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Abstract 

An initial value problem for linear and almost nonlinear singularly perturbed systems with generalized impulse 
actions was considered. The asymptotic expansion was constructed by boundary functions using generalized inverse 
matrix. 

1. Linear singularly perturbed system 	 where D is given s x ri matrix with constant elements, v 

I.I. Statement of a problem is given column vector with s components and the gener-
alized impulse mpulse conditions in the fixed moments of time 

A singularly perturbed system 

dx 

	

E 	=Ax+ EA, (t)x+(t), 	(1) 

t  [a, b], tTj, i=1,p, 0<e<<1 

amo<ri<... <r<r+imb, 

is considered under the following conditions: 

HE A is n x i-i matrix, with constant elements and its 
eigenvalues have a negative real parts, i.e., Ai E cr(A), 
ReA j  <0, i = 

H2: A 1  (t) is n x n matrix, which elements are contin-
uously differentiable functions of class C°° [a, b]. 

H3: (t) : [a, b] —* R  is a partially continuous 
n-dimensional vector-function, which has breaks of first 
kind in the points Ti, i = 	i.e., 

	

= 	(t), t e (r_,i], i = 1,p+ 1, 
(a) = oi(ro), 	y(b) = 

= urn 	(t), i = i. 
t–+rj+0 

An n-dimensional vector-function x(t, s), which is 
partially continuous with respect to the first argument and 
continuous with respect to the second argument, when s 
(0, So],  i.e., x((.), e) E C((a, b]\{ri , ..., r}), x(t, ()) E 
C(O, so]  is sought. The vector-function x(t, s) also satis-
fies the system (1), the generalized condition of Cauchy 

	

Dx(a) = v 	 (2) 

Applications of Mathematics in Engineering and Economics, 
eds. B.I. Cheshankov and M.D. Todorov, Heron Press, Sofia, 2000 

Nx(rj +O)+Mx(-rj -0)=h, i=T. 	(3) 

The matrices M and N, i = l,p, satisfy the condi-
tion: 

H4: M, N, i = l,p are known ki x n-dimensional 
matrices with constant elements, hi E 	are known 
column vectors. 

A degenerate system 

Ax + ( t) =0 

is obtained at s = 0 in (1). It has an unique solution 

xo(t) = —A(t). (4) 

The vector-function x(t, s) will be seeking on this way 
that a next limit is true lim o  x(t, e) = xo(t), t e 
(a,b]\{ri ,... ,r}. 

The basic methods for research of linear and nonlin-
ear impulse systems for ordinary differential equations are 
described in the monographies [11], [4]. 

Singularly perturbed systems of the form 

dx 	 dy 
-=f(t,x,y), e—-=g(t,x,y) 	(5)

dt 

with initial condition x(a) = v, (D E) are considered 
in [12], [13]. 

Results from [121  are applied in [1], [2] for the system 
(5) with impulse conditions of the form 

= Six + a.j , i = i. 	(6) 

49 
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A fundamental matrix of the solutions of impulse sys- 	The solutions of the systems (9) are sought in the form 
tern 

dx = 
dt 

	A(t)x, t z/ Ti, 	 = SjX i = 

where det(S + E) 0 is essential in [11]. With its help 
the solution of the system (5), (6) is constructed in [1]. 

In this paper additional conditions about the matrices 
M1, Ni are not put, because of the generalized impulse 
conditions (3). This shows that the fundamental matrix 
from [11] can not be used in this case. 

A boundary functions introduced in [12], [13] are 
used in this work. A formally asymptotic solution of the 
problem (1), (2), (3) in the interval (a, b]\{Ti,. . . , 
is constructed by the method using these boundary func-
tions. This is done by means of generalized inverse ma-
trices and projectors [6], [8], [9], [10]. 

Diverse questions connected to the impulse systems 
can be seen in [7]. 

1.2. Formally asymptotic expansion 

A formally asymptotic expansion of the solution of the 
problem (1), (2), (3) is sought in the form 

00 

x(t,e) = 	( X ik 
	
+ III (v)), 	(7) 

k=O 

t -  
lii= 

	

	, i=1,p+1 
6 

where Xk(t)  are elements of the regular series and H(xi) 
are boundary functions in a right neighbourhood of the 
points ri _ 1 ,i = l,p+ I. 

Formally (7) is substituted in the system (1), the func-
tion A 1  (t) is expanded in the Taylor series in the_neigh-
bourhood of the points t = rj, i = l,p + 1. The 
variables are separated with respect to t and vi and the co-
efficients before the same powers of e are equalized, then 
the elements of the regular series are obtained 

	

I_A_i ço(t), 	k=0 	
(8) x(t) 

= 11L[4_i(t)], k = 1,2,... 

where L is operator of the form L[x] = dx - - A(t)x, 
dt 

i = l,p+ 1. 
For the coefficients of the singular series the following 

systems are obtained 

dfl(v) - 

	

A11(v) + f(v), 	(9) 
dv - 

k0,1,2,, i=1,p+1 

where the functions f/ (vi) have the form 

A (v) 

{ 0, 	 k=0 
k-i (k-j-i) 

(ri-1)_i-111(), k=1, 2,... (10) 
2 	(k—j-1)!  

ll(v) = X(v j )c + f X(v)X(s)f(s)ds, 
(11) 

i=1,p+1, k=O,1,..., 

c are unknown constant vectors from Wt, X(v)is nor-
mal fundamental matrix of the system = AX, 
X(0) = E. 

Let the following condition is fulfilled: 

H5: rankD = m <min(s, n). 

By D+  is denoted an unique Moore-Penrose inverse 
matrix of the matrix D, by PD and PD. - matrices ortho-
projectors PD RTh -* ker(D), PD. R -* ker(D*) 

where D* DT .  

From (2) is found 

x(a) = PD + Dv, E R, 	(12) 

if and only if 

H6: PD*V=O. 

From (10) and (11) when v 1  = 0 is obtained ll)  (0) = 

4. Keeping in mind (7) and (12) when t (ro, r] is 
found 

ek[x(a) + 4] = PD + Dv, E RTh. (13) 

In (13) the coefficients before the same powers of e are 
equalized. Then the constant vectors 4, k = 0,1,2,... 
are obtained 

Coo  = PDe+DV —x(a), c) = — xL(a), k = 1,2, 

Thus when t E (r0, r1] the boundary functions have the 
form 

H(vi ) =X(v1)[PD + Dv - 

= - X(vi )x(a) 

+ f X(V1)X_ 1  (S)fkl Wds. 	(14) 

On this way the solution in the first interval depends on 
an arbitrary n-dimensional vector C and this dependence 
is done by the functions f,(v 1 ) from (10). 

Let t E (ri,  Ti] and the next condition is satisfied: 
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H7: rankN = m min(k,n), i = l,p. 

By N is denoted an unique Moore-Penrose inverse 
matrix of the matrix N, i = i, by PN and PN* -matri-
ces orthoprojectors PN : R n -* ker(N), PN* : Rj _> 

ker(Nfl where Ni*NT.. 
The series (7) is substituted in the impulse conditions 

(3), when t E (-r i , r], i = 2,p+ 1 

M_1x1_1(T_1, r) + N_1x(r_1, 

=h_1, i=2,p+1. (15) 

-\ 
The functions 11

_1/Tji T_ 
k 	 ) are exponentially 

small and it is possible to reject, because of vanishing of 
the boundary functions, Hi (0) = c' . Then (15) obtains 
the form 

00 	 00 

M_1 	r k x_ i eri_1 + N_1 	6k(4(1) 

+4)=h_1, i=2,p+1. (16) 

The system (16) is solved with respect to 

ek(xi(y) + 4) 

ek(xi (Ti  ) + 4) = PN_ 1  + Nit I  (_i 

- M_1 	6k_i( 	i = 2,p+ 1, (17) 

if and only if 

H8: 

PN 1  (h_1_M_l e k x_ i 	=0, i=2,p + 1 

- M_ix 1 (r_i)) = 0, k = 0 

1 PN 1 M_ ix(r_ 1 )) = 0, 	k = 1, 2,...  

The coefficients before identical powers of e are equalized 
in (17), then 

c =PN_1 ij + N_1 (h 1  - M_1x'(r_ 1 )) 

- x(r_), ij E R, 

= - Nt 1 M_1x'(rj_1) - 

k=1,2,...,i=2,p+1. 

The boundary functions when t E (r_1, i-i] are the fol-
lowing 

-I' (Vi) = X(uj)[PN_ 1 r) + Nit 1  (hi  _ 1 

- M_ 1 4'(7j_1 )) - x(rj_i)J, 

= -x 

+ 4(T 1 )Big) + fX(u)X1(s)f(s)ds, (18) 

k=1,2,..., i=2,p+1. 

Thus the solution x(t,r), when t E (T_i,TJ, i = 
2, p + 1 is defined completely and it depends on an arbi-
trary n-dimensional constant vector 77i . 

Theorem 1 Let the conditions H1-H5 and H7 are ful-
filled. Initial value problem with impulse effects (1), (2), 
(3) has formally asymptotic solution of the form (7). The 
coefficients of the regular series have the representation 
(8)for each interval ('r2 _ i , Ti], i = l,p + 1. The bound-
ary functions depend on an arbitrary n-dimensional con-
stant vector and have the representation (14) when t E 
(TO,ri] and (18) when  E (7 1 ,r], i = 2,p+ 1, if and 
only if v, h, i = l,p and W (t) satisfy H6 and H8. An 
inequalities 

II' k (vi ) 	aexp(-iwj ), i = l,p + 1, k = 0,1,... 

are fulfilled for the boundary functions where a and ic are 
positive constants. 

The above exposition shows that the coefficients of 
the expansion (7) really have the form (8), (14) and (18). 
The exponentially decreasing of the boundary functions is 
proved analogously to the same proof in [12]. 

Remark 1: Let rankD = n (n <s). Then the coeffi-
cients of the expansion (7) in the first interval t C ("-o, Ti} 
have an unique representation (8), (14), and in the other 
intervals - parametric solution of the form (8), (18). 

Remark 2: Let for some i = I rankNj = n (n < 
k1). Then the coefficients of the expansion (7) in the inter-
val t E ('i-i_i, Ti] have an unique representation (8), (18) 
and in the other intervals - parametric solution of the form 
(8), (14) and (8), (18). 

Remark 3: If D is square matrix, which has a full rank, 
then the problem (1), (2), (3) has an unique solution in 
the first interval and the condition 116 is always real. If 
detD = 0, then the solution of the problem is constructed 
analogously to the way when D is rectangular matrix. 

Remark 4: If some of the matrices N is square and 
has a full rank, then the problem (1), (2), (3) has an unique 
solution in the corresponding interval (i- _, r] and the 
condition H8 is always real. If some of the matrices N 
is square, but det N = 0 then this case is analogous to 
this when Ni is rectangular matrix. 

Remark 5: The solution in each interval depends on 
an arbitrary n-dimensional constant vector. These vectors 
do not depend on each of other as a problem considered in 
[5]. Therefore it is not necessary to do modification of the 
problem done in [5]. 



52 	 Proc. of XXV Summer School "Applications of Mathematics in Engineering and Economics", Sozopol 1999 

13. Bound of the remainder term of the asymptotic 	 e) = [91 9_iMe+i Op]  'x i  ('ri, e) 
series 	 + Eel.. .e_ 2N_ 1e- 

Let 	 i=2,...,p, 

u(t, e) = x(t, c) -  X , (t, c) 	 (19) 

where x(t, e) is the solution of (1), (2), (3) and 

i=i,p+1 

is its asymptotic expansion. It will be showed that 
u(t, 6)1 I  < C6", under some conditions. It will be used 

a scheme of proof from [12], [1], but will be done some 
changes, which are enforced because of generalized ini-
tial and impulse conditions. 

It is substituted (19) in (1-3) and it is found, that the 
remainder term u(t, 6) satisfies initial value problem with 
impulses 

du 
= Au + G(t, U, r), u(a, e) = 0, 

NtL(T + 0) + Mu(Tj  - 0) = 0, i = ij (20) 

where u(t,E) = u(t,c) = x(t,r) - X(t,e), t E 
(rj_1, ri], i = 1,p + 1. The function G(t, U, e) has the 
form G(t, U, 6) = AX(t, e) + &A i (t)[u + X(t, e)] + 

dX(t,e) 
6 	

dt 	
and poses next two properties: 

(1):IIG(t,0,e)II 	cr 	where c l  is a positive con- 
stant. 

(2): For every 17 > 0 exist ö = 6(17) and Eo = 60( 17) 
such that if 

IIu'H 	6, 11011 < 6, then it is fulfilled II G(t, U', 6)- 

G(t, U", 6 )11 	1711u' -  U
/1  11. 

 
Let initial value problem with impulses 

dx 
6— =Ax+f(t), t  [a, b], t$r, 0<r<<1 (21) 

dt 

x(a) = XO 	 (22) 

(23) 

aro<ri< ... <r<r+1mb 

be given where the coefficients of the problem satisfy the 
conditions Hi, H3, H4. 

The impulse condition (23) is rewritten in the form 
[5]: 

p+l 

(24) 

where 

=  1e 1  . . . 
H = [hi h2  ... h1T 1 

and e, i = 2, 	,p are k i  x n matrices with zero ele- 
ments and matrices M , N 1  take up i-th and (i 1)-th 
blocks, respectively. Let the following denotations be in-
troduced Q(c) = l(W(.,'r_ 1 ,e)) –  ki  x n-matrices, 
i = 2,p+ 1, 

Q(r) = [Q2(E)Q3(6) . . . 

T 
= [x2(Tl ,6)x3(T2,E) ... x 2+l(rP 6)l 

Jnpxl 

p+l 	(•) 

= H —E li
( f W(.,s,E)f(s)ds) 

	

Ti-I 	
(25) 

where W(t, 8,6) is fundamental matrix of the solutions of 
the system 

r—=AW, W(s,s,e)=E. 	(26) 
dt 

Let the matrix Q(e) has the following structure Q(e) = 

Qo + 0 (0  exp(- 2N), Qo(1xnp) = const, q c N and 
the next conditions are fulfilled: 

H9: rankQo = qo <min(zi,np), 

1110: PQ*h(E) = 0. 

By Q  is denoted an unique Moore-Penrose inverse 
matrix of the matrix Qo,  and by PQ., PQ –  orthoprojec-
tors PQ0  : RTh —~ ker(Qo), PQ* : R" - ker(Q), 

- QT 
"80 = "80 

Lemma 1 Initial value problem with impulse effects (21 
–23) under condition H9 has solution of the form 

t 

x 1 (t, c) = W(t, TO,  e) xØ + f W(t, s, c)–f(s)ds, 

TO 

t e (r,i-1] 

x(t, 6) = W'(t, Ti-1,  6) [[P0I_1"i + [Q(e)]Th_1] 

+1   W(t, s, e)–f(s)ds, 	 (27) 

= [M1 82 eP}Xl(Tl,E), 	 t e (r_1, T] if and only if the conditionsHlOis fulfilled. 
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Proof: Let t E (To, nj. The solution x 1  (t, s) of (21)- 	Theorem 2 Let the conditions of Theoremi are fulfilled 
(23) satisfies the next system 	 and the condition H9 is fulfilled, too. Let a, 3, ij, C2, c3, 

d 	
c4, C5, c6,  C7, e, i 	l,p + 1, 13i  are positive constants 

= Ax  + f(t), x I (n0 , = x 0 , 	 and the following inequalities are satisfied 

which using the Cauchy formula has the form 

Xi(t, c) = W(t,no, E)xO +f W(t, s, e)f(s)ds. 

TO 

When t e (Ti-1, Ti], i = 2, p + 1 the solution x(t, e) 
of (21)-(23) is sought in the form 

x(t,c) = 

+ f W(t,s,e)f(s)ds.  (28) 

The unknown constant vectors x (T_ 1 ,e) are solutions of 
the system 

P+1 

1 ( W(-, Ti-1, e))x(n_, e) 
i=2  

p+i  
H 	11 (f ,",  W( e)-f(s)ds- 	 s 	

) 

which is obtained when (28) is substituted in (24). Ac-
cording to (25) the last equality takes the form 

(29) 

The exponentially small elements in the matrix Q(e) are 
rejected. Then the system (29) takes the form 

= ii(c). 	 (30) 

The solution of (30) under the condition H9 is 

= PQ0 Y + Q1(e), 

if and only if H10. Then from (25) it is obtained 

jW(t,s,c)I! </3exp (_ 0, 
 

!G(t,0,e!I < C2E, 

/3i, /31 

IIl('')!I 	e !''IP 	IA 1  (t)jj 	C, 

P+1 

ei = c7, IIQII 	c4 , c4c7(1 +C3) >2, 

<_ C5, IPQ0II <C6, C5 <i-, 	2. 

Then if 60 < 
(---- - 

i), the remainder term of the 
C4 C7 

asymptotic series satisfies the next inequality IIu(t, c)! 
CE, c > 0, C 	const, E e (0,e], if and only if the 
condition Hi 0 is fulfilled. 

Proof: The solution of the problem (20) is sought in 
the form 

u(t, e) = VV(t, Ti-1, e)ii(n_, e) 

+1 W(t,s,e)G(s,u,e)ds, 	(32) 

t E (Ti,T], i = l,p+ 1, 

G(s,u,e) = eA1(t)u(t,c) + G(t,0,c). 

For the integral equation (32) the method of succes-
sive approximations is applied. It is assumed that 

I!u(Ti_i,e)II 	8 i=2,p+1, 	(33) 

From the properties (1), (2) of the function C(t, 'a, c) and 
Lemma2 is obtained 

(31) 
	

IIui(t,c)II < cc 1 , 

i = 2,p+ 1. 	 t e ('r_i, -r], i = l,p+ 1, E  

When i = 2 the first n rows from the matrix PQ,, are 
taken, respectively from the vector Qh(e), when i = 3-
the second n rows and etc. The equality (31) is substituted 
in (28) and the equalities (27) are obtained. 

Lemma 2 [12]: For the fundamental matrix of the solu-
tions of the system (26)- W(t, s, e), when a < s <t < b, 
is fulfilled the inequality 

IIW(t,s,e)I! 	0 exp(_t8)) 

where a > 0, /3 > 0 are constants. 

The assumption (33) will be checked as follows. 
According to Lemmal the vectors uj(T_1 , c) are de-

termined from the system Q(e)i1 = h(e) where 

Q(c) = [Q2(6)Q3(c) . . . Qp+i(E)](xThP), 

Q(c) = l(W(,n_1,e)), i = 2,p+ 1, 

z= [u2(T1,6)u3(T2,E).. .u+i(nE)]Tj 

P+1 

= _i( f W(.,s,e)G(s,ui,c)ds), 
i=1 

Ti -1 
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a 
Q(e) = Qo + O(El exp(--)), 

Qo(xmp) = const, q E N. 

The exponentially small elements in Q(e) are rejected. 
From the system 	- 

QOY = 

according to Lemmal is obtained 

u(rji,e) = [PQ0]+ [Q(e)]_1 . 

For the norm of h(e) is obtained 

1  
C7(EOC3 + 1)6 

 a 

Then IIu(_i,e)lI 	c6c5 + c4c7(Eoc3 + 1)6. Since 
/ 2 

E0 	
1 
—I-------1)

\ 
,then C3 \C4C7 	/ 

2-c4c7 
Iu(r_1,e)M ce 

8 
—+c4 

 1 
— c7 	c3+1)ö=8. 

2c6 	4 \ c4c7c3 

Remark 6: If D E and M, N are square matrices, 
then the same result is obtained if it is followed the way 
described in [1]. 

1.4. Function impulse conditions 

Let instead of the generalized impulse conditions (3) the 
function x(t, r) satisfies the next impulse conditions 

Mix(r-O)+Nx(ri+O)=I(x), i=1,p (34) 

and the following condition is fulfilled: 

Hi!: M, N, i = 	are ki  x n matrices with 
constant elements and I  (x) are ks-dimensional vector 
functions, which elements are continuously differentiable 
functions in the neighbourhood of the solution of the de-
generate system (4). 

The series (7) is substituted in the impulse conditions 
(34). The function I(x) is expanded in the Taylor series 
in the neighbourhood of xio 

I(x) = I(x(-r - 0)) 

= I.(Ek(xi () +n( _Ti_i))) 

+I(x))(ex (TO  +...+ek4()+...) 

+I'(x))(6x(TO +...+ek4() +...)2 + 

= I(4(r)) 

+ e2(I(4(r))x(T) + /3j2)  +... 

+ 	 + /3k) +  

where I3jk  are given by x,(r), v = 1, k - 1. 
From (34) under condition 117 is found 

cc 
ek(xi(T,i) + c) = PN i i 

+N 1 (I_i(x'(ri_i))+eI_1  (X'(T j _ i ))X'(T j _ l ) 

+ 	 + i-12)  + 

+ (I_1(x'(_i))x 1 (_i)  

ERTh, (35) 

if and only if 
H12: 

PN, 	 _1 1(I_l(c1(rj_l)) - Mx'(ri_1)) = 0 

PN* 

- M_ 1 x 1 (r_1 )) = 0 

PN* (I_ 1 (xo(r_1))4 1 (r_1) 

+ 13j1k - M_ 1 x 1 (r_1 )) = 0, k = 2,3, 

In (35) the coefficients of the same powers of e are 
equalized, then for c is obtained 

Cio =PN_1 I)i +P 1 (I_ 1 (x'(ri 1 )) 

- M_1x 1 (r_1 )) - x(r) 

4 
- Mi)x1(rji) - 

c =N 1 ((I 1 (x'(r1)) 

- M_1)4'(rj_ 1 ) + 13j-lk) - 4(i), k = 2,3, 

Then the boundary functions take the form 

ll(v) =X(u)[PN 1i + Ni— i (I_(x1(r_1)) 

- M1x'(r1)) - 

rI() =x() 1N (f(x_ 1 ft i )) x -1(r) [ i-i 

- M_ i x 1 (rji )) - 

+ f X(vi)X -1 (s)f 1'(s)ds 

ll(u) =X(v)[Nz-1' 
f(Tt

i  — i (x'(r_1)) 

- M_1)x 1 (r_1 ) + i_1k) - 
Vi 

+ f X(uj)X'(s)f(s)ds, k = 2,3,... 
(36) 

The bound of the remainder term of the asymptotic se-
ries is done analogously to the case when the impulse con-
ditions have the form (3). 
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If instead of the generalized impulse conditions (3) the 
function x(t, c) satisfies 

i=1,p (37) 

and the condition Hil is fulfilled, then analogously to the 
last case is obtained 

H(ii) =X(iJj) [PN_,1)i - 

-x()] 

fl(v) 

- M_ ix'(T_i)) - 
Vi 

+ f X(v i )X -1 (s)f ~' (s)d3, 

r 	 II(u) 

- 	 - 

Vi 

+ f X(,i )X -  1  (s)f2 (s)ds 

H(v) 

+ /3i-ik-1 - 	 - 

Vi 

+ I X(vi)X - 1  (s)fk (s)ds k = 3,4, 

if and only if 

H13: 

PN1M_lx(7-j 1) = 0 

PN 1 (I_1(x(r_1)) - M 1x(_1 )) = 0 

PN 1  =0 

+ /3i-ik 

- M_ix](ri_i)) = 0, k = 3, 4, 

Theorem 3 Let the conditions Hi -H3, H5, H7 and H11 
are fulfilled. Initial value problem with impulse effects 
(1), (2), (34) has asymptotic solution of the form (7). The 
coefficients of the regular series have the representation 
(8)for each interval (r_1 , ri], i = l,p + 1. The bound-
ary functions depend on an arbitrary n-dimensional con-
stant vector and have the representation (14) when t E 
('ro,ri] and (36) when  E (rj._ 1 ,rj], i = 2,p+ 1, if and 
only if v, 1 i (x), i = Tandço(t) satisfyH6andHi2. 

An inequalities 

(")I <aexp(-tcvj), i = l,p+ 1, k = 0, 1, 

are fulfilledfor the boundary functions where a and ic are 
positive constants. 

Remark 7: Let the impulse conditions have the form 
L\xt =T  = cI(x). Obviously, when c -> 0 the func-
tion xo (t) satisfies the impulse conditions 0. 
Then 1im,0  x(t, c) = xo (t) when t c [a, b]. It is clear, 
that under the generalized impulse condition (37) for the 
asymptotic solution of the problem (1), (2), (37) is real the 
next limit 

urn x(t, E) = xo (t), t E (a, b]\{ri, . 	 , 

2. Example 

Let in the problem (1)-(3) 

A- 	4t-1 1-5t I 

- 	
A1(t)=[ 

0 	0] 

(t) 
= [1 - 

t 
 t 1, D = [1 2], v = [1] 

j 
=D 	

[11 
PD 	

4 -2 
PD' =O. 2]' 	 -2 	ij 
1 

N1  = [1 3], Mi  = [-1 2], h1 = [ill T, = 

N=[] PN1 =[ 3  1]PN =0. 10 3

1  
N2 =[2 3],M2 =[1 4],h2 =[2],r2 = 

1]i=o 13 3 	13 -6

X(v) 
= [1 - 2, 	4i 1 

-vi 1+2v 

	

I-  i+2ii 	-4ii 1 
X(v) 

= 	
e 

The asymptotic expansion is sought in the form 

X i (t, r) = 4(t) + Htx(u)  + c[x(t) + Hx(v)] + 0(e2 ) 

i = 1,2,3. 

If  = 1, then t E (0, ], ui = t/c, 

	

if  =2,t E ( 1 , 11, 	=(t - 1/4)/6, 

and if  = 3, t E (, 1], v3  = (t - 1/2)/c. 

From (8) for the coefficients of the regular series is ob-
tained 

X i 	
r5t_11 

(t) = -A 	 x (t) = L 4t-1 ](t) 

1 -ii 1 
= A[(4)'(t) - A1 (t)4] = 

From (14) is found 

H(iij) _iI 2B1+6+(16-8B1)vi 

] 

e', 
5L 7-Bi+(8-4B1)vi 



56 	 Proc. of XXV Summer School "Applications of Mathematics in Engineering and Economics", Sozopol 1999 

[ 

[ (—B 1  + 3 )i/ + (5B1 - 5)v? + (31 	- 3B 1 )v j  + 55 1 
fl(ii1) = 
	 ] 

e  
5  

From (18) is found 

1 [ 3B2—+(-10B2)v2 1 - 
Ie V2  

10 
 [ —B2++(-5B2)v2  ] 

r 
1 e_v2, ll(v2) = [ 

	

-   B4ii + (B2 - 	+ (B2 - )v2 + 901/2 + 11332 

	

(35 	5 - B2 )i4 + (—. B2 + 4)v + 45"2 + 79 	] 

1 [ (-28B3-82)v3-53+6B3) 1 Hg(v3) = - I 	 i 
26 (-14B3 - 41)1/3 - 4B3 - 47 j 

e' H(v3) 
= L 	

(B3  + 	+ ( 1B3  - i!)v + ( + 12B3)v31 + 301/3 + 17 1 
[( + B3 )z4 + (-6B3 - ) ii] + 151/3 16 	j +  

Then when t e (0 1  14 1 

5t— 1+(2Bj+6+(16-8Bi)vi)e' 1 xi(t,c) = [ 
4t_i+(7_Bi+(8_4Bi)vi)e1, j 

—11 + [(- Bi )v + (5B1 - 5)? + (31 - 3B1 )v i  + 55]e'1 
]+o(c2 ) 

—7 + [( - Bi )v + (B1 - )v? + l5vi +  35}eu1 

where v, = t/e, B1 = 2 1  - -parameter, 

tE(,] 

[ St - 1 +10
[3B2 - + ( - 10B2)v2]e2 1 x2(t,c) = I 15 	'35 

j 
rri35 	5 - + 	- 1-B2)v + (B2 - )v + B2 - )v2] + 901/2 + 113]e2 

+6 [ 
	

] +0(62), 15 	2' 7 + [11(35 - --B2 )v + (—B2 + )1/2J  + 45v2 + 79Ie 2  1Oi96 	24 

= (t - 1/4)/c, B2 = 37721 - 7722-parameter, 

tE(,1] 

5t - 1 + {(-28B3  - 82)1/3 - 53 + 6B3)]e'3 1 x3(t,c) = [ 
4t -1 + [(-14B3 - 41)1/3 - 4B2 - 47}e"3 j 

' [ —11 + [[(B3  + )v 	 1 + (iB3  - ---)11 U32  + ( + 12B3 )v3] + 301/3  + 17]e'3  
+c[ 	 ] +O(c) 

—7 + {[( + B3 )u + (-6B3 - )u] + 151/3  + 16]e 3  

where 1/3 = (t - 1/2)/c, B3 = 37731 - 27732-parameter. 

3. Almost nonlinear singularly perturbed system 

A singularly perturbed system of the form 

dx 
= Ax + cf(t, x, c) + (t), 	(38) 

dt 
tE[a,b], trj, i=i7, <<e<1, 

amo<ri< ... <r<r+imb, 

is considered. The matrix A satisfies Hi, vector-function 
(t)-H3 and instead of H2 is fulfilled the following con-

dition 
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H14: The function f(t, x, e) is nonlinear vector func-
tion, which is partially continuous with respect to the first 
argument with breaks of first kind in the points T, i = 

1 , p, continuously differentiable in the neighbourhood of 
the solution of the degenerate system (4) with respect to 
the second argument and continuous with respect to the 
third argument when e E (0, co]. 

It is sought n-dimensional vector function x(t, e), 
which is partially continuous with respect to t and con-
tinuous with respect toe, x(., E) E C((a,b]\(ri , 
x(t,) E C(0, co] and which satisfies the system (38), the 
generalized initial condition (2) and the generalized im-
pulse conditions (3) where the matrices M, N and the 
vectors hi  satisfy the condition H4. 

3.1. Asymptotic expansion 

The formally asymptotic expansion of the solution of the 
problem (38), (2), (3) is sought in the form (7). The series 
(7) is substituted in the system (38): 

00 	 00d  1:E 	ek (x i  (t)+H(v)) = A 	6 k (X i  (t)+ll(v )) 

+ ef(t, 	ek( x (t) + +ll 	+ (t). (39) 

The function f(t, 	ck(4(t) + Ili  (vi )), e) is repre- 
sented as follows 

00 	 CO 

i(t, 	 ) = f(t, >ek 4(t), ) 

+f (61/i +_i,ek(4(eu  +r_1) +ll(vi)),) 

- f(eu +r_i,ek4(ev +_),) 

= 7(t) + IF (vi ) (40) 

where vi = (t - r_)/e, i = l,p + 1. The function 
Y(t) = f(t, ek x (t), e) is expanded in the Taylor 
series in the neighbourhood of the points (t, 4(t), 0) 

7(t) = f(t, x(t), 0) + e[f(t, x(t), 0)x(t) + g ' (t)] 

+ e 2 [f(t, 4(t), 0)4(t) + g(t)] + 
+ ek[f(t, 4(t), 0)4(t) + g ' (t)] 	(41) 

where the functions g ' (t), k = 1,2,•.. are given by 
x,, v=0,k-1. 

The functions llf(u), i = l,p+ 1 are also ex-
panded in the Taylor series, but in the neighbourhood of 
the points (r_,4('i- _) + H  (v),0), i = l,p+l 

	

llf(v) =f (e+_ 	 ) 

- f(ev + r_1, 	ek (Xi  (eu + r_1), ) 

= f(r_ i , 4(r_1 ) + ll(v), 0)— f(ri_i, 4(r_), 0) 

+E[f(T_i, x(r_i)+ll(v), 0)—f, (rj_i, (Ti-1), 0)] 

0. 

+ f(T_i, x_i Hio 	0)[ek(4(ev + Ti_i) 

+ll(v)) - 4(r_) - H i (v)] - f(7- _j, 4(r_),)) 
CO 

X [ek(xi(ei, +_) - 4(T_i)] + 

The functions 4 (ev +r_1) are expanded in the Tay-
lor series in the neighbourhood of the points 'i - _, i = 
1,p+1 

4(ev + rj_) = 4(T_j) + (4)'(r_1 )ezi 

+ (4)"(_i) 2 

	

2! 	
k=0,1,2, 

The last equalities are substituted in flhf(zi),  the coeffi-
cients before equal powers of e are grouped and for the 
last function is obtained: 

[12f(u) = f(i -i_1, 4(rj_i) + Ili (v), 0) 

—f(ri_i,4(rj_i),0) +ek[f(_1,4(rj_1) 

	

+ 1  0 	O)llii) + H)](42) 

where the functions ll2ga(v) are expressed by 
H,(v), v=0,k-1. 

In (39) variables are separated by t and vi , f(t, x, e) 
from (40) is substituted with corresponding expansion 
(41) and (42), the coefficients before equal powers of e 
are equalized and for the elements of regular series is ob-
tained 

{_ A_1t),

k=0  
4(t) = A — '[(4)(t) - f(t, ' 	4(t), 0)], 	 k = 1 	 (43) 

A` [(xi 	- f'(t, 4(t), 0)4_ 1 (t) - g_ 1 (t)], k = 2,3... 

Systems of the form (9) are obtained for the coefficients of the singular series, but in this case the functions f/ (z.') have 
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the form: 

{ 0, 	 k  

f(v) = f(rj_i,4(rji) +H(u),0) - f(_1,x(rj_1),O), 	k = 1 

+ Ili (vj),0)ll_1(vi) flig_(vj), k = 2,3, 

(44) 

Therefore analogously to point 1.2 the next theorem is real. 

Theorem 4 Let the conditions Hi, 113-H5, H7 and H14 
are fulfilled. Initial value problem with impulse effects 
(38),(2), (3) has asymptotic solution of the form (7). The 
coefficients of the regular series have the form (43) for 
each interval (r_1, Ti], i = 1, p + 1. The boundary func-
tions depend on an arbitrary n—dimensional constant 
vector and have the representation (14) when t e [r0, Ti] 

and (18) when t E (rj_1, Ti], i = 2,p + 1, according to 
functions (44), if and only if v, h, i = i (t) are satis-
fied H6 and H8. For the boundary functions are real the 
next inequalities 

1111' (1,j )jj < aexp(— FclIj), i = l,p+ 1, k = 0, 1, 

where a and tt are positive constants. 

The proof of this theorem is similar to the proof of 
Theorenil. The bound of the remainder term of the 
asymptotic series is done analogously to the way in point 
1.3. In this case the remarks 1-7 are held too. 
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