is possible to reject, because of vanishing of
the boundary functions, IT% (0) = c}.. Then (15) obtains
the form

o o
Mi_y Y e*ai M (riog) + Nioy ek (@ (ria1)
k=0 k=0

hi-1, i=2,p+ 1.

) are exponentially

+ck) = (16)

The system (16) is solved with respect to

Cx) . .
> ek (@ (rie1) + c})
k=0

00
ng xk Ti— 1 + clc) PNi—l'r]?l + Nztl (hi—l
k=0

if and only if

HS:

x
Ppx | (hi—l—Mi—l Zb’kxfl(’l’i—l)) =0, i=2,p+1
k=0

“n1)) =0, k=0

o) e (s — M,y x5 (i , k=
PNi*—1Mi"1xZI.c—1(T’i—1)) :07 k: 1,2,...

The coefficients before identical powers of ¢ are equahzed
in (17), then

¢ =Py + Ny (him1 — Mioazg (73-1))
— zh(ri-1), m € R™,

cﬁc = N{thi_1xz_1(Ti—1) - xz}c('rz’—l)a
k=1,2,..,t=2,p+ 1.

The boundary functions when ¢ € (7;_1, ;] are the fol-
lowing -

g (vi) = X () [Pr,_ymi + Ny (hia

1z Y (o)) — xh (1)),

I, (vs) = —X(Vi)(Mt1Mi—1xi_l(Tz‘—1)

+%mﬂm@+/xmm*@ﬁ@m,a@

k=12,..,i=2p+1

Thus the solution z;(¢,€), when t € (11,7, 1 =
2, p+ 1 is defined completely and it depends on an arbi-
trary n-dimensional constant vector 7);.

Theorem 1 Let the conditions HI-HS5 and H7 are ful-
filled. Initial value problem with impulse effects (1),(2),
(3) has formally asymptotic solution of the form (7). The
coefficients of the regular series have the representation
(8) for each interval (1;_1,7), ¢ = 1,p + 1. The bound-
ary functions depend on an arbitrary n-dimensional con-
stant vector and have the representation (14) when t ¢
(70, 71) and (18) whent € (1,—1,7:), ¢ = 2,p+ 1, ifand
only if v, hy, i = 1,p and p(t) satisfy H6 and H8. An
inequalities

I (1)) < oexp(—k1;), i=1,p+1, k=0,1,...

are fulfilled for the boundary functions where oand k are
positive constants.

The above exposition shows that the coefficients of
the expansion (7) really have the form (8), (14) and (18).
The exponentially decreasing of the boundary functions is
proved analogously to the same proof in [12].

Remark 1: Let rankD = n (n < s). Then the coeffi-
cients of the expansion (7) in the first interval t € (79, 71]
have an unique representation (8), (14), and in the other
intervals - parametric solution of the form (8), (18).

Remark 2: Let forsomei = [ rankN; = n (n <
k1). Then the coefficients of the expansion (7) in the inter-
val t € (11, 7] have an unique representation (8), (18)
and in the other intervals - parametric solution of the form
(8), (14) and (8), (18).

Remark 3: If D is square matrix, which has a full rank,
then the problem (1), (2), (3) has an unique solution in
the first interval and the condition H6 is always real. If
detD = 0, then the solution of the problem is constructed
analogously to the way when D is rectangular matrix.

Remark 4: If some of the matrices N; is square and
has a full rank, then the problem (1), (2), (3) has an unique
solution in the corresponding interval (7;_1, 7] and the
condition H8 is always real. If some of the matrices NV;
is square, but det N; = 0 then this case is analogous to
this when V; is rectangular matrix.

Remark 5: The solution in each interval depends on
an arbitrary n-dimensional constant vector. These vectors
do not depend on each of other as a problem considered in
[5]. Therefore it is not necessary to do modification of the
problem done in [5].
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1.3. Bound of the remainder term of the asymptotic
series

Let
u(t, ) = x(t, ) — Xn(t,€) 19)

.where z(t, €) is the solution of (1), (2), (3) and

n

Xn(t,e) =Y e*(@h(t) + Mz(w)), i =L, p+1
k=0

is its asymptotic expansion. It will be showed that
|u(t, €)|| < ce™*?!, under some conditions. It will be used
a scheme of proof from [12], [1], but will be done some
changes, which are enforced because of generalized ini-
tial and impulse conditions.

It is substituted (19) in (1-3) and it is found, that the
remainder term u(t, £) satisfies initial value problem with
impulses

5% = Au+ G(t,u,€), u(a,e) =0,
Niu(ri +0) + Mu(r; —0) =0,i=1,p (20)

where u(t,e) = ui(t,e) = z;(t,e) — Xi(te), t e
(ti—1, ), ©=1,p+ 1. The function G(¢, u,€) has the
form G(t,u,e) = AX,(¢,€) +ehi(t)[u+ X, (¢, €)] +

dXn(t, e
o(t) — ¢ Hnlh0)

): ||G(t,0,€)| < c1e™*! where ¢, is a positive con-
stant.

(2): For every p > O exist § = §(n) and g9 = £o(n)
such that if .

lw'|| <6, ||u”| <4, thenitisfulfilled || G(¢, v/, e)—
G(t,u", )| < nll — .

Let initial value problem with impulses

dz

sﬁzAm—i-f(t), te(a,b),t#m, 0<e<kl (21)

and poses next two properties:

z(a) = o (22)
Mz (r; — 0) + Nyz(m +0) = hy, i =1, p, (23)

O=ETI<N < < Tp<Tpy1 =b

be given where the coefficients of the problem satisfy the
conditions H1, H3, H4.
The impulse condition (23) is rewritten in the form

[5]:
> Lai(e)=H (24)
=1

where

Liz1(-€) = [M1Og - - Op) Tz (11,€),

Lizi(-€) = (0101 M;Oi41 - - Op) T zi(73, €)
+ 01 -0;—2N;_10; - -- 0Tz, (i1, €),
1=2,..,D,
lpt1Zpt1 (- €) = [O1 - '@P—-INP]Twp‘—H(Tp’ £),
H = [haha---hylT,

and ©;, 7 =2, ---,pare k; X n matrices with zero ele-
ments and matrices M; , N;_; take up i-th and (¢ — 1)-th
blocks, respectively. Let the following denotations be in-
troduced Q;(e) = L(W(-,7i-1,€)) — ki X n-matrices,
i=2pF1,

Q(E) = [Q?(E)QIS(E) T Qp+l(5)](u><np)a
R S

T
z = [372(7'1,6)323(7'2, €) - Tpt1(Tp) E)] npx1’
p+1 0 1
Ae)=H-=SL( [ W(,s,)=F(s)ds '
s fweeoien)

where W (¢, s, €) is fundamental matrix of the solutions of
the system

d
Ed—vf = AW, W(s,s,e) = Ep. (26)
Let the matrix Q(g) has the following structure Q(g) =
Qo + O(e? exp(—2)), Qoxnp) = const, ¢ € N and
the next conditions are fulfilled:

H9: rankQo = go < min(v, np),

H10: Py:h(e) = 0.
By Q¢ is denoted an unique Moore-Penrose inverse

matrix of the matrix (o, and by Pq,, Pqs — orthoprojec-
tors Pg, : RP" — ker(Qo), Pos : RY — ker(Qg),

Q5 =Qf.

Lemma 1 Initial value problem with impulse effects (21
— 23) under condition H9 has solution of the form

t
z1(t,€) = W(t, 10,€)z0 + /W(t, s,s)—i—f(s)ds,

7o

t € (19, 1]
z;(t, 5) =W(t, Ti-1, E) [[PQO]ni—-lﬁ + [QE)}_E(E)]M—J
+ / W (t, s, e)i—f(s)ds, ‘ 27

t € (Ti—1, 7] if and only if the conditions H10 is fulfilled.
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Proof: Let ¢t € (19, 71]. The solution (¢, €) of (21)—
(23) satisfies the next system

dt
which using the Cauchy formula has the form

= Az + f(t), z1(70,€) = o,

¢
z1(t, &) = W(t,10,€)z0 + /W(t,s,a)—i—f(s)ds.

70
Whent € (1;-1,7:), %= 2,p+1 the solution z;(¢, €)
of (21)~(23) is sought in the form

mi(t, 6) = W(t, Ti—1, 6)£Bi(Ti_1 ) 6)
i
+ / W (t, s,a)éf(s)ds. (28)

The unknown constant vectors z;{7;_1, £) are solutions of
the system

p+1

Z li (W(, Ti—1, 6))(62'(%'__1, 6)

ptl O] 1
:H—Zli ( W(-,s,a)—g—f(s)ds) ,
i=1

Ti—1

which is obtained when (28) is substituted in (24). Ac-
cording to (25) the last equality takes the form

Q)T = R(e).

The exponentially small elements in the matrix Q(e) are
rejected. Then the system (29) takes the form

(29)

QoZ = h(e). (30)
The solution of (30) under the condition H9 is
T = Po,7 + Qg hle),
if and only if.H10. Then from (25) it is obtained
2i(Ti=1,€) = [PQolnie T+ [QF )iy
GD

1=2,p+ 1.

When ¢ = 2 the first n rows from the matrix Fg, are
taken, respectively from the vector QF h(e), wheni = 3—
the second n rows and etc. The equality (31) is substituted
in (28) and the equalities (27) are obtained.

Lemma 2 [12]: For the fundamental matrix of the solu-
tions of the system (26) =W (t, s,€), whena < s <t < b,
is fulfilled the inequality

W, < fexp - 22

where o > 0, B > 0 are constants.

Theorem 2 Let the conditions of Theoreml are fulfilled
and the condition H9 is fulfilled, too. Let o, (5, 1, c2, c3,
C4, Csy C6, C7y €5, 8 = 1, p+ 1, 6, Bl are positive constants
and the following inequalities are satisfied

IW(t, 5,9l < Bexp (~al=2), p< &,
. IS 4
IG(t,0,¢e|| < c2e™™1,
W (t, Tiz1,€)ui(ri—1,€)|| < B1, B1 <
L@ < elldll, |A(E)] < cs,

¢
47

p+l
Zei =c¢r, 1Qsll <cay cacr(l+c3)>2,

=1

_ ]
7l < es; 1Pqoll S c6, c5 <5~ n<2.
6

2
Then if g < é (a(; — 1), the remainder term of the

asymptotic series satisfies the next inequality ||u(t, e)|| <
g™ ¢ > 0, ¢ = const, € € (0, &), if and only if the
condition H10 is fulfilled. '

Proof: The solution of the problem (20) is sought in
the form

ui(t,e) = W(t, i1, €)ui(m-1,€)

¢
+ / W(t, s,s)—i—G(s, u;, €)ds, (32
Ti—1
te(rni-u,nl,i=1Lp+1,
G(s,us,e) = A (t)u;(t,e) + G(¢,0,¢€).

For the integral equation (32) the method of succes-
sive approximations is applied. It is assumed that

“'U'i('ri—las)” <éi= 2¢p+ 1, (33)

From the properties (1), (2) of the function G(¢, u, €) and
Lemma? is obtained
flus(t,€)l} < ce™*t,
te(rni—,m,i=Lp+1, €€ (0,e).
The assumption (33) will be checked as follows.

According to Lemmal the vectors ui(T5-1,€) are de-
termined from the system Q(e)% = h(e) where

Q(€) = [Q2(€)Q3(5) Tt Qp+1(5)](uxnp)7
Qi(e) = li(W('aTi—la 5))7 i=2,p+1,
U= [u2(717€)u3(7-2v 5) e up+1(TP: 5)]5;0)(1’

p+1 )

h(e) = —-E&( / W(-,s,s)%G(s,ui,s)ds>,

—
v Tio1
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Q) = Qo + O(e" exp(~2)),
Qo(vxnp) = const, ¢ € N.

“The exponentially small elements in Q(g) are rejected.
From the system _
Qof = h(E),

according to Lemmal is obtained
ui(Ti——laE) = {PQO]ni-—lﬁ + [QS_TL(E)]”&—I .
For the norm of h(g) is obtained
- 1
”h(&)” < 167(6063 + 1)5§

Then Ilui(Ti——laE)” S CeCs + 64;}67(6063 + 1)5. Since

2
g0 < _1_(— ——1),then
C3 \C4qC7
§ 1 /2—cqcr
(i < cg—o - 1) =o.
Jus(ri-1, ) < cog +cager (St s +1)

Remark 6: 1f D = E and M;, N, are square matrices,
then the same result is obtained if it is followed the way
described in [1].

1.4. Function impulse conditions

Let instead of the generalized impulse conditions (3) the

function z(t, €) satisfies the next impulse conditions
Mz':v(n'—O)-I-Ni:c(n —|-0) =I7;(£B), 2'=r;) (34)

and the following condition is fulfilled:

H1l: M,, N;, i = 1,parek; x n matrices with
constant elements and [;(x) are k;-dimensional vector
functions, which elements are continuously differentiable
functions in the neighbourhood of the solution of the de-
generate system (4).

The series (7) is substituted in the impulse conditions
(34). The function I;(z) is expanded in the Taylor series
in the neighbourhood of ¥ (t).

Ii(z) = Li(x(m — 0))

k
+ L (zh(m) ez (1) + - - + ¥ ah(m) + )
"+Ek$7i;;(7'i) +...)2+...
= Li(zo(n)) + eI (zb(n)) 2} (72)
+ &2 (I (g (T:))xh (73) + Bi2) + - -
+ &R (I (wh(n))zh(73) + Bir) + -

where ;1 are given by 2% (%), v =1,k — 1.
From (34) under condition H7 is found

co
> (@i (ricr) + k) = Py
k=0

AN (L (2 (o)) el (2 (Tice)) 2y (1imn)
+ 52(11{—1(333—1(7?—1))553—1(Ti—l) +Bic12) + -
+ et (L1 @y (mo)zy  (Tim1) + Bicak) + -+
)
— My Y e*z (7o), m €R™,(35)
k=0
if and only if
H12:
Py: (L (25 (7i-1)) = Micazg (1)) =0
Py; (L (2g H(mim1))2y (7o)
— Mi—127 ' (7i-1)) = 0
PN;‘_I(I{—l(%(fi—l))wzﬂ(Ti—x)
+Bic1k — Mi_175 (1)) = 0, k= 2,3, ...
In (35) the coefficients of the same pdwers of ¢ are
equalized, then for cj, is obtained
¢b =P,y + Nimy (G- 1(2g " (7))
— M@y (7im1)) — 25(7)
¢y =Ny Ly (25 (7i-1))
= M; 1)y N (rima) — 24 (ric1)
¢k =N (g (25 (7i-1))
— i_l)x};l(n_l) + Bic1k) — zh (), k=2,3, ...
Then the boundary functions take the form
o (vs) =X () [Prv,_y i + Ny (Lioa (2 (rim1))
= Mio1zy ! (7)) — 2(7im1)]
T () :X(V‘i)[Nitl( 1{—1(936-1(Ti—l))i'?ix_l(ﬁ—l)

— ‘i—lmil—l(Ti—l)) - xi("'i—l)]
+ / X () XY(s) fi(s)ds
0

I (i) =X () [N (T (267 (13-1))
= Mi_y)zy N mio1) + Bic1k) — 2 (1i1))]

+/X(ui)X‘1(s)f,i(s)ds, k=2,3,...
0 . (36)

The bound of the remainder term of the asymptotic se-
ries is done analogously to the case when the impulse con-
ditions have the form (3).
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If instead of the generalized impulse conditions (3) the
function z(t, €) satisfies

M;z(m; — 0) + Nyz(r; + 0) = eLi(z), =1,p (37)

and the condition H11 is fulfilled, then analogously to the
last case is obtained

Hz(Vz) =X (v3)[PN; -7 — Nz‘t1Mi—lmf)~1(Ti-—l)
— z(Ti-1)]
=X (1) [N;Y (Lima (2 (im1))

IT; (1) ;
Yrie1)) — 23 (i)

i—
— M 1%,

/Xz/z

(i) =X (Vz)[

fi(s)ds,

@ )2 (i)
Y (7io1)) — 2h(Tio1)]

+ /WX(VZ-))r
0

I}, (i) =X (vs) [N;F 1 (L1 (2§ (i) 2y (i)
+ Bic1k—1 — Mi_1zi N (521)) = 2 (Tim1)]

/Xl/Z

- i—lmz

L(s)fi(s)ds,

fi(s)ds, k=3,4,.

if and only if

H13:

i) =0
Y7o1)) — Mz l(Tz 1)) =0
)

i—
1
Ti— 1)

PN:__ Mi_lscg”

1

Py, (Dima(zg™

PN:—I( 2{—1(:60 ( -1 )Izl 1:172(7—1 1)) 0
PN:’_I (Iz‘,—l(mz 1(7—2 1 )I;g (Tz 1) + ﬁz 1k
— M2t N mo1)) =0, k=

Theorem 3 Let the conditions HI-H3, H5, H7 and H11
are fulfilled. Initial value problem with impulse effects
(1), (2), (34) has asymptotic solution of the form (7). The
coefficients of the regular series have the representation
(8) for each interval (1,1, 7:), i = 1,p+ 1. The bound-
ary functions depend on an arbitrary n-dimensional con-
stant vector and have the representation (14) whent €
(70, T1) and (36) whent € (11,7, 4 = 2,p+ 1, if and
only ifv, I;(z), i = 1, p and p(t) satisfy H6 and H12.
An inequalities

ITIE (3)]) < oexp(—kw), =T, p+ 1, k=0,1,...

are fulfilled for the boundary functions where o and k. are
positive constants.

Remark 7: Let the impulse conditions have the form
Az|¢=,, = el;(z). Obviously, when ¢ — 0 the func-
tion zo(t) satisfies the impulse conditions Az sy, = 0.
Then lime 0 2(t,€) = zo(t) when t € [a,b]. It is clear,
that under the generalized impulse condition (37) for the
asymptotic solutionof the problem (1), (2), (37) is real the
next limit

gi_r)x(l)m(t,e) =zo(t), t€ (a,b]\{r1, -*, 7}

2. Example
Let in the problem (1)—(3)

A:[j i},fh(t):[mﬁal 1—5”

o) =| ;¢ ]. D=

1 1 _
:>D+:—[1], PD=~[_4 2], Ppe =0.

(1 2], v=11]

5] 2 5

1
N1:[1 3]) MI:[_l 2]1 hl:[]']"rl:Z
1{1] 119 -3
+ —_ . =
$N1—10-3‘ PNI_lO[ 1:l’PN1 ()

Ny=[28), My=[1 4], ha=[2), m =
2
3

1[ 9 -6
Tél—e 4]’PN2*“

X(v;) = [ ! __2% v } e v,

:PN2=

v, 142y
_ 1+ 2y —4v; .
X I(Vi):[ v; 2 1—21/; ]el[i'

The asymptotic expansion is sought in the form

zi(t,e) = zh(t) + Moz (vs) + e[z%(t) + Wiz (vs)] + O(?)
i=1,2,3.

Ifi=1,thent € (0, ], 11 =t/e,
ifi =2,t€(§,5],v2 = (t —1/4)/c,
andifi=3,t € (3,1],v3 = (t — 1/2)/e.

From (8) for the coefficients of the regular series is ob-
tained

sht) = -0 = | 071 |ehe0
RECICEFAOETE I

From (14) is found
2B; + 6+ (16 — 8B )11 —n
M) = 5 [ 7—Bi+(8—4B vy, |¢
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8 2
Ty = L (—4B1+ )} + (5B, — 5)v? + (381 =3By +55 | _
5 (=3B1+ 57 + (3B1 — $)vi + 150 +35
From (18) is found
1 332 -2 ( 1032)7/2
3(v2) = 10 B 15 35 5
—By+ 3+ (F — 5B2)r2
(o) (85— 5Bo)vi +(3Ba— H)3 +(§Ba— v+ 9002 +113 | _
V: = )
12 (8 — 5 Bo)d + (—3Ba + 15)wd + 4505 + 79
1 [ (—28B3 —82)v3 —53+6B3) | _,
HO(V?)) oR 3,
26 | (—14B3 —4l)vs —4B3 — 47
I1§ (v3) 3[(3Bs + %) + (2 Bs — B + (8 + 12Ba)va] +300s +17 | _
vz} = )
1 %[(6 ﬁB3)V3 (—6B3 — T)V3] + 15v3 + 16

Then when ¢ € (0, §]

t.9) 5t — 1+ 2(2B1 + 6 + (16 — 8By )v1)e™"
€)= -
4t — 1+ 3(7T— By + (8 — 4By )r1)e™™,
[ ~11+ (8 — $B1)v} + (5B1 — 5)vi + (31 — 3B1)v1 + 55]e™

~7+ L[(3 - 2By)v§ + (3By — 3)vi + 150, +35)e™

:I + O(e?)
where vy = t/e, By = 2§ — £2-parameter,

]

5t — 1+ £5[3B2 — 2 + (3£ — 10B)m)e
matie) =| o L1 15 4 (35 _ —va
4t -1+ 10[ By + 32+ ( 1 5Bs)uo)e

te(

[N

bl

FUN S

—11+ [5[(38 — EBo)vi + ($Ba — 5)v3 + 132 — 18Yvs] + 90v2 + 113]e~ 2 o
€ €%),
—7 4+ [51(E - £Ba2)v3 + (—1 B2 + 53)v3] + 45v2 + T9)e ™2
= (t — 1/4) /e, B2 = 3121 — 7)20-parameter,
te(3,1]
(t + [3:(—28B3 — 82)r3 — 53+ 633)]6“”3
E} =
+ 25[(—14B3 — 41)vs — —4T)e™s
N 11+["2'16[(7Bs+ i+ (‘23_3 V3 + (3 + 12B3)vs) 4 30v3 + 17]e™" 0(e?)
€ + O(e
‘ —T+ [55[(£ + 8 B3)vd + (—6Bs — 32)v2] + 15v3 + 16]e > (
where v3 = (t — 1/2) /e, B3 = 3131 — 2n32-parameter.
l
3. Almost nonlinear singularly perturbed system is considered. The matrix A satisfies H1, vector-function
A singularly perturbed system of the form fl(tf(),;,H?, and instead of H2 is fulfilled the following con-
’ dx
e Az +ef(t,z,€) + p(t), (38)

t€lab], t#mn, i=1,p, <e<l,
e=To< T < < Tp < Tpy1 = b,

/’\
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H14: The function f(¢, z,¢) is nonlinear vector func-
tion, which is partially continuous with respect to the first
argument with breaks of first kind in the points 7;, ¢ =
1, p, continuously differentiable in the neighbourhood of
the solution of the degenerate system (4) with respect to
the second argument and continuous with respect to the
third argument when e € (0, gg).

It is sought n-dimensional vector function z(t,¢),
which is partially continuous with respect to ¢ and con-
tinuous with respect to €, z(-,&) € C((a,b]\(m1, ...7p),
z(t,-) € C(0,eo] and which satisfies the system (38), the
generalized initial condition (2) and the generalized im-
pulse conditions (3) where the matrices M;, IN; and the
vectors h; satisfy the condition H4.

3.1. Asymptotic expansion

The formally asymptotic expansion of the solution of the
problem (38), (2), (3) is sought in the form (7). The series
(7) is substituted in the system (38):

Zs L)+ (1)) = A eF(ah (6) T (1))
k=0
+ef(t, Y eF(@h(t) ++TE (), €) + (). (39)
k=0

The function f(¢, > peq ¥ (2 (t) + 1L (1)), €) is repre-

sented as follows
(e Z a0 ¢)

(03

+ f(€l/i +Ti-1, Zﬁk(xi(ﬂh’ +7i1) + M (w)), E)
k=0

o0
_ f(&l/i + Ti-1, ngxi(fl/i +TZ‘_1),E)
k=0

(t)+ITL (1)), >

=f(t) + I (vi) (40)
where v; = (t — Ti- 1)/5, i = 1,p+ 1. The function
F@t) = f(t, > n o e®xs (t), ) is expanded in the Taylor
series in the neighbourhood of the points (¢, z§(t), 0)
F(8) = f(t,25(2),0) +el£,(t, 25(2), 0021 (2) + 91 (2)]
+e [falc(tv xO(t)7 O)xQ(t) +92(t)] +e-
+e* (£t 25(2), 0)74(8) + gk (D] +--+ (4D)

where the functions g}, (), k = 1,2,--- are given by
zt, v=0k—1.
|
_A_l(p’i (t)u
Ty () = § A7 (@) (£) — f(£, 2b(2), 0)];

A () (8) -

't @(t), 0z, (¢)

The functions I f(1;), i = 1,p+1 are also ex-
panded in the Taylor series, but in the neighbourhood of
the points (7;_1, h(1i—1) +4(24),0), i=1,p+ 1

0 () = f (evitris, Y et (eh(evitrimt) 1T (1)), )
k=0

o0
- f(sz/i + T, Z&’“(xfc(syi +Ti_1),£>
k=0

= f(rimt, 2h(ric1) + 15 (14), 0) — F(Tiz1, Th(7i—1), 0)
+E[f£(7i—l’ xiO(Ti—I)+H(i)(Vi)7 O)—fz:- (Ti—l» :L'%)(Ti—-l), O)]
+evs [ fi(Tim1, ©h (i1 )+ (1), 0) = f1 (Tic1, Th(7i—1), 0)]

o0

+ f(Tic, @h(Tim1 + T3 (), ) e¥(ah
k=0

— fo(Tim1, 25(Ti1),))

(evs +71_1)

IT(%)) = 25 (7i-1) — Mo (4)]
X [Zsk(xi(gw +7i1) — b (riey)] 4+ -
k=0

The functions z}, (ev; +7;—1) are expanded in the Tay-
lor series in the neighbourhood of the points 7,3, ¢ =
I,p+1

zh(ev; +Tim1) = 2L (im1) + (zh) (rio1)ews

(z3)" (1-1)

T

v+, k=0,1,2,...
The last equalities are substituted in IT¢ f(1; ), the coeffi-
cients before equal powers of ¢ are grouped and for the

last function is obtained:
Hif("’i) = f(r- 1,3%(7{ 1) + Hg(ui) 0)
+§:€k[fl Ti— 1,1()0(’7'% 1)

k=1
O () + Mg (v)]  (42)

_f('r'z l’xo(Tz 1
+H?)(Vi)7

where the functions IT'gk(v;) are expressed by
% (), v=0,k— 1.

In (39) variables are separated by ¢ and v;, f(t, z,¢)
from (40) is substituted with corresponding expansion
(41) and (42), the coefficients before equal powers of ¢
are equalized and for the elements of regular series is ob-
tained

I

k=0
k=1 (43)
k=2,3...

Il

- gi:—l(t)L

Systems of the form (9) are obtained for the coefficients of the singular series, but in this case the functions f£ (v;) have
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the form:
0,

Fiws) = < f(ri1, h(i-1) + (1), 0) — f(Tim1, zh(7i-1),0),
Fo(mic, zh(mie1) + M (vs), T, _y (vs) + Wgr—1(vs),

Il

(44)

EXEE T

i
M=o
»

Therefore analogously to point 1.2 the next theorem is real.

Theorem 4 Let the conditions H1, H3-HS5, H7 and H14 [3] Flato, L.and Levinson, N. (1963) Periodic solution of sin-

are fulfilled. Initial value problem with impulse effects gularly perturbed systems, J. Rational Mech. Anal. 4.
(38),(2), (3) has asymptotic solution of the form (7). The [4] Halanaj, A. and Veskler, O. (1971) Theory of impulsive
coefficients of the regular series have the form (43) for systems Moscow, Mir (in Russian).

each interval (1,-1, 7}, t = 1,p + 1. The boundary func- [5] Karandjulov,L.I. (1999) Generalized Cauchy problem for
tions depend on an arbitrary n—dimensional constant linear pulse differential systems, In Mathematics and Ed-
vector and have the representation (14) when t € [10,T1] ucation in Mathematics, Proceedings of twenty eighth
and (18) when t € (Ti—l, Ti]; i = W} according to Spring Conference of the Union of Bulgarian Mathemati-

Functions (44), if and only if v, hi, i = Tp o(t) are satis- cians, Montana, April 5 - 8-, 1999, pp.120-127. ‘
fied H6 and HS. For the boundary functions are real the [6] Lancaster, L. (1982) Matrix theory, Nauka, Moscow (in

next inequalities Russmn).. . .

[7] Lakshmikatham, V., Bainov, D.D. and Simeonov, P.S.

L)l < —Ky;), 1=1 1, k=0,1,... (1989) Theory of Impulsive Differential equations, World
T ()] < o exp( i), 4 P+ Scientific, Singapore-New Jersey-London- Hong-Kong.

where o and K are positive constants. [8] Nached, M.Z. (1976) Generalize Inverse and Applica-

tions, Ed. by Nached M.Z., New York, San Francisco,

The proof of this theorem is similar to the proof of London - Acad.Press. ' _ '
Theoreml. The bound of the remainder term of the 9] Penroset R. (19?6) On best approxm?ate soh.mon on lin-
asymptotic series is done analogously to the way in point ear matrix equations, In Proc. Cambridge Philos. Soc. 52,

.17-19.
3. i e the remarks 1-7 are held too. bp
1.3. In this cas rem ' © [10] Penrose, R. (1955) A generalize inverse for matrices, In

Proc. Cambridge Philos. Soc. 51, pp.406—413.
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