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Abstract. The current scientific research aims to present two of the methods, which are used 
worldwide by the automobile expert practice when investigating the velocity of motor vehicles. 
These methods are based on theorems from mechanics.  Basic quantitative characteristic of 
energy loss during a two-body impact is the introduced in the impact theory – coefficient of 
restitution (COR). In reference to automobiles, the values of the coefficient depend on the type 
of the elements that have crashed as well as on the relative velocity in the meanwhile of the 
crash. The article presents an approach for determining the values of the above mentioned 
coefficient when investigating frontal or side collisions of vehicles in a movable barrier, based 
on multiple regression analysis. The conducted research uses real automobile expertise data from 
the case law. 

1.  Introduction  
The intensive development of road transport in the past years not only helps to satisfy the constantly 
increasing need of the society for the use of motor vehicles, but also causes a number of negative 
consequences as a result of the occurrence of car accidents with either injured or killed casualties. In 
addition to this, the problems, which are connected with traffic safety and the ways of their solving are 
subjects of thorough studies and analysis. A fundamental part of them is the process of restoring the 
whole mechanism of the traffic accident. That process is based on research, analysis and drawing 
conclusions on the grounds of which the causes and the events that led to the occurrence of the problems 
in the first place are defined. Furthermore, these actions support the objective description of the facts 
and the mechanism of occurrence of accidents. Moreover, they are key elements in determining the 
guiltiness of the participants and in a larger scale they help the process of taking appropriate preventive 
measures for improving the traffic safety. 

A huge part of the conducted up to this moment worldwide researches in the area are based on 
statistical processing of data about real road traffic accidents [7, 8, 9, 10, 14, 15, 16, 17]. It is 
unequivocal, however, that the collisions with the most severe consequences of all are the ones that 
occur between two vehicles. For the study and analysis of vehicle-to-vehicle impacts, knowledge in the 
field of mechanics and physico-mathematical modeling is required [1, 2, 3, 4, 5, 8, 10, 12]. The main 
difficulty in the expert study of the above mentioned collisions is determining the redistribution of the 
participating vehicles’ kinetic energy before the impact into energy of deformation during the impact 
and residual kinetic energy of the vehicles after the impact [2, 3, 8, 9, 10, 11]. 
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The mechanical interaction between the motor vehicles in the meantime of a collision is extremely 
complex and due to that it is investigated either in laboratory conditions or by using computer simulation 
modeling [7, 8, 13]. 

It is to be noted that the automobile is an intricate, mechanical, nonhomogeneous system of elements, 
each of which has different sturdiness and elasticity. Therefore, the complex structure of the motor 
vehicles nowadays is what hinders the physico-mathematical modeling of road traffic accidents [1, 4, 5, 
8].  

As a main characteristic of the energy loss during a vehicle-to-vehicle collision in most of the 
conducted researches in the particular scientific field is considered the introduced in the Theory of 
impact – coefficient of restitution, which mainly depends on the relative velocities of the vehicles before 
the impact, as well as on the type of the elements that have collided [9, 11, 12].    

When analysing traffic safety and investigating the causes and severity of the traffic accidents a 
regression analysis may be used, with the help of which the complex interconnections between the 
studied parametres can be described [6, 13, 14, 15, 16, 16]. 

2.  Exhibition 
When conducting an expert analysis of a traffic accident by using the provided pre-trial data, which 
indicates the location of the impact and the location of the vehicles after the accident, the mechanism of 
the investigated incident is restored by determining the angles of motion of the vehicles and the values 
after the impact. During the calculation of the speed values at the moment of the impact different 
methods can be used. Among those methods that are most frequently used are: 

2.1.  „Momentum 360“ 
The velocities of the vehicles iV


 (before the impact) and iU


 (after the impact) are connected with a 

relation, based on the Law of storing the amount of traffic Q


, which is expressed by the following vector 
equation (1): 

𝑄𝑄�⃗ = 𝑚𝑚1.𝑉𝑉�⃗1 +𝑚𝑚2.𝑉𝑉�⃗ 2 = 𝑚𝑚1.𝑈𝑈��⃗ 1 + 𝑚𝑚2.𝑈𝑈��⃗ 2      (1) 

where m1 and m2 are the vehicles’ masses; 𝑉𝑉�⃗1 and 𝑉𝑉�⃗ 2 - the velocities of vehicles’ mass centres before 
the impact; 𝑈𝑈��⃗ 1 and 𝑈𝑈��⃗ 2 - the velocities of vehicles’ mass centres after the impact. 

 
Figure 1: Angles between the vectors of the velocities before (V) and after the impact (U) and the X 
axis 
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If we design vector equation (1) on the coordinate axes of an arbitrarily chosen coordinate system, 
an algebraic system, composed of two equations, (2) is obtained. After we solve the algebraic system 
we get the values of the vehicles’ velocities before the impact: 

𝑚𝑚1𝑉𝑉1𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼1 + 𝑚𝑚2𝑉𝑉2𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼2 = 𝑚𝑚1𝑈𝑈1𝑐𝑐𝑐𝑐𝑐𝑐𝛽𝛽1 + 𝑚𝑚2𝑈𝑈2𝑐𝑐𝑐𝑐𝑐𝑐𝛽𝛽2   

𝑚𝑚1𝑉𝑉1𝑐𝑐𝑠𝑠𝑠𝑠𝛼𝛼1 + 𝑚𝑚2𝑉𝑉2𝑐𝑐𝑠𝑠𝑠𝑠𝛼𝛼2 = 𝑚𝑚1𝑈𝑈1𝑐𝑐𝑠𝑠𝑠𝑠𝛽𝛽1 + 𝑚𝑚2𝑈𝑈2𝑐𝑐𝑠𝑠𝑠𝑠𝛽𝛽2   (2) 

where α1 and α2 are the angles of the vehicles’ direction of movement before the impact, while β1 and 
β2 – the angles of the vehicles’ direction of movement after the impact. 

The values of the angles of vehicles’ direction of movement before and after the impact shall be 
determined in accordance with the direction of the X axis of the selected coordinate system, which is 
directed along the axis of the traffic lane. 

2.2.  Theory of impact – when this method is applied a coefficient of restitution k [1, 3] is used. The 
coefficient of restitution is a quantitative characteristic of the loss of energy in the meantime of an impact 
between two vehicles. When an expert analysis of a two-vehicle traffic accident is conducted, the 
coefficient of restitution is presented as a ratio of the relative velocity’s projection between the contact 
points after the impact on the axis of the directrix of the impact impulse. 

When the coordinate system is rotated at an angle αS  (the angle between the vector of the impact 
impulse and the X axis) as a normal axis (n) is assumed the axis of the impact impulse, while the 
tangential axis (τ ) is its perpendicular. Therefore, the formulas for determining the coefficient of 
restitution k and the coefficient of momentary friction λ, which are defined by the projections of the 
velocities on the axes of the new coordinate system, are (3): 

𝑘𝑘 = ±𝑈𝑈𝑛𝑛2−𝑈𝑈𝑛𝑛1
𝑉𝑉𝑛𝑛1−𝑉𝑉𝑛𝑛2

 ;          1 − 𝜆𝜆 = 𝑈𝑈τ2−𝑈𝑈τ1
𝑉𝑉τ1−𝑉𝑉τ2

≈ 1.   (3) 

In a case of a perfectly elastic collision k =1, the whole kinetic energy of the bodies before the impact 
is further transformed into kinetic energy after the impact, hence there is no loss of kinetic energy. 

However, in a case of a perfectly inelastic collision k=0 the whole kinetic energy before the impact 
is further transformed into energy of deformation, thermal and acoustic energy.  

For every distinct material object, the coefficient of restitution alters in the range: 0 < k < 1. 
When taking into account the axis n of the coordinate system, the scalar equation is as follows (4): 

[�− cos(𝛼𝛼1 − 𝛼𝛼𝑠𝑠) − 𝑐𝑐𝑠𝑠𝑠𝑠(𝛼𝛼1 − 𝛼𝛼𝑠𝑠)�𝑉𝑉1 + (cos(𝛼𝛼2 − 𝛼𝛼𝑠𝑠) + 𝑐𝑐𝑠𝑠𝑠𝑠(𝛼𝛼2 − 𝛼𝛼𝑠𝑠))𝑉𝑉2](±𝑘𝑘) = 
= [(− cos(𝛽𝛽2 − 𝛼𝛼𝑠𝑠) − sin�(𝛽𝛽2 − 𝛼𝛼𝑠𝑠)� 𝑈𝑈2 + (cos(𝛽𝛽1 − 𝛼𝛼𝑠𝑠) + sin(𝛽𝛽1 − 𝛼𝛼𝑠𝑠))𝑈𝑈1].     (4) 

The value of the coefficient of restitution (k) can be estimated from the last equation, if the values of 
all other elements are known and if the restrictive conditions are observed (5): 

𝑆𝑆 = 𝑚𝑚1.∆𝑉𝑉1 = 𝑚𝑚2.∆𝑉𝑉2 , 𝑁𝑁. 𝑐𝑐;      1 − 𝜆𝜆 ≈ 1.     (5) 

The change of the velocity of the mass centre in each of the vehicles for the time duration of the crash 
is represented by the vector ∆𝑉𝑉�⃗ 𝑖𝑖, which has the following form (6): 

∆𝑉𝑉�⃗ 𝑖𝑖 = 𝑈𝑈��⃗ 𝑖𝑖  −  𝑉𝑉�⃗ 𝑖𝑖     (6) 

The coefficient of restitution depends basically on the type of the impact, the construction of the 
colliding elements from the vehicles and the relative velocities of the vehicles themselves before the 
impact. 

Modern automobiles are complex mechanical systems with various shape and different internal 
structure, which is defined by numerous details with various sturdiness, as well as plastic and elastic 
qualities, dictated by passive safety requirements. For this reason, the reliable data about the values of 
today vehicles’ coefficient of restitution are very limited and are mainly from studies, conducted by 
separate car manufacturers.    
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The authors of the current scientific paper have set themselves the goal of developing an approach 
for determining the values of the coefficient of restitution in the meantime of frontal or side collisions 
between vehicles. This new approach is based on multiple regression analysis. 

The present research uses data from 14 real judicial automotive expert reports, describing actual 
traffic accidents with either frontal or side collisions between the vehicles. In table 1 and 2 are shown 
the values of the automobile parametres, which have been used for the development of the currently 
presented by the authors regression model.   

Table 1. 

№ 
 

U1 
m/s 

U2 
m/s 

m1 
kg 

m2 
kg 

m1.U1 
kg.m/s 

m2 .U2 
kg.m/s 

β1
0 

   
β20 

   𝜶𝜶𝟏𝟏 P

0 𝜶𝜶𝟐𝟐 P

0 

1 9,3 9,91 1250 1420 11625,0 14072,2 339 186 0 188 
2 13,88 13,14 2010 1530 27898,8 20104,2 353   11 355 40 
3 6,79 4,36 1350 1650 9166,5 7194,0 345 2 0 213 
4 1,72 3,64 1150 1275 1978,0 4641,0 250 235 0 200 
5 10,65 24,93 1360 1600 14484,0 39888,0 287 151 4 176 
6 9,01 8,79 2000 1250 18020,0 10987,5 214 355 210 350 
7 17,96 9,82 1160 1300 20833,6 12766,0 1 153 10 180 
8 7,86 6,23 1600 1070 12576,0 6666,1 348 10 355 98 
9 6,89 7,95 1320 1840 9094,8 14628,0 356 309 15 270 

10 14,69 16,31 1470 1400 21594,3 22834,0 20 2,5 84 7 
11 8,58 12,53 1440 1500 12355,2 18795,0 27 344 1 0 
12 5,18 3,88 1380 1460 7148,4 5664,8 336 347 0 228 
13 9,19 14,15 970 1315 8914,3 18607,2 11 0,6 3 31 
14 13,66 8,7 2500 1270 34150,0 11049,0 343 80 0 179 

Table 2. 

№ U1 
m/s 

U2 
m/s 

m1U1+m2U
2 

kg.m/s 

(β1-β2)0 

 
αS

0
 

 
k 

1 9,3 9,91 25697,2 153 9,06 0,311 
2 13,88 13,14 4800,3 18 359.6 0,047 
3 6,79 4,36 16360,5 17 13.29 0,107 
4 1,72 3,64 6619,0 15 7,18 0,072 
5 10,65 24,93 54372,0 136 38,42 0,143 
6 9,01 8,79 29007,5 141 295,0 0,661 
7 17,96 9,82 33599,6 152 22,34 0,482 
8 7,86 6,23 19242,1 22 9,76 0,093 
9 6,89 7,95 23722,8 47 31,08 0,240 

10 14,69 16,31 44428,3 17,5 12,54 0,052 
11 8,58 12,53 31150,2 43 17,25 0,102 
12 5,18 3,88 12813,2 11 17,39 0,038 
13 9,19 14,15 27521,5 10,4 7.00 0,184 
14 13,66 8,7 45199,0 97 13,45 0,136 

In table 2 [β1-β2] is equal to the absolute value of the difference in the angles β1 and β2. 
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In the conducted research are determined the values of the coefficient of restitution in case of a frontal 
or side collision between two vehicles, i.e. in case of an impact between two objects in motion. The 
above mentioned values of the coefficient of restitution are not the same with the ones in a case of an 
impact of a vehicle with a fixed barrier (with a distinct material object which is not in motion) [1]. 

On the basis of the acquired statistics data, with the help of correlation and regressive analysis, is 
studied the dependence of the coefficient of restitution on some of the other factors, which are shown in 
the tables.   

The correlation analysis allows to be defined the dependencies between random variables. The 
change in the value of one of these random variables leads to a change in the mathematical expectation 
of another. The next stage in the analysis of the collected statistics data includes creating a regression 
equation, which aims to describe the connection between the values of the dependent variable k (the 
coefficient of restitution) and the chosen five independent variables [(m1.U1 +m2.U2); (β1-β2); αS; U1; 
U2] (7): 

𝑘𝑘 = 𝑓𝑓[(𝑚𝑚1.𝑈𝑈1 + 𝑚𝑚2.𝑈𝑈2), (𝛽𝛽1 − 𝛽𝛽2),  𝛼𝛼𝑆𝑆, 𝑈𝑈1,  𝑈𝑈2, 𝜀𝜀].           (7) 

In the equation 𝜀𝜀 R represents the random residual components of the model. 
The process of creating a regression equation is connected with the necessity of solving a series of 

interrelated tasks: establishing the shape of the model, determining the coefficients of the regression 
equation, checking the model for relevance and adequacy.  

In order for the set tasks to be solved a software product for statistics processing - „Statgraphics 
Centurion” has been used. A polynomial model of multiple linear regression has been obtained. The 
said polynomial model represents the correlation between the dependent parameter k and the five 
independent variables.  

In table 3 are shown the values of the coefficients in the derived model. These values are determined 
by the Least-squares method, which minimizes the sum of the squared residuals. So as to exist a 
statistically significant correlation between the factors, it is essential that P-Value < 0,05 at 95,0% or 
higher confidence level. 

Table 3. 

Parameter Estimate Error Statistic P-Value 
m1.U1+m2.U2 -0,0000142227 0,0000053958 -2,63588 0,0271 

𝛽𝛽1 − 𝛽𝛽2 0,00228072 0,00046788 4,87465 0,0009 

𝛼𝛼𝑆𝑆 0,000865039 0,00024815 3,48598 0,0069 
U1  0,0286416 0,00990357 2,89205 0,0178 
U2 0,0132796 0,00910193 1,45899 0,1786 

R-squared = 92,4718 percent 
R-squared (adjusted for d.f.) = 89,126 percent 
Standard Error of Est. = 0,0893627 
Mean absolute error = 0,0573742 
Durbin-Watson statistic = 2,15845 
Lag 1 residual autocorrelation = -0,132544 

The multiple regression equation, representing the obtained model is as follows (8): 

𝑘𝑘 = −0,0000142227(𝑚𝑚1.𝑈𝑈1 + 𝑚𝑚2.𝑈𝑈2) + 0,00228072(𝛽𝛽1 − 𝛽𝛽2) +  
+0,000865039.𝛼𝛼𝑆𝑆 + 0,0286416.𝑈𝑈1 + 0,0132796.𝑈𝑈2      (8) 
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The R-Squared statistic indicates that the model as fitted explains 92,4718% of the variability in k. 
The standard error of the estimate shows the standard deviation of the residuals to be 0,0893627. The 
mean absolute error (MAE) of 0,0573742 is the average value of the residuals. 

On figure 1 and figure 2 are shown the matches between the observed and the predicted values of k.  

  
               Figure 2:  Plot of k                                 Figure 3: Plot of k with predicted values 

Table 4 contains information about the predicted values of k, which have been generated by the fitted 
model.   

Table 4. 

 Observed Fitted  Studentized Stnd. Error Lower 95,0% 

№ Value Value Residual Residual CL for 
Forecast 

CL for 
Forecast 

1 0,311 0,38927 -0,078274 -1,07146 0,102698 0,15696 
2 0,136 0,24143 -0,10543 -3,44107 0,117906 -0,02535 
3 0,107 0,069955 0,037045 0,408831 0,0923063 -0,13886 
4 0,072 0,043884 0,028117 0,300998 0,0901522 -0,160065 
5 0,143 0,206193 -0,06319 -1,49528 0,118068 -0,060896 
6 0,661 0,538994 0,122006 3,01269 0,1134 0,282464 
7 0,482 0,532929 -0,05093 -1,00577 0,115776 0,271025 
8 0,093 0,0928 0,000200 0,002203 0,0929675 -0,117508 
9 0,24 0,099592 0,140408 1,79688 0,0913971 -0,107163 
10 0,052 0,056208 -0,004208 -0,0552 0,103945 -0,178934 
11 0,102 0,082093 0,0199069 0,222952 0,0940257 -0,130608 
12 0,038 0,057782 -0,0197817 -0,21324 0,090986 -0,148043 
13 0,184 0,089468 0,0945317 1,39705 0,104444 -0,146802 
14 0,136 0,096792 0,0392078 1,06639 0,120826 -0,176536 

When assessing the relevance of the regression equation it is necessary for the residuals to be 
analysed. For the model to be adequate, the residuals must be independent and normally distributed.  

The hypothesis that in the studied model the residuals are normally distributed is then further 
checked.  
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            Figure 4: Histogram for residuals             Figure 5: Normal distribution of the residuals 

The parametres of the estimated normal distribution are mean = 0,0114005 and standard deviation = 
0,073407. 

In order for the hypothesis to be checked the test of Kolmogorov-Smirnov has been used. The results 
from the test are shown in table 5: 

Table 5. Kolmogorov-Smirnov Test 
 Normal 
DPLUS 0,138127 
DMINUS 0,0855679 
DN 0,138127 
P-Value 0,952154 

The acquired results from the test give no argument for rejection of the residuals’ normal distribution. 
Therefore, the obtained multiple regression equation is relevant and can be used for further 

forecasting of the coefficient of restitution’s values.  

3 Conclusion 
The present scientific article presents two of the methods, which are used worldwide by the automobile 
expert practice when investigating the velocities of motor vehicles during an impact between them with 
the help of theorems from mechanics. Each road accident is characterized by its own specificity, which 
furthermore requires the choice of an adequate method when conducting an expert analysis. 

Basic quantitative characteristic of the energy loss in the meantime of a two-body collision is the 
introduced in the Theory of impact – coefficient of restitution. When automobiles are to be concerned, 
the values of the coefficient of restitution mainly depend on the type of the elements that have crashed, 
as well as on the relative velocities of the vehicles. The authors of the present article have created a 
specifically developed for the purpose model for forecasting the values of the coefficient of restitution, 
based on multiple regression analysis.  

For the achieving of the goal that has been set, a software product for statistical processing – 
‘Statgraphics Centurion’ has been used. With the help of that software product a polynomial model of 
multiple linear regression, describing the correlation between the parameter k and the five selected 
independent variables - (m1.U1+m2.U2); (β1-β2); αS; U1; U2 is obtained. 

During the conducted research real automobile expertise data has been used, from which the values 
of the independent variables in the acquired model have been extracted. 

In order for the multiple regression equation to be obtained the following interrelated tasks have 
been solved: the shape of the model has been established, the coefficients of the regression equation 
have been determined, the model has been checked for significance and adequacy.  
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Moreover, the estimated through the acquired multiple regression equation value of the coefficient 
of restitution may be used in further analysis for determining the velocities of the vehicles at the moment 
of the impact with the help of a research method, based on the Theory of impact. 
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