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Abstract—This paper is part two of the study of the 

electromagnetic compatibility characteristics of lossless 

transmission lines terminated by resistive polynomial 

type of nonlinear loads initially proposed by C. Paul. 

Based on the obtained system of two functional 

equations and two neutral equations for four unknown 

functions in part 1 of our analysis, we proved that the 

mixed problem is equivalent to an initial value problem 

for a functional system on the boundary. The system of 

functional equations is solved by fixed point method. 

Commonly, these problems are solved by numerical 

methods or by Laplace transformation method that is 

valid only for linear problems. Our results are verified 

versus real-world example. The method here proposed 

could be applied for nonlinear boundary conditions too. 
Keywords—lossless transmission lines, nonlinear resistive 

loads, mixed problem 

I. INTRODUCTION 

Our investigation of electromagnetic compatibility 
(EMC) of printed circuit boards (PCB) based on lossless 
transmission lines terminated by nonlinear loads is split in 
two parts. The 3-conductor transmission lines setup is taken 
from C. Paul results in [1]. Distinct to [1] we propose a 
broader treatment to find a solution to the system describing 
the 3-conductor transmission line problem.  

In part 1 [2] of our study, we formulated a hyperbolic 
system modeling the behavior of 3-conductor transmission 
line terminated by nonlinear resistive loads. Then we 
transformed the system to a diagonal form using the method 
from [3]; we also transformed the initial and boundary 
conditions. The reduced system is consisting of two 
functional equations and two equations of neutral type for 
four unknown functions – these are the currents and voltages 
of the transmission line. The mixed problem for the diagonal 
system is reduced to initial problem on the boundary. The 
system of functional equations is solved by fixed point 
method. Commonly, such problems are solved by numerical 
methods or by Laplace transformation method that is valid 
only for linear problems. 

In this paper, which is part 2 of our study, proceeding 
form the obtained system of two functional equations and 
two neutral equations obtained in part 1 of the analysis, we 
prove that the mixed problem is equivalent to an initial value 
problem for a functional system on the boundary. 

For the sake of completeness, we note that in [4] we 
investigated the case of the lines being terminated by linear 
loads, while in [2] as well as in this paper, we consider the 

case of the lines being terminated by nonlinear resistive 
loads. 

II. OPERATOR PRESENTATION OF THE PERIODIC PROBLEM 

In part 1 of our analysis [2] we reduced the mixed 

problem for hyperbolic system to initial value problem for a 

system consisting of two neutral equations and two 

functional equations on the boundary. 
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We use the technique of fixed-point theory in uniform 
spaces (cf. [3]). For that purpose, we introduce a saturated 
family of pseudo-metrics in the Cartesian product 
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The set M turns out into a complete uniform space with a 

saturated family of pseudometrics 
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in the proof of the main theorem. 

 

Now we formulate the main problem: to find a T0-
periodic solution of the neutral system (cf. equations (19)-
(22) in [2]) we define an operator with components B = (B1, 
B2, B3, B4) by the formulas: 
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where the functions 1 1 2 1 3 1 4 2( ), ( ), ( ), ( )I t T I t T I t T I t T− − − −  

are substituted by corresponding initial functions. 
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The proof is analogous to the one from [3].  

Lemma 2. The periodic problem (cf. equations (19)-(22) 
in [2]) has a unique solution 
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(1) (2)
1 2 3 4 1 2 3 4

1 2 3 4 (3) (4)
1 2 3 4 1 2 3 4

( , , , ), ( , , , ),
( , , , )

( , , , ), ( , , , )

B I I I I B I I I I
I I I I

B I I I I B I I I I

 
 =
 
 

 

The proof of Lemma 2 is done following the approach in [3]. 

III. EXISTENCE-UNIQUENESS OF PERIODIC SOLUTION 

The main result is: 

Theorem 1. Let the following conditions be fulfilled: 
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Assumptions (D) and (L) are valid; 

T1 = m1T0, T2 = m2T0  (2) 

for some positive integers m1, m2 . 
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Then there exists a unique-periodic solution of eq. (4) in [2]. 

Proof: The set 1 2 3 4M M M M    is a uniform space 

with the above saturated family of pseudo-metrics. In view 

of 1 2 2 1 2 1/ / T T           we show that B maps 

1 2 3 4M M M M    into itself. It is easy to verify that all 

components of the operator B are periodic functions. 
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So, the operator B is contractive in the sense of definition 
from Chapter 1 in [3] and consequently has a unique fixed 
point. This fixed point is a periodic solution of (cf. equations 
(19)-(22) in [2]). 

Theorem 1 is thus proved. 

Finally, we note that the solution can be approximated by 
a sequence of successive approximations with advanced 
prescribed accuracy. 

IV. VERIFICATION 

Since our goal was to find  

2 2(0, ); ( , )NE FEU u t U u t= =   

we have (cf. (3.3/11), (3.4/12)) 
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( ))(),(),(),( 4321 tItItItI

is the solution obtained in the 
main theorem. 

We have to check the conditions of our Theorem 1 using 
data from [5]. 

If the IV characteristic of the nonlinear resistive element 
is f1(u) = f2(u) = –0.12u+0.8u3, the length of the line is  = 
1 m. The specific parameters are 

L11 = LG = LR = L22 = 0.8529 H/m; 

Lm = 0.3725 H/m; L12 = L21 = Lm; 

C11 = CG + Cm = CR + Cm = C22 = 46.762 pF/m 

C12 = C21 = –Cm = –18.036 pF/m 

Then 94.95 10G G R RT L C L C −=  =  =   

Let us check the propagation of the waves with length l1 
= (1/4)10–3 and l2 = (1/2)10–3. We have 
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We choose C0 = 8×10–12 F,  = 1012, then  T0 =  0 = 1 

and T1 = 2×10–8×1012 T0 = 20000×T0 . We also have  C0 = 
1012×8×10–12 = 8. 
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The inequalities from the main theorem are: 
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We choose third order polynomial 

3
1 2( ) ( ) 0.12 0.8f u f u u u= = − +

 

It remains to show that the contractive conditions are 
satisfied. But this can be achieved by sufficiently large  . 

In view of  

p1 = 0.1792×(0.8529 – 0.3725×0.987979)=0,0869, 

p2 = 0.1686×(0.8529 + 0.3725×1.038)=0,20898, 

q1 = 0.1792×(0.3725 – 0.8529×0.987979)= -0,08425 

q2 = 0.1686×(0.3725 + 0.8529×1.038)= 0,2120 

we can compute  
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V. CONCLUSION 

The 3-conductor transmission line models an EMC 
problem. This problem leads to the mathematical formulation 
of a mixed problem for hyperbolic system of partial 
differential equations. We succeeded to reduce the mixed 
problem for the 3-conductor transmission line to an initial 
value problem on the boundary in part 1 of our study [2]. In 
this paper, we solve the system obtained consisting of two 
functional equations and two neutral equations with two 
different delays for the unknown functions I1, I2, I3, I4. In 
result, using our approach, we may find the currents and 
voltages of the 3-conductor transmission line. 
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