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ABSTRACT 

This paper represents the methodology and its related device for the simultaneous 
determination of the spinning friction moment and the rolling friction moment 
in a concentrated contact. The method is exemplified for a concrete example, 
the values obtained for the two coefficients being of the order of the microns in 
accordance with other papers and with the roughness characteristics of the ball 
and rod surfaces.
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AIMS AND BACKGROUND 

In applied engineering, the cases when in a concentrated contact the angular 
velocity has a direction parallel or perpendicular to the normal in contact are rare. 
When the angular velocity is parallel to the normal, only spinning friction occurs 
in contact and when it is perpendicular to it, only rolling friction is present in the 
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contact1. In a general case, the angular velocity has a random position with respect 
to the normal and both parallel and normal components can be observed. From 
here, the conclusion is drawn that in a concentrated contact both spinning friction 
and rolling friction are simultaneously present. Moreover, under the assumption 
of dry friction contact, while the velocity components are interdependent, the two 
friction torques are independent. 

The two moments can be estimated separately2÷8 or at the same time. The 
first manner is widely met in literature but for the second methodology there are 
no references available. This remark is the basis of the present paper. In a first 
stage, the proportionality between the friction torque (rolling/spinning) and the 
normal reaction is accepted9 and the two spinning and rolling friction coefficients 
in a concentrated contact are found out. As experimental method, the oscillatory 
motions were involved since they permit the characterization of the properties 
strictly from the contact region10,11. 

THEORETICAL ASPECTS

A theoretical model for simultaneous finding of rolling friction moment and 
spinning friction moment in a concentrated contact was developed in a recent 
work12. The principle of the methodology, in succinct presentation, consists in 
establishing the law of variation of the angular amplitude of a pendulum. The 
pendulum is constructed using a bearing ball of  R radius and a cylindrical rod 
attached to it. The ball is in contact with two parallel cylindrical beams (with r the 
radius of the cross-section), placed at a distance 2d between the longitudinal axes, 
situated in a horizontal plane, as it is shown in Fig. 1. 

Fig. 1. Principle of the test-rig  
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In each of the two concentrated contacts a normal force N, a friction force T  
together with the friction moments will act. The spinning friction moment Ms  is 
orientated along the normal in the contact point and the rolling friction moment 
Mr  is contained in the tangent plane to the contact point. In a general case, the 
pendulum behaves as two degrees of freedom system, that is: the rotation about 
the horizontal axis passing through the center of the ball and the horizontal motion 
of the center of the ball. 

Assuming pure rolling between the ball and the beams, a relationship between 
the two parameters of position can be written and therefore finally, only one of the 
parameters is sufficient for describing the position of the pendulum. The parameter 
chosen in10 for describing the position of the pendulum was φ, the angle made by 
the rod with the vertical direction.

The center of mass theorem and the angular momentum theorem were applied 
and the following differential equation of the law of motion was found out:

 




�
�

�
�

� � �
�

� �

�
�

� �
�

�

�
�

�

�
� �

s s R

s

sp r

sp

sin cos sgn( )cos sin cos

sin

2

��
�

�
�

�

�
� � �

�

�
�

�

�
� �

� �

s r R

J
M

r

r c

z

�
� � �

�
�

�
�

�

cos sgn( )sin cos cos

2

2
1

cc

g

�
� �

�
�

cos cos
�

�
�

�

�
�

�

�

�
�
�
�
�

�

�

�
�
�
�
�

�
�

�
�

�

�
�

2

 (1)

together with the expressions of the magnitude of the tangential reaction T:
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and the magnitude of the normal reaction N from the two contacts:
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It has to be mentioned that the above relations were found out accepting linear 
dependence between the friction torques and the normal reaction. The spinning 
friction torque was assumed to be expressed as follows:

 s spM s N=  (4)

and the spinning friction torque has the following form:
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 r rM s N=  (5)

The conditions are not restrictive since if power law relationship is accepted 
for the general situation, applying for the case of small oscillations, by linearization 
of the relations, the dependencies of the form (4) and (5) are retrieved. 

In the relations (1), (2) and (3), rc is the distance from the center of the bearing 
ball to the rolling axis and β is a characteristic constructive parameter of the test-
rig, as it is seen in Fig. 1, given by the relation:

 asin[ d /( R r )]β = +  (6)

It has to be remarked that for the particular case when 2 0d →  the relation (1) 
takes the form corresponding to the oscillations of a cycloidal pendulum2. 

EXPERIMENTAL SET-UP

The principle used in the estimation of the two parameters characteristic to rolling 
and spinning friction consists in equalizing the velocity of theoretical angular 
amplitude decrease, described by the relation (1) to the experimental velocity 
of diminishment of angular amplitude of the pendulum. Two parameters, ssp 
and  sr are required and therefore it is necessary to carry out two experiments, 
differing by the values of a constructive parameter of the test rig. The device 
was designed in a manner that allows modifying the distance d between the two 
beams.  From relation (1) it results that an experimental test provides the value of 
the combination: 

 g sp rs s sin s cosβ β= +  (7)

denoting global coefficient of friction torques. Two experimental tests performed 
for the distances d1  and d2  give the corresponding 1gs  and 

2gs  values, and the 
following system can be written:  
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which has the solutions: 
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The pendulum used is made by a bearing ball of radius R = 20 mm, to which 
an aluminium rod of L = 400 mm length and  ϕ = 4 mm diameter is attached,  
Fig. 2. 

Fig. 2. The pendulum: geometry and experimental assembly

In order to apply the relation (1), the mass of the pendulum M, the position of 
the center of mass with respect to the center of the ball and the moment of inertia 
with respect to the center of mass must be known.  The mass is found out by 
weighting the ball of mass  Mb and the cylinder of mass Mc:

  cb MMM +=  (10)

The position of the center of mass is given by: 
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and the Steiner’s theorem is applied for finding the moment of inertia:
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where the moments of inertia about central axes are the following:

 22
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A small laser generator is attached to the rod at the opposite end with respect 
to the ball, Fig. 3.c. This generates a laser beam, projected as a spot moving along 
a ruler and allowing for finding the tilting angle of the pendulum. In Fig. 3.b 
it is shown that the two beams are kept at constant distance by means of two 
plastic discs. Holes were made into the discs by simultaneous boring at different 
distances. 

Fig. 3. Experimental device (a); beam positioning (b); laser spot on the ruler (c)

(a)

(b)

(c)

The pendulum is set into motion and the displacement of the spot is video-
captured with a camera. Using software dedicated to image editing, the film is 
split into frames and the instants, when the pendulum reaches extreme positions, 
are established, Fig. 4. 

The coordinates of the spot on the ruler take the extreme values denoted by 
leftx , rightx . These values are accurately found, as it is seen in Fig. 4, where 

a succession of five consecutive frames is presented; it can be noticed that 

(a)                           (b)                            (c)                            (d)                           (e)

Fig. 4. Finding the extreme position of the spot
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the extreme position is found out for the frame, where the spot takes minimal 
dimension on the direction of motion, respectively Fig. 4.c. The conclusion from 
here is that the precision of time measurements, related to the position of the spot, 
equals the period of image acquisition during filming, 1/30 sec for the present 
experiment. 

A next necessary step is to establish the equilibrium position of the pendulum, 
given by the x0 coordinate of the laser spot. To this end, the imposed condition 
is to find out the line positioned at minimum of distance from all the points 
corresponding to the extreme positions of the spot; mathematically formulating, 
the minimum of the function is required: 

 ∑ ∑
= =

−+−=
n

1k

n

1k

2
0right

2
0left0 )xx()xx()x(F  (14)

Taking into account that the motion of the pendulum is an oscillatory motion 
and accepting that the linear displacements of the contact points are insignificant, 
the angular amplitudes of the pendulum are found out using the relationship: 

 
D
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−

=Ψ  (15)

where D is the distance from the contact point to the surface of the ruler. 

On the same graph the experimental data are represented and the solution 
of the differential equation (1). The initial condition is that the pendulum starts 
from rest and the initial solution is the same with the launching amplitude 

0leftatan[(x x ) / D ]− ; after few trials for the values of sg, the periodical function 
with linearly decreasing amplitude and maximal values approximating the 
experimental points are found.

RESULTS AND DISCUSSIONS

The pendulum described in Fig. 2 has the inertial characteristics M = 0.29 kg,  
ξ = 0.03 m, Jz = 0.00171 kg.m2 and the tests were carried out for two distanced 
between the beams,  2d = 23 mm and 2d = 33 mm respectively. The experimental 
results were obtained finding the amplitudes after sets of five complete oscillations. 
The experimental data and the theoretical solutions of equation (1) are represented 
for the two distances in Fig. 5 and Fig. 6.
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It has to be noticed that the values of the global coefficient sg are very close, 
though the experimental conditions differ, 2d = 33 mm, 2d = 23 mm. Using the 
values found out for global friction torque coefficient sg, the values of the rolling 
and spinning friction coefficients were also found, sr = 3.2 μm and ssp = 2.4 μm 
respectively.

The small values found out for these coefficients are due to the fact that: both 
the ball and the beams are hardened, with high hardness of the surface and with 
surfaces highly finished. In Fig. 7 it is presented the scanned profile off the beam 
and in Fig. 8 it is shown the scanned profile of the ball; both figures represent the 
roughness parameters and it can be remarked that the Rz parameter is comparable 
to the values of the friction coefficients, for both surfaces.

Fig. 5. Experimental data and interpolation curve for 2d = 23 mm  

Fig. 6. Experimental data and interpolation curve for 2d = 33 mm
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CONCLUSIONS 

The paper continues the research work, where theoretical aspects of the oscillation 
motion of a ball-rod pendulum were analyzed. The ball is supported by two point 
contacts and the assumption of linear dependence between the friction torques 
and the normal reaction in contact is made. The nonlinear differential equation of 
damped oscillations of the pendulum is used. The coefficients of rolling friction 
and spinning friction can be obtained using two different values for the distance 
between contact points applied into the law of angular amplitude decrease.  

The experimental set-up designed for the test, simple as principle, is repre-
sented. Under the hypothesis of pure rolling in the contact points, the pendulum 
becomes a system with one degree of freedom. The motion of the pendulum is 
related to the displacement of a laser spot along a ruler. 

The extreme positions of the pendulum are found out by filming the spot motion 
and splitting the film into frames. The condition that the analytical solution has the 
same attenuation velocity of angular amplitude as the results given by experimental 
pendulum, allows for finding a linear equation between the two friction coefficients 
envisaged. The test is carried out for different values of constructive parameters 
and the values of the friction coefficient can thus be obtained. 

The obtained experimental values are of order of micrometers, in full 
agreement to the results from other papers. Additionally, the scanned profiles of 
the contacting parts prove the roughness Rz with values close to the experimentally 
found out coefficients of friction.

Fig. 7. Laser scan profile and roughness 
parame ters for the beam

Fig. 8. Laser scan profile and roughness 
parameters for the ball
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The method may be improved by using a high speed camera for image 
acquisition, but this also increases the time necessary for experimental data 
analysis in order to establish the law of angular amplitude variation. The last 
aspect can be surmounted by employing a image analysis software, aimed for 
further research. 
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