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Abstract. Active control systems of today’s cars have been used over a vast do-
main of applications, as they seem to represent a complex compromise between 
car handling, stability and ride comfort. Finding a balance between these three 
components is of paramount importance to stability, a well-known prerequisite, 
directly proportional, for road safety. Active suspension means active control of 
certain parameters of vehicle suspension and their changes over time in their 
equilibrium state. The aim is to maintain vehicle stability going round bends. 
Setting a tolerance for these parameters results in a compromise in ride quality 
of vehicle carbody. This is usually accomplished by changing the elasticity of the 
springs in suspension and increasing their elastic constant to hardening. Thus, a 
minimum tolerance in the rotation of the carbody around the transverse and lon-
gitudinal axes can be guaranteed, respectively a reduction of the centrifugal iner-
tial forces as a function of the rotation defined. To solve this problem a dynamic 
study of a car model is needed, taking into account elasticity of spring suspension 
and wheel suspensions, dampers and tyre damping as well as tire-road friction 
forces. An indicator of this is the variable friction coefficient as a function of the 
velocity of the contact point. 
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1 Introduction 

Vehicle motion planning, generally, is spatial, defined by six generalized coordinates. 
For this purpose, coordinates of vehicle centers of mass �� , �� , �� , are used in a fixed 
coordinate system, as well as three Euler angles �, �, �. A fixed coordinate system ���� and a mobile one �������, constantly fixed to the vehicle, have been chosen. 
Euler's dependences are also used to transform the mobile coordinate system to the 
fixed one. [1–4]. 
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2 Dynamic Model of Active Car Suspension 

Macro simulation of vehicle motion in case of loss of lateral stability is observed in an 
arbitrarily accepted absolute coordinate system ���� [5–10]. To study the car motion, 
it has been assumed that its own coordinate system ��′�′�′ is movable and permenantly 
connected to the vehicle center of mass � (Fig. 1a). In addition, a permanently con-
nected ���� coordinate system is attached to it, parallel to the absolute and translation-
ally movable one. 

  
(a) (b) 

Fig. 1. (a) Spatial dynamic model of an automobile with elastic suspension and (b) Model of the 
forces acting on a car in its spatial motion, taking into account the elasticity of tires (suspension).

Coordinates of the vehicle center of mass � �� , �� , �� in the fixed coordinate system 
are selected for generalized coordinates of the car motion. 

Rotational motion of the car is expressed by the Euler transformations and corre-
sponding angles, namely �, � and �. The precession angle of  �, taking into account 
the rotation around the axis ��; respectively, the angular velocity of �̇ is obtained; the 
angle � of nutation, taking into account the rotation with respect to the axis ��, the 
intersection of the planes О�� and ����. 

Therefore, the force of gravity �⃗ will lie on the axis ��. The spatial arrangement 
model of the car is a plane located on four elastic supports, which are marked by ��(� = 1 ÷ 4) (Fig. 1b). �⃗�(� = 1 ÷ 4) is elastic force generated by the elasticity of tires and springs; ���⃗ �(� = 1 ÷ 4) is normal reaction at the contact point of automobile tires, corresponding 
to elastic force; ��⃗ �(� = 1 ÷ 4) is velocity of the contact point ��  in the plane of the road О��; ��⃗ �(� = 1 ÷ 4) is friction force at the contact points that lies in the plane of the 
road О��; ��⃗ �(� = 1 ÷ 4) is resistance force generated by damping elements in suspen-
sion; �� , �� (� = 1 ÷ 4) elasticity of suspension, taking into account both coefficient of 

elasticity of tires and suspension; �� , �∙�� (� = 1 ÷ 4) coefficient of linear resistance. 
The car motion according to the studies of kinetic energy and generalized forces is 

defined by six differential equations with six generalized coordinates. These equations 
are valid if the friction force is in accordance with Coulomb's law and the wheels slide 
on the ground without rolling. According to (5), the wheels keep a continuous contact 
with the road. 
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Generalized forces and moments in the right-hand sides of the differential equations 
(1) are determined by assuming that the absolute coordinate system has a vertical axis 
of О� [11–14]: 

 
� ∙ �̈ = [∑ ������� ]� ∙ �̈ = �∑ ������� �� ∙ �̈ = [−� + ∑ ������ − ∑ ������ ] (1) 

 
��� ∙ �̈ + ��� ∙ �̈ + ��� ∙ �̈ == � ∑ �� ∙ ������� + ∑ ���� ∙ ���� + ��� ∙ ��������� − ∑ �� ∙ ������� −−��� ∙ �̇� − ��� ∙ �̇� − ��� ∙ �̇� − ��� ∙ �̇ ∙ �̇ − ��� ∙ �̇ ∙ �̇ − ��� ∙ �̇ ∙ �̇� (2) 

 
��� ∙ �̈ + ��� ∙ �̈ + ��� ∙ �̈ == �∑ ���� ∙ ���� + ��� ∙ ����� −���� ��� ∙ �̇� − ��� ∙ �̇� − ��� ∙ �̇� −−��� ∙ �̇ ∙ �̇ − ��� ∙ �̇ ∙ �̇ − ��� ∙ �̇ ∙ �̇ � (3) 

 
��� ∙ �̈ + ��� ∙ �̈ + ��� ∙ �̈ == � ∑ �� ∙ ������� + ∑ ���� ∙ ���� + ��� ∙ ����� − ∑ �� ∙ ����������� −−��� ∙ �̇� − ��� ∙ �̇� − ��� ∙ �̇� − ��� ∙ �̇ ∙ �̇ − ��� ∙ �̇ ∙ �̇ − ��� ∙ �̇ ∙ �̇� (4) 

 
��� = �������� = −����� ∙ ���� − ����� ∙ ���� ∙ ���� − ����� ∙ ���� ∙ ������� = −����� ∙ ���� + ����� ∙ ����  (5) 

 

��� = 0��� = �− �� ∙ ���2� ∙ ����� ∙ ������ + ������ + +����� ∙ ���2� ∙ ����� ++ �� ∙ ���2� ∙ ������ ∙ ���� − ����� ∙ ����� �
��� = ��� ∙ ������ − ������ ∙ ���2� − ����� ∙ ���2��  (6) 

 

��� = 0;     ��� = 0��� = ����2����������� + ������ − ����� ∙ ���� − 2 � ����� ∙ ���2����� ++����� ∙ �������� ++����� ∙ �������� �� (7) 

 

��� = ������ ∙ ���� − ����� ∙ ���� ∙ ���� − ����� ∙ ���� ∙ �����
��� = ������ ∙ ����� ∙ ����� + ����� ∙ ����� ∙ ����� ++����� ∙ ����� − ����� ∙ ���2� ∙ �����−����� ∙ ���� ∙ ���2� − ����� ∙ ���� ∙ ���2� �

��� = �0,5 ∙ ����� ∙ ���2� ∙ ���� − �� ∙ ����� ∙ ���2� ∙ ���� −−����� ∙ ���2� ∙ ���� − ����� ∙ ���� ∙ ���� ++����� ∙ ���� ∙ ���� �
 (8) 
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��� = �−����� ∙ ���� + ����� ∙ ����� ∙ ������� = 0��� = ��0,5 ∙ ����� ∙ ���2� − �� ∙ ����� ∙ ���2� − ����� ∙ ���2�� ���� ++������ ∙ ���� − ����� ∙ ����� ∙ ���� � (9) 

 

��� = ������� ∙ ���2� − ����� ∙ ���2� − 2 ∙ ����� ∙ ���2������� −−������ ∙ ���� − ����� ∙ ����� ∙ ���2� �
��� = ������� ∙ ���2� − ����� ∙ ���2� + 2 ∙ ����� ∙ ���2������ −−����� ∙ ���� �

��� = ������� ∙ ����� + ����� ∙ ����� − ����� ∙ ���2� − ���������2� −−2 ∙ ������ ∙ ���� + ����� ∙ ����� ∙ ���2� �
 (10) 

 

��� = ����� ∙ ���� + ����� ∙ ������� = �0,5 ∙ ������ − ������ ∙ ���2� ∙ ���� − ����� ∙ ���2� ∙ ���� −−����� ∙ ���� ∙ ���� + ����� ∙ ���� ∙ ���� ���� = ����� ∙ ����� + ����� ∙ ����� + �� ∙ ����� ∙ ���2�  (11) 

 

��� = ����� ∙ ���� + ����� ∙ ������� = �−�0,5����������� + ���������� + ����� − ��������2������2� ++������ ∙ ���� + ����� ∙ ����� ∙ ���2� ���� = 0  (12) 

 
��� = �������� + ������ ∙ ���2� + 2 ∙ ����� ∙ ���2� + ������ ∙ ���� ++2 ∙ ������ ∙ ���� + ����� ∙ ����� ∙ ���� ���� = ��−����� + ������ ∙ ���2� + 2 ∙ ����� ∙ ���2����� = 0  (13) 

We substitute the equations before ��� and ��� using the notation: 

 ��� = [(���� ∙ ����) ∙ ���� + (−���� ∙ ����) ∙ ���� ] (14) 

 ��� = [(��������) ∙ ���� + (��������)���� + (−����) ∙ ���� ] (15) 

To facilitate notation, substitution has been done, which looks like as follows: 

 

���� = �� −���� ∙ ���� −−���� ∙ ���� ∙ ����� ����′ ++ � −���� ∙ ���� ++���� ∙ ���� ∙ ����� ����′ � ;      ���� = ⎣⎢⎢
⎢⎡ � −���� ∙ ���� −−���� ∙ ���� ∙ ����� ����′ ++ � ���� ∙ ���� −−���� ∙ ���� ∙ ����� ����′ ++(−���� ∙ ����)����′ ⎦⎥⎥

⎥⎤
���� = � (���� ∙ ���� ∙ ����)����� ++(���� ∙ ���� ∙ ����)����� ++(−���� ∙ ����)����� �

 (16) 
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���� = �� −���� ∙ ���� ++���� ∙ ���� ∙ ����� ����′ ++ � −���� ∙ ���� −−���� ∙ ���� ∙ ����� ����′ � ;      ���� = ⎣⎢⎢
⎢⎡ � ���� ∙ ���� −−���� ∙ ���� ∙ ����� ����′ ++ � −���� ∙ ���� −−���� ∙ ���� ∙ ����� ����′ ++(���� ∙ ����)����′ ⎦⎥⎥

⎥⎤
��� = � (−���� ∙ ���� ∙ ����)����� ++(−���� ∙ ���� ∙ ����)����� ++(−���� ∙ ����)����� �

 (17) 

 
The relative motion of the wheels, the differential(s) and the engine are character-

ized by a system of four differential equations derived by the Lagrangian method, which 
has the form of: 

  ���� ∙ [�̈] = �����; ��� = {��� ∙ �� + ���� (�̇�) ∙ [��� − �� ∙ �� − ���]} (18) �⃗�� is tangential component of the tire-road friction force, the positive direction of 
which is taken backwards, in the more frequent cases of braking or loss of stiffness. 

Where � is friction coefficient depending on slipping speed on the contact spot; �⃗� – 
radius of the wheel; �� – coefficient of rolling friction; ���⃗ � – normal reaction of the road 
on wheels; ���� - a square matrix of coefficients in front the actual angular acceleration 
of the drive wheels, depending on the moment of inertia of the wheels and the engine; �̇�  /� = 1¸4/ - wheel angular velocity; [�̈] - a matrix-column of the actual angular ac-
celeration of the wheels, two or four of which are propulsive; ��� , ��� - corresponding 
engine and brake torque applied to each wheel. 

Figure 2a shows the dynamic model of an active suspension system. Figure 2b shows 
the dynamic diagram of a driving or sliding wheel. 

  
(a) (b) 

Fig. 2. (a) Dynamic model of an active suspension system and (b) Drive wheel diagram. 

In the system solving the differential equations of motion, a module has been added 
for the analysis of the two angles of rotation ��� and ��� which are determined by the 
kinematic equations of Euler (16 and 17). They represent the rotation of the unsprung 
mass around its own coordinate system relative to a parallel moving coordinate system 
of the fixed coordinate system, invariably connected to its center of mass. Its change 
above a certain value in the positive and negative direction determines the change in 
the stiffness of suspension. 
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3 Numerical Experiment of a Spatial Motion Model of an 
Automobile 

Mechanomathematical modeling of vehicle’s motion with front-wheel drive, in the 
presence of a modern active safety system, active suspension, is associated with analy-
sis of the change of angle around its own longitudinal and transverse axis of the car. 

Technical data of an automobile are: mass  � = 1180 ��; length а = 4,31 �; width � = 1,74 �; longitudinal base � = 2,65 �. 
Initial linear and angular velocity of the car are as follows: 

 
�� =  100 �� ℎ⁄ ;  �� =  0 �� ℎ⁄ ;  �� =  0 �� ℎ⁄�̇ = 0 ���;   �̇ = 0 ���;    �̇ = 0 ���  (19) 

Elastic constants of springs without active and with active suspension are as fol-
lows: 

 
�� = [20000 20000     18000 18000]   [�/��]��� = [100000 100000     100000 100000]   [�/��] (20) 

Damping factor without active and with active suspension is as follows: 

 
�� = [5246 5246     4208 4208]   [� ∙ �/��]��� = [11731 11731     9919 9919]   [� ∙ �/��] (21) 

Initial linear coordinates of the center of mass and angles of rotation: 

 �� =  0 �; ��  =  −1,5 �; ��  =  0,55 �� = 0� ;   � = 0�;    � = 0�  (22) 

3.1 Numerical Experiment of Vehicle’s Motion without the Presence of an 
Active System in Suspension 

When active suspension system is not activated, the following graphical dependen-cies 
are present (Figs. 3 and 4): 

  
(a) (b) (c) 

Fig. 3. (a) Coordinates of suspension points, (b) Changes in the angle around the Oz axis and (b) 
Trajectory of center of mass. 
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(a) (b) (c) 

Fig. 4. (a) Center of mass velocity and angular velocity, (b) Changes in angle ��� ������ and 
(b) Angular velocity of the wheels. 

3.2 Numerical Experiment of Vehicle’s Motion with the Presence of an Active 
System in Suspension 

When active suspension system is activated, the following graphic dependencies are 
present (Figs. 5 and 6). 

  
(a) (b) (c) 

Fig. 5. (a) Coordinates of suspension points, (b) Changes in the angle around the Oz axis and (b) 
Trajectory of center of mass. 

  
(a) (b) (c) 

Fig. 6. (a) Center of mass velocity and angular velocity, (b) Changes in angle ��� ������ and 
(b) Angular velocity of the wheels. 
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3.3 Comparative Analysis of Motion Trajectories and Critical Speed of an 
Automobile in a Turn. Critical Speed of a Vehicle’s Curve 

Examination of critical speed of an automobile is based on reduced tire-road friction 
coefficient of 0.7. The vehicle in motion is in successive curves without any inclina-
tion on the roadway (Fig. 7). 

 
Fig. 7. Graphical measurement of the turning radius. 

The radii of the turn with respect to the trajectory of the center of mass are obtained 
according to the dependence: 

 �� =  ���.� = ����.�,� = 100 � (23) 

 �� =   ���.� = ����.�,�� = 244 � (24) 

4 Conclusion 

Maintaining vehicle’s stability is achieved by reducing the influence of centrifugal in-
ertial forces in the car body. Control and evaluation of the position of the vehicle body 
is by observing z-axis suspension of the body on each wheel and the slope angle of its 
own coordinate system relative to the invariably connected to the center of mass coor-
dinate system parallel to the fixed coordinate system. The use of active suspension im-
proves vehicle safety and increases reliability to prevent loss of lateral stability, but 
reduces ride comfort due to hardening suspension elasticity. 
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