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Abstract. We present new Strichartz estimates in Lorentz spaces for the solutions to the heat equation with inhomogeneous nonlin-
earity in the mass subcritical framework and space dimension d ≥ 1. As an application we prove local and global well-posedness
in the Strichartz-Lorentz space Lq((0,T ); Lr,2(Rd)), both in the focusing and the defocusing case, assuming the initial data are in
the L2(Rd) space.

INTRODUCTION

We consider the following Cauchy problem associated to the inhomogeneous nonlinear heat equation (INLH) for
d ≥ 1, ⎧⎪⎪⎨⎪⎪⎩

∂tu − Δu + k|x|−b|u|αu = 0, (t, x) ∈ R+ × Rd,

u(0, x) = f (x) ∈ L2(Rd),
(1.1)

where k ∈ R, u is a real-valued function and Δ is the d-dimensional Laplace operator. Moreover 0 < b < min{2, d}
and α satisfies:

0 < α ≤ α∗(d), α∗(d) =
4 − 2b

d
. (1.2)

The solution u to (1.1) can be expressed with the following integral equation:

u(t, x) = etΔ f (x) − k
∫ t

0

e(t−τ)Δ|x|−b|u(τ)|αu(τ)dτ. (1.3)

It satisfies two conservation laws (see for instance [31]),

‖u(t)‖2L2(Rd)
+

∫ t

0

E(u(τ)) dτ ≤ ‖ f ‖2L2(Rd)
, k ≥ 0, (1.4)

d
dt

E(u(t)) = − ‖∂tu(t)‖2L2(Rd)
, (1.5)

with the energy defined as

E(u(t)) =
1

2

∫
Rd
|∇u(t, x)|2 dx +

k
α + 2

∫
Rd
|x|−b|u(t, x)|α+2dx. (1.6)
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Because of these conservation laws, we can distinguish the defocusing case (k > 0), in which we can control the
norm of the solution through the size of initial data, and the focusing case (k < 0), where we lack such control.
In view of that, it is natural to investigate local (and global) existence of the solution to (1.1) in the L2(Rd)-based
Strichartz-Lorentz spaces, a refined version of the classical Strichartz spaces.

In order to state our results we will need the following basic definition.

Definition 1. We say that the pair (q, r) is admissible, in short (q, r) ∈ S 2, if

2 ≤ q, r ≤ ∞,
2

q
+

d
r
=

d
2
, (q, r, d) � (2,∞, 2). (1.7)

The subject of our main outstanding are the Strichartz estimates in Lorentz spaces, namely:

Theorem 1. Let be d ≥ 1. Then the following homogeneous estimate holds
∥∥∥etΔ f

∥∥∥
Lq((0,T );Lr,2(Rd))

≤ C ‖ f ‖L2(Rd) , (1.8)

when (q, r) ∈ S 2. Moreover, for any (q, r), (q̃, r̃) ∈ S 2, the following inhomogeneous estimate holds
∥∥∥∥∥∥
∫ t

0

e(t−τ)ΔF(τ, x)dτ

∥∥∥∥∥∥
Lq((0,T );Lr,2(Rd))

≤ C ‖F‖Lq̃′ ((0,T );Lr̃′ ,2(Rd)) , (1.9)

under the condition that

1

q
+

1

q̃
=

d
2

(
1

r̃′
−

1

r

)
. (1.10)

The Lorentz spaces and their properties will be displayed in a detailed way in the next section. By a straightforward
application of the previous theorem, we get:

Theorem 2. Assume d ≥ 1, 0 < α ≤ α∗(d). Then the problem (1.1) has a unique solution

u(t, x) ∈ Lq([0, T ); Lr,2(Rd)) (1.11)

for any (q, r) ∈ S 2 and initial data f ∈ L2(Rd), with T = T (‖ f ‖L2(Rd)) > 0. The solution can be extended globally if
α = α∗(d) and the initial data f ∈ L2(Rd) is so that ‖ f ‖L2

x
< ε, for ε > 0 small enough or if k > 0 and f ∈ Ḣ1(Rd).

Remark 1. We underline that the previous Theorems 1 and 2 remain valid once one replaces the free heat propagator
etΔ by e(a+ib)tΔ, with a and b real parameters. This fact can open a discussion devoted to more general nonlinear
equations based on the heat and Schrödinger equations. We mention here the work [23] for more details. We emphasize
also that our theory is general and could be extended to other possible scenarios, such as general operators e(a+ib)tH

with H = −Δ + V, for suitable potential functions V = V(x) and H = (−Δ)
β
2 , with β > 0. We postpone such analysis

for forthcoming works for the aim of simplicity.

The nonlinear heat equation (NLH), that is (1.1) with b = 0, has been deeply investigated in the past decades by
several authors. For example, in [16] [32], [33] and [3] were studied local well-posedness in the Lebesgue spaces
Lq(Rd) and in the energy space H1(Rd). In this framework, we want to recall [14] (see also references therein),
where existence of global C(I; H1(R4))-solutions in the focusing, energy-critical setting is treated by exploiting the
concentration compactness method established in [18] and [19]. On the other hand, there is a wide literature on
the nonlinear Schrödinger equation (NLS) with inhomogeneous nonlinearities. We mention here [15], [9], [6] for
the well-posedness and blow up phenomena, [7] for scattering in the defocusing case, [4], [8], [5] (and references
therein) in the focusing one. One of the main tools utilized to shed light on the properties of the nonlinear evolution
equations and often used in the context of both NLH and NLS are the Strichartz estimates. We cite [17] [12],[13]
for the general theory and [21] and [34] for Strichartz-type estimates for the fractional nonlinear heat equation (see
also references therein). In [22] and [24] we introduced for the first time in the literature the extended version of the
Strichartz estimates for the NLH as well as illustrated its application for proving local and global well-posedness in
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Hσ(Rd) for the pure-power NLH (both in focusing and defocusing case). This technique was applied also in [23] in
order to treat the Ginzburg-Landau equation with complex pure-power nonlinearity in Hσ(Rd) and in [26] for the heat
equation, perturbed with a time dependent potential. Motivated by the previous papers and [26], we exhibited in [25]
these extended Strichartz estimates for the solution to (1.1), assuming the initial data are in Hσ(Rd). The main target
of the current paper is to manage the existence and uniqueness in L2(Rd) for the solution to the INLH (1.1) by new
Strichartz estimates settled in Lorentz spaces. In such way we not only improve the linear theory contained in [34], but
also simplify significantly the fixed point step of the already cited work [25]: the Lorentz spaces are perfectly fitted to
deal with singular function and then to control the nonlinear term |x|−b|u|αu avoiding any perturbation argument.

NOTATIONS AND PRELIMINARIES

We indicate by f ∈ L2(Rd) = Lr
x, for 1 ≤ r < ∞, if

‖ f ‖rLr
x
=

∫
Rd
| f (x)|r dx < ∞,

with obvious modification for r = ∞ and introduce

Ḣ1(Rd) = Ḣ1
x = (−Δ)−

1
2 L2

x.

Given any Banach space X we define, for any 1 ≤ q < ∞, the mixed space-time norms

‖ f ‖Lq
t X =

(∫
R+

‖ f (x)‖qX dt
)1/q
,

with obvious modification for q = ∞. We embrace the notation Lq
I X, when one restricts t ∈ I, with I being a general

time interval. Conjugate indices will be denoted with a prime throughout this work. For any two positive real numbers
a, b, we write a � b to express a ≤ Cb, with C > 0 and we unfold the constant only when it is essential.

Lorentz Spaces
In this section we recall some properties of the Lorentz spaces. For any measurable function φ in R

d, we denote by
μφ = μφ(λ) the distribution function of φ, that is,

μφ(λ) = |{x : |φ(x)| > λ}| ,

for λ > 0. We define the decreasing rearrangement φ∗ of φ by

φ∗(t) = inf{λ > 0 : μφ(λ) ≤ t},

for t > 0. Then, for any 1 ≤ r ≤ ∞ and 1 ≤ σ ≤ ∞, we introduce the Lorentz space Lr,σ(Rd) by

Lr,σ(Rd) = Lr,σ
x =

{
φ : φ is measurable on R

d, ‖φ‖Lr,σ < ∞
}
,

where

‖φ‖Lr,σ
x
=

⎧⎪⎪⎨⎪⎪⎩
(∫ ∞

0

(
t1/rφ∗(t)

)σ dt
t

)1/σ
, if 1 ≤ σ < ∞,

supt>0 t1/rφ∗(t), if σ = ∞.

The Lorentz spaces have the following properties:

Lr,r
x = Lr

x, if 1 ≤ r ≤ ∞, (2.1)

Lr,σ1
x ⊂ Lr,σ2

x , if 1 ≤ r < ∞ and 1 ≤ σ1 ≤ σ2 ≤ ∞, (2.2)

(Lr,σ
x )′ = Lr′,σ′

x , if 1 ≤ r, σ ≤ ∞.

030029-3



Here (Lr,σ
x )′ is the associated dual space of Lr,σ

x (see for example [1], Chapter 4). We have also that for 0 < m < ∞,
the space weak Lm(Rd), in short L(m,∞)(Rd), is defined as the set of all measurable functions φ on R

d such that

‖ f ‖L(m,∞)(Rd) = inf

{
C > 0 : μφ(λ) ≤

Cm

λm , for all λ > 0

}

is finite. The space weak L∞(Rd) is by definition L∞(Rd). Moreover L(m,∞)(Rd) = Lm,∞(Rd) for 1 ≤ m ≤ ∞. Operators
that map Lm(Rd1 ) to Ln(Rd2 ), with d1, d2 ≥ 1, are called of strong type (m, n) and operators that map Lm(Rd1 ) to
Ln,∞(Rd2 ) are called of weak type (m, n).

Let us state also a fundamental Marcinkiewicz type interpolation result in the Lorentz spaces (see [1], Theo-
rem 1.12, Chapter 5, [2], Theorem 5.3.1 and also [20]). We set

(m, n, σ, θ) ∈ Λ :=
{

1 ≤ m ≤ n ≤ ∞, σ, θ ∈ [1,∞]
}
.

Notice that the structure of the set Λ is strongly connected with the Lorentz Spaces formerly introduced. This forces
to some extra constraints on the quadruples (m, n, σ, θ), that is: σ = 1, if m = 1; σ = ∞, if m = ∞; θ = 1, if n = 1;
θ = ∞, if n = ∞. Moreover σ ≤ θ, if m = n. Then we have:

Proposition 1. Let (m0, n0, σ0, θ0) , (m1, n1, σ1, θ1) ∈ Λ. For 0 < η < 1, set

1

m
=

1 − η
m0

+
η

m1

,
1

n
=

1 − η
n0

+
η

n1

.

Let T be a bounded linear operator from Lm0,σ0
x to Ln0,θ0

x and from Lm1,σ1
x to Ln1,θ1

x , and define

M0 = sup
f∈Lm0 ,σ0

x \{0}

‖T f ‖Ln0 ,θ0
x

‖ f ‖Lm0 ,σ0
x

, M1 = sup
f∈Lm1 ,σ1

x \{0}

‖T f ‖Ln1 ,θ1
x

‖ f ‖Lm1 ,σ1
x

.

Then the following holds:

i) If m0 � m1 and n0 � n1, then

‖T f ‖Ln,σ
x
≤ M1−η

0
Mη

1
‖ f ‖Lm,σ

x
, for every 1 ≤ σ ≤ ∞. (2.3)

ii) If m0 � m1, n0 = n1, and θ0 = θ1 = θ, then

‖T f ‖Ln,θ
x
≤ M1−η

0
Mη

1
‖ f ‖Lm,σ

x
, for every 1 ≤ σ ≤ ∞.

iii) If m0 = m1, n0 = n1, and θ0 = θ1 = θ, then

‖T f ‖Ln,θ
x
≤ M1−η

0
Mη

1
‖ f ‖Lm,σ

x
, for

1

σ
=

1 − η
σ0

+
η

σ1

.

One can see that the function |x|−b belongs to L
d
b ,∞ and

∥∥∥|x|−b
∥∥∥

L
d
b ,∞
= |B1(0)| bd where |B1(0)| is the volume of the unit

ball in R
d, but it does not belong to any Lebesgue space. Furthermore, we have the following Hölder’s inequality in

Lorentz spaces (see [27]).

Proposition 2 (Hölder’s inequality). Let 1 < r, r1, r2 < ∞ and 1 ≤ σ,σ1, σ2 ≤ ∞ be such that

1

r1

+
1

r2

=
1

r
,

1

σ1

+
1

σ2

≥
1

σ
.

Then for any f ∈ Lr1,σ1 and g ∈ Lr2,σ2 , it holds that

‖ f g‖Lq,σ � ‖ f ‖Lr1 ,σ1 ‖g‖Lr2 ,σ2 . (2.4)
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PROOF OF THEOREM 1

We start this section by proving an ancillary result associated to the heat semigroup etΔ. That is:

Lemma 1. Let (m, n, σ, θ) ∈ Λ. Then, for any T > 0,
∥∥∥etΔ f

∥∥∥
Ln,σ

x
� t−

d
2 ( 1

m−
1
n ) ‖ f ‖Lm,σ

x
(3.1)

for all t ∈ (0, T ). Furthermore, ∥∥∥etΔg
∥∥∥

Lm′ ,σ′
x

� t−
d
2 ( 1

m−
1
n ) ‖g‖Ln′ ,σ

x
(3.2)

for all t > 0, where m′, n′ and σ′ are the Hölder conjugate numbers of m, n, and σ, respectively.

Proof. The operator etΔ obeys general decay estimates, since the heat kernel e−t|ξ|2 , given here via Fourier transform
in terms of its symbol, has a strong smoothing property for t > 0. More precisely, one has the following

∥∥∥etΔ f
∥∥∥

Lp
x
� t−

d
2

( 1
r −

1
p ) ‖ f ‖Lr

x
, 1 ≤ r ≤ p ≤ ∞. (3.3)

This inequality implies then, for t > 0, ∥∥∥etΔ f
∥∥∥

Lr
x
� ‖ f ‖Lr

x
, (3.4)

with r > 1, and a decay estimate, ∥∥∥etΔ f
∥∥∥

L∞x
� t−

d
2 ‖ f ‖L1

x
. (3.5)

By the property (2.1), the above estimates become∥∥∥etΔ f
∥∥∥

Lr,r
x
� ‖ f ‖Lr,r

x
(3.6)

and ∥∥∥etΔ f
∥∥∥

L∞,∞x
� t−

d
2 ‖ f ‖L1,1

x
. (3.7)

We observe at this point that (1,∞, 1,∞) and (r, r, r, r) are both in Λ. Then we can use the Marcinkiewicz interpolation
Proposition 1 with

1

m
= 1 − η +

η

r
,

1

n
=
η

r
,

M0 = t−
d
2 , M1 = 1,

obtaining readily the bound (3.1). Finally, we get also

(
etΔ f , g

)
L2

x
=

∫
Rd

[
etΔ f
]

(x)g(x) dx =
∫
Rd

f (x)
[
etΔg
]

(x) dx,

with t > 0, for all f ∈ Lm,σ
x and g ∈ Ln′,σ′

x . This fact, in combination with (3.1), implies (3.2) and the proof of the
lemma is finished.

Proof of Theorem 1. We will focus first on showing (1.8). We apply the classical Marcinkiewicz interpolation
theorem (see [28], Appendix). The idea of the proof is essentially the same as in [11] and [33]. Consider the map U
defined byU f =

∥∥∥etΔ f
∥∥∥

Lr,2 from Lr,2 to functions on [0, T ). The inequality (3.1) in Lemma 1, with σ = 2, m = 2 and
n = r, shows that U is of weak type (r, q), where 2/q = (1/2 − 1/r)d and with 1 < q. Moreover U is sub-additive
and of weak type (r,∞). If 2 ≤ q, the interpolation theorem can be applied. So U is of strong type (2, q1) , 2 < q1

with 2/q1 = (1/2 − 1/r) d, which then gives the desired result. Notice that our proof does not include the endpoint
(2, 2d/(d − 2)), for d ≥ 3.

Let us consider now (1.8). It follows from Lemma 1 that

∥∥∥e(t−τ)ΔF(τ, x)
∥∥∥

Lr,2
x
� |t − τ|− d

2 ( 1
r̃′ −

1
r ) ‖F(τ, x)‖Lr̃′,2

x
,
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for 1 ≤ r̃′ < r ≤ ∞ and any τ < t. Then the Hardy-Littlewood-Sobolev inequality enhances to

∥∥∥∥∥∥
∫ t

0

e(t−τ)ΔF(τ, x)dτ

∥∥∥∥∥∥
Lq

t Lr,2
x

�
∥∥∥∥∥∥
∫ t

0

∥∥∥e(t−τ)ΔF(τ, x)
∥∥∥

Lr,2
x

dτ

∥∥∥∥∥∥
Lq

t

(3.8)

�
∥∥∥∥∥∥
∫ t

0

|t − τ|−
n
2 ( 1

r̃′ −
1
r ) ‖F(τ, x)‖Lr̃′,2

x
dτ

∥∥∥∥∥∥
Lq

t

(3.9)

� ‖F(τ, x)‖Lq̃′
t Lr̃′ ,2

x
,

with (q, r), (q̃, r̃) ∈ S 2 satisfying identity (1.10). This completes the proof of the theorem .

We can summarize, then, the results achieved so far as follows.

Proposition 3. Let d ≥ 1. Then one has fulfilled the following estimate

‖etΔ f ‖Lq
t Lr,2

x
+

∥∥∥∥∥∥
∫ t

0

e(t−τ)ΔF(τ)dτ

∥∥∥∥∥∥
Lq

t Lr,2
x

� ‖ f ‖L2
x
+ ‖F‖Lq̃′

t Lr̃′ ,2
x
, (3.10)

assuming that (q, r) and (q̃, r̃) are S 2 pairs. Moreover, by exploiting the properties (2.1) and (2.2) we get the classical
Strichartz estimates for the free heat propagator

‖etΔ f ‖Lq
t Lr

x
+

∥∥∥∥∥∥
∫ t

0

e(t−τ)ΔF(τ)dτ

∥∥∥∥∥∥
Lq

t Lr
x

� ‖ f ‖L2
x
+ ‖F‖Lq̃′

t Lr̃′
x
. (3.11)

PROOF OF THEOREM 2

We begin this section with a key lemma, which is compulsory for the proof of Theorem 2. Inspired by [30] (see also
[29]), we prove the existence of quadruples (q, r, q̃, r̃) ∈ S 2 × S 2, fulfilling all conditions stated in Theorem 1. This
result is contained in:

Lemma 2. For any d ≥ 1, k ∈ R, 0 < b < min{2, d} and α satisfying the assumption (1.2), there exist S 2 pairs (q, r)
and (q̃, r̃), such that

1

r̃′
=
α + 1

r
+

b
d
,

1

q̃′
≥
α + 1

q
. (4.1)

Proof. Case d ≥ 3: The conditions on (q, r, q̃, r̃) ∈ S 2 × S 2 can be summarized as follows:

0 <
1

r
,

1

r̃
,

1

q
,

1

q̃
<

1

2
, (4.2a-d)

2

q
+

d
r
=

d
2
,

2

q̃
+

d
r̃
=

d
2
, (4.2e,f)

1

r̃′
=
α + 1

r
+

b
d
,

1

q̃′
≥
α + 1

q
. (4.2g,h)

We start by rewriting them with help of the identities

1

r̃
= 1 −

α + 1

r
−

b
d
,

1

q
=

d
4
−

d
2r
,

1

q̃
=

d
4
−

d
2r̃
=

d(α + 1)

2r
+

b
2
−

d
4
.
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We can see that the inequality 1/q̃′ ≥ (α + 1)/q is always satisfied, since it simplifies as:

1 −
d(α + 1)

2r
−

b
2
+

d
4
≥

d(α + 1)

4
−

d(α + 1)

2r
⇒ α ≤

4 − 2b
d
. (4.3h)

Expressing the remaining inequalities in terms of 1/r yields

0 <
1

r
<

1

2
, (4.4a)

0 < 1 −
α + 1

r
−

b
d
<

1

2
⇒

d − 2b
2d(α + 1)

<
1

r
<

d − b
d(α + 1)

, (4.4b)

0 <
d
4
−

d
2r
<

1

2
⇒

d − 2

2d
<

1

r
<

1

2
, (4.4c)

0 <
d(α + 1)

2r
+

b
2
−

d
4
<

1

2
⇒

d − 2b
2d(α + 1)

<
1

r
<

2 + d − 2b
2d(α + 1)

, (4.4d)

which in turn leads to the following chain of bounds

ρ(1)
(d;α;b)

= max

{
0,

d − 2b
2d(α + 1)

,
d − 2

2d

}
<

1

r
< min

{
1

2
,

d − b
d(α + 1)

,
2 + d − 2b
2d(α + 1)

}
= ρ(2)

(d;α;b)
. (4.5)

Since we are assuming d ≥ 3, we have 0 < b < 2, so that the following,

0 <
d − 2

2d
,

d − b
d(α + 1)

>
2 + d − 2b
2d(α + 1)

,

are trivial. We further simplify (4.5) and it is equivalent to

ρ(1)
(d;α;b)

= max

{
d − 2b

2d(α + 1)
,

d − 2

2d

}
<

1

r
< min

{
1

2
,

2 + d − 2b
2d(α + 1)

}
= ρ(2)

(d;α;b)
.

The last condition will be fulfilled once the following relations are satisfied

d − 2b
2d(α + 1)

<
1

2
, (4.6)

d − 2b
2d(α + 1)

<
2 + d − 2b
2d(α + 1)

, (4.7)

d − 2

2d
<

1

2
, (4.8)

d − 2

2d
<

2 + d − 2b
2d(α + 1)

. (4.9)

The second and the third relations are self-evident. The first inequality simplifies to

−
2b
d
< 0 < α,

which is always true, according to the choice of α. Lastly, inequality (4.9) can be rewritten like

(d − 2)α + d − 2 < 2 − 2b + d,

or equivalently

α <
4 − 2b
d − 2

,
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which is again always fulfilled.
Case d = 2: It is important to remind that for d = 2 we have the following restriction 0 < b < 2 and therefore (4.5)
can be narrowed down to:

ρ(1)
(2;α;b)

= max

{
0,

1 − b
2(α + 1)

}
<

1

r
< min

{
1

2
,

2 − b
2(α + 1)

}
= ρ(2)

(2;α;b)
.

Then we note that all four inequalities can be easily verified as above.
Case d = 1: We underline that for d = 1 alongside with the condition 0 < b < 1, we get as a consequence of Definition
1, that 0 < 1/r < 1/2 and 0 < 1/q < 1/4. Therefore (4.5) turns into:

ρ(1)
(1;α;b)

= max

{
0,

1 − 2b
2(α + 1)

}
<

1

r
< min

{
1

2
,

2 − 2b
2(α + 1)

}
= ρ(2)

(1;α;b)
.

Proceeding as before, one can check again that the previous set is non-empty for any α > 0. This completes the proof
of Lemma 2.

Consequently, we present the proof of the main Theorem 2.

Proof of Theorem 2. We set I = (0, T ) and introduce the spaces

‖w‖XI
= sup

(q,r)∈S 2

{
‖w‖Lq

I Lr,2
x

}
(4.10)

and

‖w‖X′I = inf
(q̃,r̃)∈S 2

{
‖w‖Lq̃′

I Lr̃′ ,2
x

}
. (4.11)

We will perform now a contraction argument. Namely, let be defined the integral operator associated to (1.1), i.e. to
(1.3),

T f (u) = etΔ f − k
∫ t

0

e(t−τ)Δ(|x|−b|u|αu)(τ, x) dτ.

One needs to show that for any (q, r) as in Lemma 2 and any t ∈ I, if f ∈ L2
x, there exist a T = T

(
‖ f ‖L2

x

)
> 0 and a

(unique) u(t, x) ∈ XI , satisfying the property
T f (u(t)) = u(t). (4.12)

For simplicity, we split the proof in three different steps.
Step One: For any f ∈ L2

x, there exist T = T
(
‖ f ‖L2

x

)
> 0 and R = R

(
‖ f ‖L2

x

)
> 0, such that T f (BXI (0,R)) ⊂ BXI (0,R),

for any T ′ < T.
By (3.10) in Proposition 3, combined with (4.10) and (4.11) we have∥∥∥T f u

∥∥∥
XI

� ‖ f ‖L2
x
+
∥∥∥|x|−b|u|αu

∥∥∥
X′I
. (4.13)

Thus, by Hölder’s inequality (2.4) and picking up (q, r), (q̃, r̃) as in Lemma 2 so that (4.1) is satisfied with the strict
inequality, the nonlinear term on the r.h.s. of (4.13) can be bounded like,

∥∥∥|x|−b|u|αu
∥∥∥

X′I
�
∥∥∥|x|−b|u|αu

∥∥∥
Lq̃′

I Lr̃′ ,2
x

�
∥∥∥|x|−b

∥∥∥
L

d
b ,∞
x

∥∥∥∥‖u‖α+1

Lr,2
x

∥∥∥∥
Lq̃′

I

� T κ(α) ‖u‖α+1

Lq
I Lr,2

x
� T κ(α) ‖u‖α+1

XI
, (4.14)

for some κ(α) > 0. By (4.13) and (4.14) we attain then∥∥∥T f u
∥∥∥

XI
� ‖ f ‖L2

x
+ T κ(α) ‖u‖α+1

XI
. (4.15)

Step Two: Let T,R > 0 be as in the previous step, then, there exists T = T
(
‖ f ‖L2

x

)
< T, such that T f is a contraction

on BXI
(0,R), equipped with the norm ‖·‖XI

.
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Given any v1, v2 ∈ BXI (0,R) we achieve, by an use of (3.10), the following:∥∥∥T f v1 − T f v2

∥∥∥
XI

�
∥∥∥|x|−b (v1|v1|α − v2|v2|α)

∥∥∥
Lq̃′

I Lr̃′ ,2
x
.

Then, proceeding as above, one gets finally

∥∥∥T f v1 − T f v2

∥∥∥
XI

� T
κ(α) (‖v1‖αXI

+ ‖v2‖αXI

)
‖v1 − v2‖XI

,

with κ(α) as above.
Step Three: The solution exists and is unique in XI , where I is as in the previous step.
We are in position to show existence and uniqueness of the solution by applying the contraction principle to the map
T f defined on the complete metric space BXI

(0,R), endowed with the topology induced by ‖·‖XI
.

L2
x-critical case. The previous lemma remains valid also in the L2

x−critical case, that is if we select
α = α∗(d) = (4 − 2b)/d. In fact, arguing as in the previous steps we infer that the chain of inequalities (4.14)
can be replaced by

∥∥∥|x|−b|u|αu
∥∥∥

X′I
�
∥∥∥|x|−b|u|αu

∥∥∥
Lq̃′

I Lr̃′ ,2
x

�
∥∥∥|x|−b

∥∥∥
L

d
b ,∞
x

∥∥∥∥‖u‖α+1

Lr,2
x

∥∥∥∥
Lq̃′

I

� ‖u‖α+1

Lq
I Lr,2

x
� ‖u‖α+1

XI
, (4.16)

with (q, r), (q̃, r̃) given as in Lemma 2, so that (4.1) is provided now with the equality. The remaining part of the proof
can be deduced similarly to the one we carried out above. Thus, the details will be omitted.

Global well-posedness. One can pick I = [0,∞) in the following frames:

i) If α = α∗(d). In this critical case, by (4.13) and (4.16), one needs to take ‖ f ‖L2
x
< ε, with ε > 0 suitable small.

ii) If we impose the extra conditions k > 0 and f ∈ Ḣ1
x . In fact we have that the conservation laws (1.4) and (1.5),

which read as

E(u(t)) +
∫ t

0

∫
Rd
|∂tu|2 dxdt = E( f ),

are both satisfied with E(u(t)) ≥ 0 for all t ≥ 0. This fact allows to extend the solution globally w.r.t. the time
variable.

The proof of the theorem is now accomplished.
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