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Abstract—The paper considers the problem of gramians 
computation for linear parabolic distributed parameters 
systems like the heat flow in a rod. The solution of the described 
partial differential equation is derived by applying the approach 
of time-space separation and by using the spectral method. By 
analogy to the finite dimensional case, it is shown that the 
derived solution consists of two parts. The first part is due to the 
initial conditions and participates in forming the observability 
gramian of the system. The second part is due to the system 
input and takes part in computing the reachability gramian. 
Different cases for problem definition in terms of different 
boundary conditions are given, showing how in such cases, the 
presented method can be used for gramians computation.   

Keywords — distributed parameters system, time-space 
separation, spectral method, Green’s function, reachability and 
observability gramians 

I. INTRODUCTION  

Most of the explored linear dynamical systems are 
described in terms of ordinary differential equations, where 
the state vector at every time moment consists of finite number 
of state variables. The finite dimensionality is the specific 
feature of the so-called lumped parameter systems. The more 
complicated case is when the linear system is infinite 
dimensional. The state vector of such systems has infinitely 
many components, but these components are still functions of 
one independent variable and the derivatives are computed 
with respect to this variable. Such systems contain lumped as 
well as distributed elements [1]. These systems are called 
distributed systems and their time domain description contains 
a regular part and a singular atomic part, consisting of a train 
of delta impulses [2]. A more general definition for infinite 
dimensional linear systems is given in [3]. These systems are 
quartets of linear operators mapping between various infinite 
dimensional vector spaces. A specific feature of such systems 
is that they may lead to the existence of nonrational transfer 
functions [3]. For example, such systems may contain delays 
in their states, input and output signals, or their impulse 
response may not be an analytic function. The approximation 
of such systems with finite-dimensional ones is discussed in 
[3], where expressions for the approximation error are also 
developed. For this class of systems, balanced realizations are 
also obtained and various error bounds on the approximation 
errors are deduced. The gramians are obtained by utilizing ܥ଴ 
semigroups with infinitesimal generator on the underlying 
Hilbert space.   

The more general case for infinite dimensional systems is 
the case when the system state is a function of both time and 
spatial independent variables. A major approach for modeling 
such systems is by using time-space separation. In [4], the 
authors present a review for the basic methods, which apply 
time-space separation for building distributed parameter 

system models. The authors discuss partial differential 
equations models obtained from first principle knowledge, as 
well as the application of system identification methods for 
deriving distributed parameters descriptions. Most of the 
presented methods use Fourier series to approximate the time 
or spatial function representations. The application of the 
method of lines is used in [5] for balanced truncation of the 
semidiscretized Stokes equation. Based on time-space 
separation, the distributed parameter process is divided in two 
parts: time domain and spatial domain descriptions. The 
spatial function is discretized and thus increasing the order of 
the regular time domain representation, which is subject to 
model reduction by balanced truncation. The gramians are 
computed by solving projected generalized Lyapunov 
equations. A similar approach is undertaken in [6]. The 
authors use the concept of semistability to extend some results 
from ܪଶ -norm problems to the infinite-dimensional setting. 
The gramians computation reduces to solving certain 
Lyapunov equations, where the condition for semistability 
plays important role and transforms to a condition for their 
computation at infinity. Another publication where the 
concept of semistability finds application is [7], where the 
model reduction problem for a linear directed network is 
considered. The pseudo controllability and observability 
gramians are proposed giving account for the interconnections 
among the network vertices. Bounds on the approximation 
error are determined by using the concept of vertex 
clusterability by generating appropriate graph clustering. The 
proposed model reduction procedure preserves the network 
structure and uses the pseudo gramians for computing the 
approximation error. The controllability problem for parabolic 
distributed systems is presented in [8], where the optimal 
actuator design problem is considered. The authors use the 
spectral approach for solving the partial differential equation 
by assuming the existence of orthonormal basis functions, 
which are built from the eigenfunctions of a densely defined 
operator, generating a strongly continuous semigroup on a 
Hilbert space. The gramian operator is defined as infinite-
dimensional symmetric nonnegative matrix, whose elements 
are computed by separate integration in both time and spatial 
domains. The spectral method is also used in [9], where the 
problem of finding optimal projection spaces for the 
calculation of reduced order distributed systems models is 
considered. The authors propose a numerical construction of 
a databased spectral expansion for spatial-temporal 
measurements. The balanced truncation model reduction 
method of a flexible beam for the purpose of vibration control 
is considered in [10]. The authors use the special structure of 
the beam model to separate the system dynamics from the 
output observation equations. The special feature of such 
flexible structures is that the system output is contained in a 
finite dimensional subspace of an infinite dimensional one. 
The system gramians are computed by integration over the 



spatial domain. It is shown that the reduced order model based 
on balanced truncation of the infinite dimensional system 
guarantees an upper bound on the approximation error. In 
[11], the authors consider the problem of model order 
reduction of linear magneto-quasistatic systems obtained from 
Maxwell’s equations, which find application in modeling of 
low-frequency electromagnetic devices. The method is based 
on finite element discretization of the partial differential 
equations, which leads to differential algebraic equations in 
3D domain. The authors present a balanced truncation model 
reduction algorithm preserving stability and passivity, where 
the gramians are computed by solving generalized Lyapunov 
equations.   

This paper considers the problem of gramians computation 
for a linear parabolic distributed parameter system. We 
examine the partial differential equation description of heat 
flow in a rod with one spatial variable. The weak solution of 
the parabolic partial differential equation is obtained by 
applying the principle of time-space separation. The spatial 
basis functions are determined by utilizing the spectral method 
for the obtained solution. By analogy to the finite dimensional 
case, the reachability and observability gramians of the 
distributed parameter system are obtained from the solution 
separation into zero-input and zero-state parts. We suggest 
gramians derivation based on scalar products by using the 
Laplace operator eigenvalues and eigenfunctions. Different 
cases for different types of boundary conditions are 
considered. It is shown how the presented method for 
gramians computation can be applied in such cases.  

II. MATHEMATICAL PRELIMINARIES ON 

PARABOLIC DISTRIBUTED PARAMETER SYSTEMS 

We consider the general form of a second order partial 
differential equation with two independent variables: 

௧௧ݑܽ  + ௧௫ݑܾ + ௫௫ݑܿ + ௧ݑ݀ + ௫ݑ݁ + ݑ݃ = ݂,    (1) 

where ݑ = ,ݔሺݑ ሻݐ  and ݂ = ݂ሺݔ, ሻݐ .The partial differential 
equation reflects the distribution of a physical quantity and 
this is the reason to call the corresponding system distributed 
parameter system. The state space of a distributed parameter 
system is infinite dimensional and its transfer function is 
irrational function of the Laplace variable. One of the most 
obvious difference between rational and irrational transfer 
functions is that irrational transfer functions often have 
infinitely many poles and zeros, but there are many functions 
that have neither poles nor zeros [12]. The location of the poles 
and zeros depends critically on the choice of boundary 
conditions. Many definitions for rational transfer functions, 
like minimum phase, relative degree and limits at infinity, are 
not valid in the irrational case [12].  The equation (1) is 
homogeneous if the condition on the right hand side  ݂ሺݔ, ሻݐ ≡0 is satisfied. If the discriminant	ܾଶ − 4ܽܿ = 0, the equation 
(1) is of parabolic type. One of the most popular parabolic type 
partial differential equation is the heat equation.  

We consider the problem of control of the heat flow in a rod 
of length ݈  with constant thermal conductivity ߢ଴ , mass 
density ߩ  and specific heat ܿ௣ . From the principle of 
conservation of energy for small volumes, we build the partial 
differential equation for the temperature distribution ݑሺݔ,  ሻ atݐ
time ݐ at position in the rod ݔ in the following form: 

 
డ௨ሺ௫,௧ሻడ௧ + ଶߙ డమ௨ሺ௫,௧ሻడ௫మ = ݂ሺݔ, ݔ   ,ሻݐ ∈ ሺ0, ݈ሻ,  ݐ ≥ 0,    (2) 

where ߙଶ = ఑బఘ௖೛ is the conductivity coefficient and ݂ሺݔ,  ሻ isݐ

the heat energy, which source is generated inside the rod. In 
addition to modeling heat flow, equation (2) can model all 
types of diffusion processes. In more than one spatial 
dimensions, the homogeneous equation can be written in the 
form ݑ௧ = ݇Δݑ, where Δ is the Laplace operator. In order to 
determine the temperature field in the rod, one needs to 
specify the initial temperature profile: 

,ݔሺݑ         0ሻ = ߮ሺݔሻ      (3) 

and the boundary conditions at each boundary point. The 
problem of obtaining the temperature profile based on 
equations (2) and (3) is called the Cauchy problem. In other 
words, the Cauchy problem is related to determining the 
temperature field based on the initial distribution of 
temperature. The problem of determining the temperature 
field based on the initial and boundary conditions is called the 
mixed problem. The boundary conditions can be presented in 
three basic forms. The first form is when the boundary 
condition is given as ݑ|డஐ = ߰ଵሺݔ, ሻݐ . The second type of 

boundary conditions is presented in the form 
డ௨డ௫ቚడஐ =߰ଶሺݔ, ሻ and the third type is ቀడ௨డ௫ݐ + ቁቚడஐݑ = ߰ଷሺݔ,  ሻ, where ߲Ω denotes the geometric boundary of the physical processݐ

under study and ߰ଵ , ߰ଶ  and ߰ଷ  are given continuous 
functions. In the problem under consideration, we accept as 
boundary points the positions ݔ = 0 and ݔ = ݈.  

There exist different methods for solving the presented 
mixed problems. The main approach is by the unifying 
framework of time-space separation of the solution ݑሺݔ,  .ሻݐ
The principle of time-space separation is based on the 
possibility of Fourier series approximation of every 
continuous function describing the physical reality. Based on 
this principle, every time-space function can be expanded in 
terms of a set of spatial basis functions ሼ߶௜ሺݔሻሽ௜ୀଵஶ  as follows 
[4]: 

,ݔሺݑ                  ሻݐ = ∑ ௜ஶ௜ୀଵݑ ሺݐሻ߶௜ሺݔሻ     (4) 

We apply the Fourier method for obtaining the solution of 
equation (2). The Fourier method can be used to solve the 
mixed problem and is based on spectral properties of the 
differential operator representing the partial differential 
equation [4]. The goal is to obtain the weak solution of the 
mixed heat problem. First assume the case of homogeneous 
boundary conditions, i.e. ݑሺ0, ሻݐ = ,ሺ݈ݑ ሻݐ = 0 . The initial 
condition is represented in the form (3). For fixed values of 
the spatial coordinate ݔ , the functions ݂ሺݔ, ሻݐ = ݂ሺݐሻ  and ݑሺݔ, ሻݐ = ሻݐሺݑ  can be considered as elements of a Hilbert 
space ܮଶሺ0,∞ሻ and ߮ሺݔሻ = ߮. Thus the mixed problem can 
be reduced to a Cauchy problem. The function ݑሺݐሻ is called 
a weak solution of the mixed problem, if it is continuous on ݐ ≥ 0  and continuously differentiable on ݐ > 0 , and also 

satisfies the equality ቀௗ௨ௗ௧ + ݑ∆ − ݂, ቁߟ = 0  for every ݐ > 0 

and every function ߟሺݐሻ  belonging to the Hilbert space ܮଶሺ0,∞ሻ, where ∆ݑ is the Laplace differential operator acting 
on the function ݑ. We assume that, the weak solution of the 
problem [13]: 

   ൬ௗ௨ሺ௧ሻௗ௧ , ሻ൰ݐሺߟ + ൫∆ݑሺݐሻ, ሻ൯ݐሺߟ = ൫݂ሺݐሻ,  ሻ൯    (5)ݐሺߟ

ሺ0ሻݑ   = ߮       (6) 



ሻݐሺݑ = ,ݔሺݑ ሻݐ  exists. For every ݐ ≥ 0 , this solution is an 
element of the Hilbert space ܮଶሺ0, ݈ሻ and can be expanded in 
a series for every complete system of orthonormal basis 
functions of the Hilbert space ܮଶሺ0, ݈ሻ. In particular, this is the 
system of eigenfunctions of the Laplace operator ∆, where the 

Laplace operator in this case has the form ∆ݑ = ଶߙ డమ௨డ௫మ. We 
denote these elements as ߶௜ = ߶௜ሺݔሻ and the corresponding 
eigenvalues as  ߣ௜. We also denote the elements of the inner 
product ሺݑሺݐሻ, ߶௜ሻ =  :ሻ. Then we haveݐ௜ሺݑ

ሻݐሺݑ    = ∑ ሻ߶௜ஶ௜ୀଵݐ௜ሺݑ      (7) 

The problem now reduces to computation of the coefficients ݑ௜ሺݐሻ . We substitute in (5) ߟሺݐሻ = ߶௜   and since the basis 
function ߶௜ does not depend from ݐ, we can write [13]: 

  ቀௗ௨ሺ௧ሻௗ௧ , ߶௜ቁ = ௗௗ௧ ሺݑሺݐሻ, ߶௜ሻ = ௗ௨೔ሺ௧ሻௗ௧      (8) 

Since ߶௜ሺݔሻ ݔ , ∈ ሺ0, ݈ሻ , are eigenfunctions of the Laplace 
operator ∆, we can write: 

  ሺ∆ݑሺݐሻ, ߶௜ሻ = ,ሻݐሺݑ௜ሺߣ ߶௜ሻ =  ሻ,    (9)ݐ௜ሺݑ௜ߣ

where ߣ௜  is the corresponding eigenvalue. If we denote by ሺ݂ሺݐሻ, ߶௜ሻ = ௜݂ሺݐሻ, from (5) we finally obtain the differential 
equation: 

   
ௗ௨೔ሺ௧ሻௗ௧ + ሻݐ௜ሺݑ௜ߣ = ௜݂ሺݐሻ    (10) 

Equation (10) is an ordinary differential equation of first order 
with initial condition given as in (6). The solution of this 
equation can be represented in the following form: 

ሻݐ௜ሺݑ   = ݁ିఒ೔௧ݑ௜ሺ0ሻ + ׬ ݁ିఒ೔ሺ௧ିఛሻ௧଴ ௜݂ሺ߬ሻ݀߬,   (11) 

where ݑ௜ሺ0ሻ = ሺݑሺ0ሻ, ߶௜ሻ = ሺ߮, ߶௜ሻ . Thus, we obtain the 
solution of the temporal part of the temperature distribution. 
By using (4), we can write [13]: ݑሺݔ, ሻݐ = ∑ ሺ߮, ߶௜ሻ݁ିఒ೔௧ஶ௜ୀଵ ߶௜ሺݔሻ +																																			∑ ׬ ݁ିఒ೔ሺ௧ିఛሻ௧଴ஶ௜ୀଵ ௜݂ሺ߬ሻ݀߬߶௜ሺݔሻ    (12) 

Expression (12) represents the weak solution of the mixed heat 
flow problem by using its Fourier series representation and the 
spectral characteristics of the Laplace operator ∆ . The 

eigenvalues of the Laplace operator are ߣ௡ = ቀ௡గఈ௟ ቁଶ and the 

corresponding eigenfunctions ߶௡ሺݔሻ = sin ௡గ௟ ݊ ,ݔ = 1,2,⋯. 
When the boundary conditions are nonhomogeneous, we have 
to transform them into homogeneous ones. This can be done 
as follows. Assume that the nonhomogeneous boundary 
conditions are constants: ݑሺ0, ሻݐ = ଵߤ  and ݑሺ݈, ሻݐ = ଶߤ . 
Divide the weak solution into two parts: the stationary one and 
the transitional one [14]: 

,ݔሺݑ   ሻݐ = ଵߤ + ௫௟ ሺߤଶ − ଵሻߤ + ܷሺݔ,  ሻ,   (13)ݐ

where ܷሺݔ,  ሻ is the weak solution of the heat problem withݐ
homogeneous boundary conditions. In this case, the initial 
conditions will be in the form: 

 ܷሺݔ, 0ሻ = ߮ሺݔሻ − ቂߤଵ + ௫௟ ሺߤଶ − ଵሻቃߤ = ෤߮ሺݔሻ   (14) 

The solution of the homogeneous problem is obtained in the 
form: 

   ܷሺݔ, ሻݐ = ∑ ܷ௡ஶ௡ୀଵ ݁ିሺ௡గఈሻమ௧ sin ௡గ௟  (15)   ,ݔ

where  

 ܷ௡ = ଶ௟ ׬ ෤߮௟଴ ሺߞሻ sin ௡గ௟ ݊ ,ߞ݀ߞ = 1,2,⋯   (16) 

Consider now the case when the boundary conditions are in 
the form: ݑሺ0, ሻݐ = ሻݐଵሺߤ  and ݑ௫ሺ݈, ሻݐ + ,ሺ݈ݑߛ ሻݐ = ሻݐଶሺߤ . 
Then the solution to the nonhomogeneous problem can be 
presented as follows [14]: 

,ݔሺݑ  ሻݐ = ሻݐሺܣ ቂ1 − ௫௟ ቃ + ሻݐሺܤ ௫௟ + ܷሺݔ,  ሻ   (17)ݐ

where the functions ܣሺݐሻ and ܤሺݐሻ are such that the stationary 
part ܵሺݔ, ሻݐ of the solution (17) satisfies the boundary 
conditions of the problem: 

  ܵሺݔ, ሻݐ = ሻݐሺܣ	 ቂ1 − ௫௟ ቃ + ሻݐሺܤ ௫௟     (18) 

The function ܷሺݔ, ሻݐ  will satisfy the equation (2) with 
homogeneous boundary conditions and the function ܵሺݔ,  ሻݐ
will satisfy the equation with boundary conditions [14]: 

 ܵሺ0, ሻݐ = ,ሻ and ܵ௫ሺ݈ݐଵሺߤ ሻݐ + ,ሺ݈ܵߛ ሻݐ =  ሻ   (19)ݐଶሺߤ

From equations (19) we can determine the functions: ܣሺݐሻ = ሻݐሺܤ ሻ andݐଵሺߤ = ଵଵାఊ௟ ሾߤଵሺݐሻ +  ሻሿ    (20)ݐଶሺߤ݈

Finally, we obtain the solution of the heat problem with 
nonhomogeneous boundary conditions of the given type: ݑሺݔ, ሻݐ = ሻݐଵሺߤ ቂ1 − ௫௟ ቃ + ଵଵାఊ௟ ሾߤଵሺݐሻ + ሻሿݐଶሺߤ݈ ௫௟ + ܷሺݔ,   ,ሻݐ
       (21) 

where ܷሺݔ, ሻݐ  satisfies the nonhomogeneous problem with 
homogeneous boundary conditions [14]: ௧ܷ = ଶߙ ௫ܷ௫ − ௧ܵ,  ௫ܷሺ݈, ሻݐ + ,ሺ݈ܷߛ ሻݐ = 0, ܷሺ0, ሻݐ = 0 with 
initial condition ܷሺݔ, 0ሻ = ߮ሺݔሻ − ܵሺݔ, 0ሻ     (22) 

In general, the solution of the heat problem with 
nonhomogeneous boundary conditions can be presented in the 
form: 

,ݔሺݑ         ሻݐ = ܷሺݔ, ሻݐ + ,ݔሺߚ  ሻ    (23)ݐ

where ߚሺݔ, 	ሻݐ is a certain twice-differentiable function 
satisfying the nonhomogeneous boundary conditions and ܷሺݔ, ሻݐ  is a solution to a problem with homogeneous 
boundary conditions but with changed right hand side.  

For the second type of nonhomogeneous boundary 
conditions, when the heat flow through the rod cross-section 

is not zero:  
డ௨డ௫ቚ௫ୀ଴ = ሻݐଵሺߤ  and 

డ௨డ௫ቚ௫ୀ௟ = ሻݐଶሺߤ  then, the 

eigenvalues of the Laplace operator include the zero value [13, 
14], since they are the solutions of the equation tan ߣ =  ߣ−
and therefore, ߣ଴ = 0. The corresponding eigenfunctions are ߶௡ሺݔሻ = cos ௡గ௟ ݊ ,ݔ = 0,1,2,⋯.  

Another method for obtaining the solution of the mixed 
heat problem is by using its Green’s function, classified in [4] 
as kernel-based modeling. The Green’s function for the heat 
problem ܩሺݔ, ;ߞ ݐ ሻis the distribution of the temperature in timeݐ  at position ݔ  obtained from the heat source with unit 
intensity when the excitation is at time ݐ = 0 at a point ݔ =  .ߞ
The Green’s function is also known as the function of 
instantaneous excitation since it can be computed by the 
expression: 



,ݔሺܩ   ;ߞ ሻݐ = ׬ ,ݔሺܩ ;ߪ ߞሺߜሻݐ − ሻ௟଴ߪ  (24)   ߪ݀

The method of Green’s functions is when the initial and 
boundary conditions are replaced by the excitation of simple 
heat point sources and the problem is solved with respect to 
each of these sources. The final solution is obtained by 
superposition of the solutions obtained from the excitation of 
all elementary point sources.  

In order to obtain the Green’s function for the heat flow 
problem, we consider the weak solution (12), which can be 
written as follows: 

,ݔሺݑ                  ሻݐ = ,ݔଵሺݑ ሻݐ + ,ݔଶሺݑ  ,ሻݐ
where ݑଵሺݔ,  ሻ is this part of the solution, which is due to theݐ
initial condition ߮ሺݔሻ and ݑଶሺݔ,  ,ሻ is this part of the solutionݐ
which is due to the heat source of energy. ݑଵሺݔ, ሻݐ = ∑ ݁ିఒ೙௧ஶ௡ୀଵ ߶௡ሺݔሻ ଶ௟ ׬ ߮ሺߞሻ߶௡ሺߞሻ݀ߞ =௟଴																																																		׬ ߮ሺߞሻ௟଴ ,ݔሺܩ ;ߞ  (25)   ߞሻ݀ݐ

where ሺ߮, ߶௡ሻ = ଶ௟ ׬ ߮ሺߞሻ௟଴ ߶௡ሺߞሻ݀ߞ  is the scalar product 
between the initial condition and the n-th basis function. Then, 
the Green’s function is computed as: 

,ݔሺܩ   ;ߞ ሻݐ = ∑ ݁ିఒ೙௧ஶ௡ୀଵ థ೙ሺ௫ሻథ೙ሺ఍ሻ‖థ೙‖మ ,    (26) 

where ߣ௡ = ቀ௡గఈ௟ ቁଶ, ߶௡ሺݔሻ = sin ௡గ௟ and  ‖߶௡‖ଶ  ݔ = ௟ଶ . ݑଶሺݔ, ሻݐ = ∑ ׬ ݁ିఒ೔ሺ௧ିఛሻ௧଴ஶ௜ୀଵ ௜݂ሺ߬ሻ݀߬߶௜ሺݔሻ =										∑ ׬ ݁ିఒ೙ሺ௧ିఛሻ ଶ௟ ׬ ݂ሺߞ, ߬ሻ߶௡ሺߞሻ݀߬݀ߞ߶௡௟଴௧଴ஶ௡ୀଵ ሺݔሻ ׬										= ׬ ,ݔሺܩ ;ߞ ݐ − ߬ሻ݂ሺߞ, ߬ሻ௟଴ ௧଴߬݀ߞ݀        (27) 

where ܩሺݔ, ;ߞ ݐ − ߬ሻ = ∑ ݁ିఒ೙ሺ௧ିఛሻஶ௡ୀଵ థ೙ሺ௫ሻథ೙ሺ఍ሻ‖థ೙‖మ . Therefore, 

the weak solution of the heat flow problem can be presented 
in the form: ݑሺݔ, ሻݐ = ׬ ,ݔሺܩ ;ߞ ሻ௟଴ߞሻ߮ሺݐ ߞ݀ + ׬ ׬ ,ݔሺܩ ;ߞ ݐ −௟଴௧଴																																																									߬ሻ	݂ሺߞ, ߬ሻ  (28)  ߬݀ߞ݀

In the second type of boundary conditions, which are given in 
terms of heat flows through the cross-section of the rod as డ௨డ௫ ሺ0, ሻݐ =  ሻ andݐଵሺߤ

డ௨డ௫ ሺ݈, ሻݐ =  ሻ, the Green’s functionݐଶሺߤ
is determined by the expression [15]: 

,ݔሺܩ   ;ߞ ሻݐ = ଶ௟ ൤ଵଶ + ∑ ݁ିቀഀഏ೙೗ ቁమ௧ cos ௡గ௟ ݔ cos ௡గ௟ ஶ௡ୀଵߞ ൨.  (29) 

In the case when the boundary conditions are presented in the 

form: 
డ௨డ௫ ሺ0, ሻݐ = ሻݐଵሺߤ  and ݑሺݔ, 0ሻ = ߮ሺݔሻ , the Green’s 

function is determined as [15]: ܩሺݔ, ;ߞ ሻݐ = ଵଶఈ√గ௧ ∑ ቊ݁൤ିሺೣషഅሻమరഀమ೟ ൨ + ݁൤ିሺೣశഅሻమరഀమ೟ ൨ቋஶ௡ୀିஶ .  (30) 

The Green’s function approach is more useful when we 
consider an infinite length of the rod. We assume that the 
initial conditions are presented as ݑሺݔ, 0ሻ = ߮ሺݔሻ  and 
additionally that, the solution is bounded for every ݔ  and 
every ݐ . In this case, the solution for the homogeneous 
problem is given as [15]: 

,ݔሺݑ                ሻݐ = ׬ ,ݔሺܩ ;ߞ ሻஶିஶݐ ߮ሺߞሻ݀(31)    ߞ 

where  

,ݔሺܩ    ;ߞ ሻݐ = ଵଶఈ√గ௧ ݁ିሺೣషഅሻమరഀమ೟     (32) 

For a half-infinite rod with initial condition ݑሺݔ, 0ሻ = ߮ሺݔሻ 
and insulated end, i.e. ݑሺ0, ሻݐ = 0, the Green’s function can 
be computed as [15]: 

,ݔሺܩ   ;ߞ ሻݐ = ଵଶఈ√గ௧ ቊ݁ିሺೣషഅሻమరഀమ೟ − ݁ିሺೣశഅሻమరഀమ೟ ቋ   (33) 

The Green’s function representation (28) is the one, which 
will be used for computing the distributed parameter system 
gramians. 

III. DISTRIBUTED PARAMETER SYSTEM GRAMIANS 

At the beginning, we present some preliminaries on 
gramians computation for linear, time-invariant, lumped 
parameter systems. Consider the system described by its state 
space model: 

ሻݐሶሺݔ    = ሻݐሺݔܣ + ݐ ,ሻݐሺݑܤ ≥ 0 (34.1) 

ሻݐሺݕ    = ሺ0ሻݔ ,ሻݐሺݔܥ =  ଴, (34.2)ݔ

where ݔሺݐሻ ∈ ℝ௡ 

The state vector can be determined from the expression: 

ሻݐሺݔ   = ݁஺௧ݔ଴ + ׬ ݁஺ሺ௧ିఛሻݑܤሺ߬ሻ௧଴ ݀߬   (35) 

From (35) is clear that the state response consists of two 
components. The first component is due to the initial 
conditions and is called zero-input state response. The second 
component is due to the input signal and is called zero-state 
state response. The state impulse response of system (34) is 
determined from the expression ݓሺݐሻ = ݁஺௧ܤ and is equal to 
the state reaction when the input is a delta impulse and the 
initial conditions are zero. The reachability gramian of system 
(34) on the interval ሾ0, ܶሿ is determined from the expression: 

   ௥ܹሺ0, ܶሻ = ׬ ݁஺௧଴் ݐ஺೅௧்݀݁ܤܤ = ׬ ሻ଴்ݐሺݓ      (36)  ݐሻ݀ݐሺ்ݓ

The observability gramian on the same interval is obtained as:    

      ௢ܹሺ0, ܶሻ = ׬ ݁஺೅௧଴்  (37)     ݐ஺௧݀݁ܥ்ܥ

It is clear that, the reachability gramian is related to the second 
component and the observability gramian is related to the first 
component of the state response of system (34). 

We consider now the linear time-invariant distributed 
parameters system (2) with initial condition (3). Similarly to 
the finite dimensional case, the solution of the partial 
differential equation consists of two parts. The first part is due 
to the initial condition:  ݑଵሺݔ, ሻݐ = ∑ ሺ߮, ߶௡ሻ݁ିఒ೙௧ஶ௡ୀଵ ߶௡ሺݔሻ =																						∑ ݁ିఒ೙௧ݑ௡ሺ0ሻ߶௡ሺݔሻ =ஶ௡ୀଵ ׬ ,ݔሺܩ ;ߞ ሻ௟଴ߞሻ߮ሺݐ   ߞ݀

and the second part is due to the heat energy source: 

,ݔଶሺݑ ሻݐ = ෍න ݁ିఒ೙ሺ௧ିఛሻ௧
଴

ஶ
௡ୀଵ ௡݂ሺ߬ሻ݀߬߶௡ሺݔሻ= න න ,ݔሺܩ ;ߞ ݐ − ߬ሻ݂ሺߞ, ߬ሻ௟

଴ ௧߬݀ߞ݀
଴  



Similarly to the finite dimensional case, the reachability 
gramian is related to ݑଶሺݔ,  ሻ and the observability gramian isݐ
related to ݑଵሺݔ,   .ሻݐ
For computing the reachability gramian, we consider ݑଶሺݔ,  .ሻݐ
We build the following matrices: the infinite dimensional 

matrix ݁ିஃ௧ = ݀݅ܽ݃൛݁ିఒ೙௧ൟ௡ୀଵஶ
, where ߣ௡ = ቀ௡గఈ௟ ቁଶ  are the 

distinct eigenvalues of the Laplace operator, the infinite 
dimensional vector column ݂ሺ߬ሻ =ሾ ଵ݂ሺ߬ሻ ଶ݂ሺ߬ሻ ⋯ ௡݂ሺ߬ሻ ⋯ሿ் , where ௡݂ሺ߬ሻ =൫݂ሺݔ, ߬ሻ, ߶௡ሺݔሻ൯  are the coefficients in the Fourier series 
representation of the heat source energy inside the rod, i.e.:   ݂ሺݔ, ߬ሻ = ∑ ൫݂ሺݔ, ߬ሻ, ߶௡ሺݔሻ൯߶௡ሺݔሻ = ∑ ௡݂ሺ߬ሻ߶௡ஶ௡ୀଵஶ௡ୀଵ ሺݔሻ 
         (38)    

and the infinite dimensional vector column ߶ሺݔሻ =ሾ߶ଵሺݔሻ ߶ଶሺݔሻ ⋯ ߶௡ሺݔሻ ⋯ሿ் , consisting of the 
Laplace operator eigenfunctions ߶௡ሺݔሻ = sin ௡గ௟ ݔ  and 
representing an orthonormal basis in the Hilbert space ܮଶሺ0, ݈ሻ. Then, the expression for ݑଶሺݔ,  :ሻ can be written asݐ

,ݔଶሺݑ   ሻݐ = ߶்ሺݔሻ ׬ ݁ିஃሺ௧ିఛሻ݂ሺ߬ሻ௧଴ ݀߬    (39) 

By analogy to the reachability gramian for finite dimensional 
systems (36), we can derive the expression: 

 ௥ܹሺݔ; 0, ܶሻ = ߶்ሺݔሻ ׬ ݁ିஃ௧݁ିஃ೅௧଴் ሻݔሺ߶ݐ݀ =																																																	߶்ሺݔሻ ׬ ݁ିଶஃ௧଴்  ሻ,    (40)ݔሺ߶ݐ݀

which presentation is possible, since ݁ିஃ௧ is a real, diagonal 
matrix. It is important here to mention that, the expression (40) 
is computed for a fixed value of the spatial coordinate ݔ. More 
interesting is the case when the heat source energy function 
inside the rod can be separated in time and space coordinates 
and to obtain the separated spatial-temporal representation as:  ݂ሺݔ, ሻݐ = ܾሺݔሻ ሚ݂ሺݐሻ. By  developing ݂ሺݔ,  ሻ in Fourier seriesݐ
with respect the basis functions ߶௡ሺݔሻ = sin ௡గ௟  we obtain ,ݔ

the series representation ݂ሺݔ, ሻݐ = ∑ ܾ௡ ሚ݂ஶ௡ୀଵ ሺݐሻ߶௡ሺݔሻ , and 
compute ܾሺݔሻ = ∑ ܾ௡ஶ௡ୀଵ ߶௡ሺݔሻ, where ܾ௡ = ൫ܾሺݔሻ, ߶௡ሺݔሻ൯. 
Thus we obtain the solution for a separated source energy 
function   ݑଶሺݔ, ሻݐ = ∑ ׬ ݁ିఒ೙ሺ௧ିఛሻ௧଴ஶ௡ୀଵ ܾ௡ ሚ݂ሺ߬ሻ݀߬߶௡ሺݔሻ . If 
we build the infinite dimensional vector column ܤ =ሾܾଵ ܾଶ ⋯ ܾ௡ ⋯ሿ்  and representing the infinite 
dimensional vector ݂ሺ߬ሻ = ܤ ሚ݂ሺ߬ሻ , we can write the 
expression (40) for a fixed value of ݔ in the form: 

      ௥ܹሺݔ; 0, ܶሻ = ߶்ሺݔሻ ׬ ݁ିஃ௧ି்݁ܤܤஃ೅௧଴்  ሻ    (41)ݔሺ߶ݐ݀

Next, we consider the case when the spatial variable ݔ is not 
fixed but is changing in the whole interval ሾ0, ݈ሿ. We partition 

the interval ሾ0, ݈ሿ  into ܰ  spatial points, where ݔ௞ = ቀ݇ −ଵଶቁ ߜ ߜ , = ௟ே , ݇ = 1,2,⋯ܰ . We build the matrix Φ =ሾ߶ሺݔଵሻ ߶ሺݔଶሻ ⋯ ߶ሺݔேሻሿ , each column of which is ߶ሺݔ௞ሻ = ሾ߶ଵሺݔ௞ሻ ߶ଶሺݔ௞ሻ ⋯ ߶௡ሺݔ௞ሻ ⋯ሿ், for spatial 
variable index  ݇ = 1,2,⋯ ,ܰ.   

  Finally, we suggest the following expression for the 
reachability gramian of a linear, time-invariant parabolic 
distributed parameters system: 

  ௥ܹሺ0, ܶሻ = Φ் ׬ ݁ିஃ௧ି்݁ܤܤஃ೅௧݀ݐΦ଴் ,   (42) 

where ߣ௡ = ቀ௡గఈ௟ ቁଶ , ݊ = 1,2,⋯  and ߶௜௞ = sin ௜గ௟ ௞ݔ , ݇ =1,2,⋯ ,ܰ, ݅ = 1,2,⋯. The reachability gramian contains an 
infinite dimensional middle part, which is determined from 
the infinite number of Laplace operator eigenvalues. The 
eigenvalues of the Laplace operator can be divided into fast 
and slow modes depending on their location on the real axis. 
The far remotely placed eigenvalues from zero, i.e. the fastest 
modes, contribute a little to the system dynamics and can be 
truncated. In this sense, the dimension of the approximated 
middle part will be equal to the number of the remaining 
eigenvalues. The dimension of the external matrices depends 
on the size of the partition set of the segment ሾ0, ݈ሿ. The more 
fine the partition set is, the larger will be the dimension of the 
external matrices.  

The expression for the reachability gramian consists of two 
parts: one depending on spatial coordinates and the other one 
obtained from integration of certain infinite dimensional 
matrix on a finite interval of time. The second part is similar 
to the gramian for lumped parameter systems and similarly is 
positive definite or semidefinite matrix. If we fix the spatial 
coordinate, then expression (41) is quadratic form and 
therefore, is positive number or zero. Thus, for fixed spatial 
coordinates, the quantities  ௥ܹሺݔ; 0, ܶሻ are quadratic forms, 
whose matrices are similar to the gamians for lumped 
parameter time-invariant systems. The difference with respect 
to the lumped parameter system gramians is that the integrand 
matrix is infinite dimensional. If we let changing the spatial 
coordinates, we obtain matrix ௥ܹሺ0, ܶሻ from (42) as a positive 
definite or semidefinite matrix. The expression for ݑଶሺݔ,  ሻ inݐ
(27) determines the reachability map for parabolic distributed 
parameter systems defined as follows: :௥ܮ ݂ሺߦ, ߬ሻ ׬→ ׬ ,ݔሺܩ ;ߞ ݐ − ߬ሻ݂ሺߞ, ߬ሻ௟଴ ௧଴߬݀ߞ݀ . In similarity to the lumped 
parameter system case, the reachability gramian for 
distributed parameter systems can be considered as the matrix 
representation of the operator  ܮ௥ܮ௥∗  computed at different 
spatial points.   

For computing the observability gramian, we consider the 
expression ݑଵሺݔ,  ሻ. Similarly to the case with the reachabilityݐ
gramian, we build the matrices: the infinite dimensional 

matrix ݁ିஃ௧ = ݀݅ܽ݃൛݁ିఒ೙௧ൟ௡ୀଵஶ
, where ߣ௡ = ቀ௡గఈ௟ ቁଶ  are the 

distinct eigenvalues of the Laplace operator, the infinite 
dimensional vector column ݑሺ0ሻ =ሾݑଵሺ0ሻ ଶሺ0ሻݑ ⋯ ௡ሺ0ሻݑ ⋯ሿ் ,  where the component  ݑ௡ሺ0ሻ = ሺݑሺ0ሻ, ߶௡ሻ = ሺ߮, ߶௡ሻ from (6),  ݊ = 1,2,⋯ and the 
infinite dimensional vector column ߶ሺݔሻ =ሾ߶ଵሺݔሻ ߶ଶሺݔሻ ⋯ ߶௡ሺݔሻ ⋯ሿ் , consisting of the 
Laplace operator eigenfunctions ߶௡ሺݔሻ = sin ௡గ௟ ݔ  and 
representing an orthonormal basis in the Hilbert space ܮଶሺ0, ݈ሻ. In matrix-vector notation, the expression for ݑଵሺݔ,  ሻݐ
becomes: 

,ݔଵሺݑ    ሻݐ = ߶்ሺݔሻ݁ିஃ௧ݑሺ0ሻ   (43) 

By analogy to the observability gramian for finite 
dimensional systems (37), for fixed value of ݔ, we develop the 
expression: 

  ௢ܹሺݔ; 0, ܶሻ = ߶்ሺݔሻ ׬ ݁ିஃ೅௧଴் ݁ିஃ௧݀ݐ߶ሺݔሻ =																																											߶்ሺݔሻ ׬ ݁ିଶஃ௧଴்  ሻ   (44)ݔሺ߶ݐ݀

If we partition the segment ሾ0, ݈ሿ into ܰ spatial points, where ݔ௞ = ቀ݇ − ଵଶቁ ߜ ߜ , = ௟ே , ݇ = 1,2,⋯ܰ , we build the matrix 



Φ = ሾ߶ሺݔଵሻ ߶ሺݔଶሻ ⋯ ߶ሺݔேሻሿ, each column of which is ߶ሺݔ௞ሻ = ሾ߶ଵሺݔ௞ሻ ߶ଶሺݔ௞ሻ ⋯ ߶௡ሺݔ௞ሻ ⋯ሿ் . Finally, 
we obtain the observability gramian on the whole segment as: 

       ௢ܹሺ0, ܶሻ = Φ் ׬ ݁ିଶஃ௧଴்  Φ,    (45)ݐ݀

where ߣ௡ = ቀ௡గఈ௟ ቁଶ , ݊ = 1,2,⋯  and ߶௜௞ = sin ௜గ௟ ௞ݔ ௞ݔ , =ቀ݇ − ଵଶቁ ߜ ,ߜ = ௟ே, ݇ = 1,2,⋯ ,ܰ, ݅ = 1,2,⋯. Similarly to the 

case of the reachability gramian, the middle part of (45) is 
infinite dimensional and depending on the separation of the 
eigenvalues on fast and slow modes, the fastest modes can be 
truncated. The number of the remaining eigenvalues 
determines the dimension of the truncated middle part of ௢ܹሺ0, ܶሻ. The dimension of matrix Φ depends on the size of 
the partition set of the segment ሾ0, ݈ሿ. Similarly, for the case of 
lumped parameter systems, the observability gramian (45) can 
be positive definite or positive semidefinite matrix. The 
expression for ݑଵሺݔ,  ሻ in (25) determines the observabilityݐ
map for parabolic distributed parameter systems  ܮ௢: ߮ሺߞሻ ׬→ ,ݔሺܩ ;ߞ ሻ௟଴ߞሻ߮ሺݐ  Then, the observability gramian for such .ߞ݀
systems given by (45), can be considered as the matrix 
representation of the operator  ܮ௢∗ ௢ܮ  computed at different 
spatial points. 

For the second type of boundary conditions including the 
heat flow through the cross-section of the rod at ݔ = 0 and ݔ = ݈, the set of eigenvalues includes the value ߣ଴ = 0 and the 
set of  eigenfunctions of the form ߶௡ = cos ௡గ௟ ݔ , ݊ =0,1,2,⋯  includes the eigenfunction ߶଴ = 1. In this case, the  
integration in the middle term is only possible over a finite 
interval of time. This fact shows that the gramians for linear 
distributed parameter systems can only be computed on a 
finite interval of time. Integration over an infinite time interval 
will lead to elements of the middle term matrix with an infinite 
value and therefore, the computed gramians will also be  
infinitely large.  

IV. CONCLUSION 

This paper considers the problem of reachability and 
observability gramians computation for linear, time-invariant 
parabolic distributed parameters systems. The gramians are 
derived from the weak solution of the partial differential 
equation describing the heat flow problem with one spatial 
variable. The weak solution of the heat flow equation is 
obtained by applying the approach of time-space separation 
and by using the spectral method with spectral decomposition 
of the Laplace operator. By analogy to the finite dimensional 
case, it is shown that the temperature flow function can be 
divided in two parts. The first part is due to the initial 
conditions distribution and based on the eigenvalues and 
eigenfunctions of the Laplace operator, the observability 
gramian of the distributed parameter system is computed. The 
second part of the temperature flow function is due to the 
source energy inside the rod, which has the meaning of input 
function of the distributed parameters system. The 
reachability gramian is also derived from the eigenvalues and 
eigenfunctions of the Laplace operator by similar expression 

as in the case of a regular linear system with lumped 
parameters. The only difference with the finite dimensional 
case is presence of two matrices representing spatial 
distribution of the operator eigenfunctions. Different cases are 
considered depending on the boundary conditions describing 
the problem. It is shown that, the cases for different types of 
boundary conditions can be reduced to the basic case 
presented in the problem.  
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