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Abstract. Globally, statistical analysis reports show that the most serious vehicle 
collisions mainly constitute of two-vehicle accidents. The dynamic and kinematic 
model of car crashes is particularly challenging when requirements for improved 
accuracy of the analysis are introduced. For more sophisticated models the more 
accurate the analysis, the more variables in each phase of motion and impact need 
to be introduced. Two basic problems must be solved, defined by the final rest 
position of the cars: whether it is known or must be found by solving Cautchy 
problem. This article presents a dynamic impact analysis between two vehicles, 
using data for known final rest position and avoiding the uneasy task of selecting 
the correct coefficient of restitution. Undeniably, it represents the ratio between 
post impact and prior to impact relative velocity of the centers of mass of the two 
vehicles in projection in the direction of the crash pulse. The presented results 
were obtained by simulation and graphical dependencies of the proposed algo-
rithm for reliability analysis estimation, followed by the deduced discrete posi-
tions of post-impact vehicles motion, which confirms the useful application of 
the proposed algorithm. A comparative study was carried out based on the known 
treds from first-hand inspection in the field accident. 
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1 Introduction 

The two-car collision was reconstructed as two solids were mounted on elastic supports. 
The latter were connected to a platform with wheels attached onto it [1–5]. Proper se-
lection of vehicle technical parameters such as mass characteristics, support elasticity, 
damping properties of shock absorbers and so on determined the accuracy of the dy-
namic investigation of the post-impact macro motion of the bodies. On the other hand, 
the problem of impact was solved using a mechanical-mathematical model developed 
for the purpose. The two vehicles were placed and oriented in the coordinate system as 
they had been at the point of impact and in position to each other, which completely 
corresponded to first-hand inspection in the field accident, including vehicle defor-
mation data [6–10]. 
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2 Impact Problem 

Determine magnitude and direction of the crash pulse, pre-impact velocity of the cen-
ters of mass of the two vehicles if post-impact velocity of the centers of mass of the two 
vehicles are known (Fig. 1). 

  

(a) (b) 

Fig. 1.  (a) Car accident diagram and (b) Vector analysis. 

Boundary-value problem of impact: Determine the following initial conditions: post-
impact linear and angular velocity of both vehicles if some of the initial conditions are 
known, such as the position of the two vehicles at the moment of impact and the vehi-
cles final rest position. 

The simplest and easiest way to solve the problem when two vehicles are impacted 
is by applying Momentum Conservation Principle that has the form [11–17]: 

 ��. ��⃗� + ��. ��⃗ � = ��. ��⃗ � + ��. ��⃗ � (1) 

where �� and m2 are total vehicles mass; �� and �� - velocity of the centers of mass of 
the vehicles right before impact; �� and ��- velocity of the centers of mass of the vehi-
cles right after impact. The application of the principle has some limitations, assuming 
that both cars are material points. The second equation of the conservation of momen-
tum principle involves trigonometric function of "sin", in which a small change of the 
angle causes significant deviations in the final solution of the system. 

This ratio is actually the coefficient of restitution, which is as follows: 

 � =  |∆��||∆��| = |(���⃗ �����⃗ �).�⃗|�����⃗�����⃗��.�⃗�  (2) 

where �⃗ is a single vector of the crash pulse vector and the "�" is the coefficient of 
recovery. “Here ∆�� is projection of the relative velocity between the centers of mass 
of the vehicles after the impact on the crash pulse directrix, and ∆��  - projection of the 
relative velocity between the centers of mass of the vehicles before impact on the crash 
pulse directrix. 

It is obvious that there is a necessity to select a particular value for the coefficient 
of restitution in the range of 0 ≤ � ≤ 1, with a possible increase in steps of 0.001.  
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The impact for each of the vehicles is characterized by the impulse-momentum 
change theorem for the time of impact, which for each of the vehicles has the form: 

 �. ��⃗ − �. ��⃗ = �⃗ (3) 

where ��⃗  is the velocity of the center of mass of the post-impact vehicle; ��⃗  is the velocity 
of the center of mass of prior-to-impact vehicle; �⃗ – crash pulse. 

The impulse-momentum change theorem applied to the mechanical system of the 
car related to the vehicle center of mass during its relative motion around it has the form 
of: 

 ����⃗ ���� = ���⃗ �(�) (4) 

where ���⃗ �(�) is the principle of moments of impact forces related to the vehicle center of 
mass. 

After solving the system of equations (4), the projections of the crash pulse are de-
termined as follows: 

 �� = ��� ��� ������� ��� ������ ������� ��� ;    �� = ��� ��� ������� ��� ������ ������� ���  (5) 

where ���, ��� are the mass moments of inertia of the vehicles around the central vertical 
axes perpendicular to the plane of motion; ���, ��� – angular velocities of the vehicles 
after collision; ��� , ��� , � = 1,2 - coordinates of the point of application �� of the im-
pact force related to a center of mass reference frame, moving translationally. 

The magnitude of the projections of the crash pulse is used to obtain the velocities 
of the centers of mass of the two vehicles before collision according to equations (3) 
after their projection on two mutually perpendicular axes: 

 ��� = ��� − ���� ;   ��� = ��� − ���� ; ��� = ��� + ���� ;   ��� = ��� + ���� (6) 

In the above equations, the magnitude of ���, ���, i.e. the angular velocities of the 
cars after collision and ��⃗ �  – the vehicle velocities of the centers of mass after collision 
should be analyzed.  

The differential equations of motion for each vehicle after impact, considered as a 
multi-mass spatial mechanical system, have the type (Fig. 2): 

 
Fig. 2. Rear view of the automobile. 
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 ��̈� = ∑ [���] + �� sin ����� − ����̇�� + �̇���̇�  (7) 

 ��̈� = ∑ ����� + �� sin � −���� ����̇�� + �̇���̇�  (8) 

 ��̈� = ∑ �� − ������������������  (9) 

where � – longitudinal slope of road; � – transverse slope of road. 
After some transformations and projection of equation (5) on the axes permanently 

connected to the unsprung mass, the system of differential equations in matrix is ob-
tained: 

 ������ + ������ [�̇] = ����� + ������ + ������ + ������ + ������ + ����� + ����� (10) 

where [�̇] = ��̇��   �̇��   �̇���� is a matrix-column of the derivatives of the angular ve-
locity projections on the coordinate axes permanently connected to the unsprung mass: 

 ����� =
⎣⎢⎢
⎢⎢⎢
⎢⎢⎡
���� + ���� + �������������� − �������������� +����� − ������������� + ������������ − ����� ����� + ���� + �������������� − �������������� +(���� − ����)��������+������������ − ����� ����� + ���� + �������������� − �������������� ++����� − ������������� + ������������ − ����� � ⎦⎥⎥

⎥⎥⎥
⎥⎥⎤
 (11) 

 [���] = −
⎣⎢⎢
⎢⎢⎢
⎢⎢⎡ �∑ ���������� �̈� �⃗���� + ���⃗ � × ∑ �������� �̈� �⃗���� + ∑ [�������̇� + �̈��� +����+�������⃗����̇�]��⃗ � ����∑ ����������  �̈� �⃗���� + ���⃗ � × ∑ ��������  �̈�  �⃗���� + ∑ [�������̇� + �̈��� +����+�������⃗����̇�]��⃗ � ����∑ ����������  �̈� �⃗���� + ���⃗ � × ∑ ��������  �̈� �⃗���� + ∑ [�������̇� + �̈��� +����+�������⃗����̇�]��⃗ � ��� ⎦⎥⎥

⎥⎥⎥
⎥⎥⎤
 (12) 

 ���� = ⎣⎢⎢
⎡���⃗� − �⃗��� × ��⃗�� − �⃗��������⃗� − �⃗��� × ��⃗�� − �⃗��������⃗� − �⃗��� × ��⃗�� − �⃗����� ⎦⎥⎥

⎤
 (13) 

 ���� = ⎣⎢⎢
⎡���⃗� − �⃗��� × ��⃗�� − �⃗��������⃗� − �⃗��� × ��⃗�� − �⃗��������⃗� − �⃗��� × ��⃗�� − �⃗����� ⎦⎥⎥

⎤
 (14) 
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 ���� = ⎣⎢⎢
⎡���⃗� − �⃗��� × ��⃗�� − �⃗��������⃗� − �⃗��� × ��⃗�� − �⃗��������⃗� − �⃗��� × ��⃗�� − �⃗����� ⎦⎥⎥

⎤
 (15) 

 [���] = − ⎣⎢⎢
⎢⎡∑ ���� + �������⃗����� �̇���⃗ �������∑ ���� + �������⃗����� �̇���⃗ �������∑ ���� + �������⃗����� �̇���⃗ ������� ⎦⎥⎥

⎥⎤
 (16) 

Here, � is the total mass of the vehicle; ���  /� = 1¸4/ – mass of each of the wheels; ��� /� = 1¸2/ - mass of each of the drives; �� ,  �� , �� - coordinates of the vehicle cen-
ter of mass in relation to the fixed coordinate system; ��- average angle of rotation of 
the steering wheels around their axles; �̈�  - angular acceleration; g�  /� = 1¸4/ - angles 
of rotation of the wheels on their own rotary axis; �̇� /� = 1¸4/ - wheel angular veloc-
ity; �̈ - angular acceleration of the wheels; �⃗�, /� = 1¸4/ - friction forces in the wheels; ��  /� = 1¸4/ - normal reactions in the wheels; � – drag coefficient; ���⃗  - angular veloc-
ity of the movable coordinate system �������� permanently connected to the unsprung 
mass; ���⃗ � - angular velocity of the sprung mass and the constantly connected to it mov-
able coordinate system ��������;; ��,��� , ��,��� , ��,��� - moments of the frictional 
forces on the wheels and the normal reactions to the permanently connected to the ve-
hicle coordinate axes; [���] - matrix of the mass inertia of the bodywork related to the 
coordinate axes, permanently connected to it; [�] - matrix column of the projections of 
angular velocity on the same axes determined by Euler’s formula; ������  , ������ /� =1¸4/ - mass inertia of each wheel relative to its own axis of rotation and its radial axis; ���  - /� = 1¸2/ - intrinsic mass moment of inertia of each of the drives relative to its 
central axis parallel to ��. 

The relative movement of the wheels, differential/s / and the engine is characterized 
by a system of four differential equations obtained by Lagrange method, which has the 
type: 

 ����[�̈] = �����;  ��� = {����� + ���� (�̇�)[��� − ���� − ���]} (17) 

Where � is friction coefficient depending on slipping speed on the contact spot; �⃗� 
– radius of the wheel; �� – coefficient of rolling friction; �⃗�� is tangential component of 
the tire-road friction force, the positive direction of which is taken backwards, in the 
more frequent cases of braking or loss of stiffness; ��� , ���  - corresponding engine and 
brake torque applied to each wheel. 

Example: A head-on collision between Volkswagen Tuareg and Opel Vectra with 
known geometric dimensions, masses and mass moment of inertia was analysed. Their 
final rest positions, location impact and the position of treds left on the roadway were 
known. 
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Data from the accident was the available treds on the roadway from the vehicles 
motion at the time of collision and after collision. They are shown in the photographic 
material in Fig. 3a. The two-car collision diagram is shown in Fig. 3b. 

  

(a) (b) 

Fig. 3.  (a) Photographic material, (b) Diagram of the two-vehicle crash (comparative analysis). 

The developed dynamic deformation model determined the location of the two ve-
hicles at the moment of impact and their final rest position (Figs. 4–7 and Table 1). 

   

(a) (b) (c) 

Fig. 4.  (a) Location of vehicles at the point of impact and final rest positions, (b) Discrete posi-
tions of the two vehicles motion after collision and (c) Projections of velocity centre of mass 
after impact and angular velocity about Oz axis for Volkswagen Touareg. 

   

(a) (b) (c) 

Fig. 5.  (a) Projections of velocity centre of mass after impact and angular velocity about Oz 
axis for Opel Vectra, (b) Trajectory of the Volkswagen Touareg center of mass and (c) Trajec-
tory of the Opel Vectra center of mass. 
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(a) (b) 

Fig. 6.  (a) Change in angle of rotation about Oz axis for the Volkswagen Touareg and (b) 
Change in angle of rotation about Oz axis for the Opel Vectra. 

 
Fig. 7. Vector analysis. 

Table 1. Results for the solved impact problem. 

Kinematic quantities Results 
Initial position of the Volkswagen Touareg ���; ���; ��� 15.1 m 0.8 m 3° 
Initial position of the Opel Vectra ���; ���; ��� 17.7 m 2.2 m 180° 
Final position of the Volkswagen Touareg ���; ���; ��� 31.4 m 0.5 m 63.1° 
Final position of the Opel Vectra ���; ���; ��� 17.2 m 7.0 m 14.7° 

Initial velocity prior to impact Volkswagen Touareg �̇��; �̇��; 28.0 ms-1 1.9 ms-1   
Initial velocity prior to impact of the Opel Vectra �̇��; �̇��; –27.6 ms-1 0 ms-1  

Initial velocity after impact for the Volkswagen 
Touareg  �̇��; �̇��; �̇�� 13.6 ms-1 –1.1 ms-1 4.99 s–1 

Initial velocity after impact for the Opel Vectra  �̇��; �̇��; �̇�� 0.4 ms-1 7.2 ms-1 4.98 s–1 
Crash pulse magnitude ��; �� –33040 Ns –6801 Ns  
Coefficient of restitution k = 0.207   

3 Conclusion 

A mathematical model was developed to assist computer simulation of two-vehicle col-
lisions. It has the advantage to determine with great accuracy the place of impact, the 
position of the two vehicles at the time of impact and the velocities of the centers of 
mass right before impact, based on the following reliability criteria: 
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─ The trajectories of the vehicles centers of the wheels exactly correspond to the con-
figuration and the position of the tire tracks on the lane.  

─ The direction of the velocity vectors of the centers of mass of the two vehicles prior 
to impact  correspond completely to the position of the two vehicles at that moment 

─ The simulation results demonstrate that the crash pulse vector and its directix corre-
spond completely to the deformations of the vehicles and their yaw rotation after 
impact. 

─ The absolute values of the velocity change |∆��| for each car correlate well with the 
strain energy. 

─ It is not necessary to select coefficient of restitution according to the theory of im-
pact, but it is determined on the basis of the presented scientific approach. 

Acknowledgements. The author/s would like to thank the Research and Development Sector at 
the Technical University of Sofia for the financial support. 
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