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Abstract: The article describes an approach to modeling and motion simulation of a
class of overconstrained closed-loop mechanisms. Typical behavior of overcon-
strained closed-loop mechanisms exhibits local mobility when near specific (singular)
configurations. The mechanism’s behavior in these configurations is analyzed and the
direct/ inverse kinematic problems are resolved. A C++ computer program perform-
ing all the required math operations has been developed for the purpose. The verifi-
cation of the computed results is done with the help of SolidWorks CAD software and
a 3D model of the studied mechanism. Motion simulation is performed by using the
SolidWorks application-programming interface (API).
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1. Introduction

Parallel manipulators (PM) have gained significant research interest over the
last 30 years [1], [3], [6], [7]. Regardless of the fact that many PM have found indus-
trial application, the implementation of overconstrained PM (OCPM) is still limited.
In 1996, Genmark Automation, Inc. developed and started to manufacture a special
type of OCPM for semiconductor automation. The mechanism was named GPR™
(from “Gimbal Positioning Robot) and was trademarked and patented in 1996 [4].
The GPR mechanism had 3 DOF and was designed to perform two small independent
rotations in the range of £2 degrees and a larger-range (up to 20”) translation. The
terminal link (platform) was used as a basis for installing serial planar-arms (one or
two) with up to 3 DOF each. The resulting hybrid parallel-serial mechanism was ca-
pable of adapting to misaligned equipment and compensating for the deflection of the
manipulated object, particularly in the case of a very thin object [5]. Since 1996, thou-
sands of GPRs have been implemented in various semiconductor FABSs, turning out to
be one of the largest industrial implementations of OCPM in the world. A distinctive
feature of the overconstrained GPR mechanism is its performance at singular configu-
rations — the ability to “use” the inherent elasticity and backlash of its components in
order to perform the required small rotations instead of using additional kinematic
joints. In the case of OCPMs, “overconstrained” does not indicate that mechanism
does not move; rather, in this case, “overconstrained” indicates that the mechanism
has less mobility as required by the manipulating task (i.e. it has motion deficiency in



some directions). In other words, specific moves would not exist if the mechanism
was ideal, becoming possible only because of its imperfections (inherent elasticities
and backlashes of components). The paper proposes how to eliminate this deficiency
and provide a formal description of the motion of the mechanism. Since there are var-
ious ways of modeling the behavior of the GPR mechanism, this work attempts to ex-
plore one of the possibilities, which is considered more “natural” by the authors. It al-
so intends to answer questions that have not yet been addressed, such as, how the plat-
form rotations (tilting) affect its absolute positional accuracy (i.e. how the center of
the platform moves as the platform rotates). In order to study the motion of the GPR
mechanism the authors introduce virtual sliding joints at the platform, which represent
the effect of the cumulative elasticity and backlash of the components of the mecha-
nism.

2. Structure of the GPR™ Mechanism

The GPR mechanism consists of a base and a platform connected by three rods
and kinematic joints. The three rods are parallel and are connected to the base via
fifth-order sliding joints. The axes of these joints are parallel. The three rods are con-
nected to the platform via spherical joints. The sliding joints are active and the spheri-
cal are passive. There are two orthonormal coordinate frames, O,e,,€,,€,3 and
0,e,1€,ze,3, firmly attached to the base and the platform respectively. The centers
of the spherical joints are denoted by P, k = 1,2,3 and the intersection points of the
sliding joints with the plane of the base passing through the origin O, are denoted by
By, k =1,2,3. There are also a number of radius-vectors defined: r,p, =

(xobpk yObPk ZObPk)T; Iy = Oka, I'pk = Oppk, = Obpk, rpkpl = PkPl, see Flgure 1 and

Figure 2. The length of B, P, is denoted by g, and q = (q; q, g3)T is the vector of
the generalized coordinates.

3. Mobility Analysis

The position and the orientation of all the links of the mechanism are uniquely
defined by a set of parameters P € RV which are not necessarily independent. A con-
venient choice for P is (q" rj,p 15,p, 15,5,)". The equations of constraints imposed
on P by the mechanism are:

®: RV > RY: ®(P) =0 1)
Given the definition of P, eqg. (1). can be rewritten as

Iy1 + q1€p3 —To,p, =0

Iy, + qz€p3 —To,p, =0

Iy3 + qz€pz —To,p, = 0
(robpz - robP1)2 - Liz =0
(rObP3 - robpz)z - L223 =0
(Yo,p, — rObP3)2 —-15,=0



The Jacobian matrix of ®(P) is
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The mobility of the mechanism characterized by its DOF is h = N — Rank (Z—:)

[2]. In the case of q; = g, = g3, Rank (2—:) =9 and h = 3. In other words, the plat-

form has instantaneous local mobility with dimension 3. Even small differences in the
coordinates g1, q, g3, Which are in the range of the normal deviations from the paral-

lelism of the rods connecting the platform to the base, brings Rank (%) to 11. This

means that the platform has a single DOF at the specific configuration, which is an
apparent deficiency. The GPR mechanism is designed to work in a close vicinity of
the singular configuration q; = g, = gs. It has to perform two small (£1.5 deg) in-
dependent rotations of the platform about an axis which lies in the plane of the plat-

form and a vertical translation in a larger-range. Since Rank (%) is equal to 11 eve-

rywhere except for g: = g2 = qs, the constraints imposed to the platform by the spheri-
cal joints has to be relieved. In real, this happens naturally because of the imperfection
of the joints and the inherent elasticity of the links, which compensates the 2 DOF de-
ficiency. To model this behavior, we introduce three virtual sliding joints at the plat-
form as shown in Figure 1. The axes of these joints coincide with the respective radi-
us-vectors m. The geometry of the GPR mechanism can be represented by the fol-
lowing parameters X = (I; I, I3)Tand Y = (Ly, L5 L3;)7T. At singular configuration
l,=1,=1l;and L, = L,3 = L34, See Figure 3a. Figure 3b shows a configuration
with tilted platform [, # [, # l3 and Ly, # L,3 # L3;. As it is seen from this figure,
the center of the platform is shifted in the amount of dr as a result of the tilting. In or-
der to solve the direct and the inverse kinematic problems the equations of constraints
imposed on X and Y and their derivatives have to be studied. The following expres-
sions characterize the relationship between X, Y, X and Y:

F(X,Y) =0, (2)



which is the same as
B+1+4L41,-1%,=0
B+13+1,l;—13,=0
B+1+151,-15,=0

oF [(2Li+L2L,+1; O
X 0 2,+1l32l3+1

2l1 + l3 0 213 + ll
oF [(—2L;; 0 0
- = 0 _2L23 0

oY 0 0 —2Lzy
Xty =0 ®)

Solving eq. (2) for X is not straightforward, requiring the use of the well-known New-
ton-Euler iterative approach. The solutions for X and Y are explicit and require con-
ventional matrix-operations, including matrix-inversion, see eg. (4) and eq. (5).

Figure 1. GPR mechanism geometry.

4. Direct Kinematics

Given the generalized coordinates g = (q; q, g3)T find the radius-vector r of
the center of the platform O,, with respect to the center of the base O, and the orienta-
tion of the platform represented by its normal vector n, which coincides with eps. The
first step of the direct kinematics solution is to solve eq. (2) for X, given Yq. The radi-
us-vectors of the center of the spherical joints at the platform with respect to the cen-



ter of the base are ry,p, =Ty + qr1€p3, To,p, = bz + q2€p3 ANA Ty, p. = I3 +
gseps. The last define the vectors between the centers of the spherical joints at the
platform rplpz = robpz - robpl, rpzp3 = I‘Obp3 - robpz and l'p3p1 == l‘obp3 - robpl. The
corppo_nents of the desired vector Y are the Euclidean norm_s of rp p,, Tp,p, and rp p ,
which in turn represent the lengths L,,, L,5 and L3, respectively:

Ya = (|[ve,p, || Ivp, .| I1p,p, DT

Figure 2. GPR Velocity Distribution.

The initial value of X correspondsto q; = g, = g3, i.e. Xo= (R R R)T, where
R =|0,P,| = |0,P,| = |0,P;]| is the radius of the platform. The initial value of Y is

Yo=(RV3 RV3 R\/§)T. Given Yq, Xoand Y, the value of X which corresponds to
Y q is determined via the well-known Newton-Rapson iterative procedure:

Xk=Xk—1+Z_§(Yd_Yk—1) k:1,2

Normally, it takes 2-3 iterations to find a very accurate solution to the equation
X, = X(Y;). Once X, is found, the calculation of the radius-vector r of the center of
the platform w.r.t. the center of the base and the orientation of the platform becomes
straightforward. The unit normal-vector of the platform is calculated as

n= (rP1P2 x erps)/”rP1P2 X rP2P3||

and the radius-vector r as

r=ry; +q.€3+ 1 cos(6) epp, + 1y sin(6) (n X ep p,) (6)
where

r 1? —12 4+ 12
epp, = PP\ cos(8) = 2—2—22. 5in(8) = /1 — cos2(8)

||rP1P2|| ’ 2l1L12



5. Inverse Kinematics
5.1. Position

Given the position of the platform zes;, where e = (0 0 1) and its normal vec-
tor nq find the length of the rods q = (g1 02 g3)" connecting the base and the platform.
The desired normal vector of the platform n, can be obtained by rotating the unit vec-
tor e; about e; = (1 0 0) by an angle o and then rotating the resulting vector n, about
e, =(010) by an angle .

n, = njcos(a) + (e; X n3) sin(a) + e;(e;.n3)(1 — cos(a))

Ng = Ngg = Ny cos(B) + (e; X ng) sin(B) + e,(e,.ny) (1 — cos(B))

Then the vector of the generalized coordinates can be determined as

/(Zeb3 —TIp1)-Ng

€p3.Ngy

q= I (z€p3 — Ip2). Ny i (7)

€p3.Ny
(zep3 — Ip3). Ny

€p3.Ny

Note that due to the overconstrained nature of the GPR mechanism, the center
of the platform may slightly shift with respect to ze5. Therefore, once the generalized
coordinates according to eq. (7) are found, the actual position of the center of the plat-
form must be calculated through the solution to the direct kinematics problem, see
Section 1.

5.2. Velocity

Given v = (0 0 zep3)T and w = (w, w, 0)T find q and r. The desired angular
velocity can be defined as w = av, where v = cos(f)e,; +sin(f)e,,, €, =

Yo,p,/ |ropp1 and e,, = n x e,;. The vector of the generalized velocities can be
determined by projecting the velocities of the points P;, P, and P; onto e, 5, see Figure

3:

€p3. (V+ o X1y, )

q = eb3.(V+wxrp2) (8)
ep3-(V+wXry,,)

The velocity of the center of the platform is determined by differentiating eq. (6):

I = d,ep3 + [ cos(8) — Iy sin(8)8]ep p, + 1y cos(8) (o X ep,p, ) + ©)
[i1 sin(8) + lycos(8)8](n % ep,p,) + 1y sin(8) [(w x n) X ep p, + N X (0 X €p p, )]



by taking into considerationthat n = w x n, epp =T1pp /| 1pp,|| and

5= 2(111'1 — Ll + L12L12)I1L12 + (13— 12— 13) (L1112 + LLq3)
21,12, sin(6) '

The values of [, and [, are derived from eq. (4) given Y = ((¢; — ¢1)eps (43 —
. . . T
g2)eps (g3 — CI1)eb3) .

(@ (b)

Figure 3. Platform geometry. (a) — parallel to the base; (b) — tilted.

5.3. Acceleration

Givenv = (00 Zep3)T, o = (w; w, 0)T and ® = (&, @, 0)7 find ¢ and ¥.
The vector of the generalized acceleration can be obtained by differentiating eq. (8)

eps [V+ O X1, +oX(wxr,)]

i=|ep[V+oxr, +ox@xr,)]

eps. [V+ O X1, +oX(wXr,)]

The calculation of the acceleration of the center of the platform requires availability
of X. The last can be determined by differentiating eq. (3) and solving for X:

%= (6F)_1[d (6F)X+ d (6F)Y+6F‘..{
X/ ldt\ax dt \oY Y

d (OF

The vector ¥ and the matrices — (—) and 4 (
dt \oX dt

oF

ay) are calculated as follows:

Y= ((G2 — 1) eps (Gs — G2)eps (Gz — éi1)eb3)T



o, 0 .
i(ﬂ) B 211(;" L 2{2 + {1 2io+ i \. i(ﬂ) (2L 2(2 8
at \ax) — 2L+ 132 i \av) T 0 —abzs

2i1 + l3 0 2l3 + l.l 0 0 _2L31
Finally, i is obtained by differentiating eg. (9)

i = gyeps + [I[; cos(8) — 21; sin(6)8 — I; cos(6)82 — I sin(8)d]ep, p,
+ [l cos(8) — 1 sin(8)8](w X ep,p,) + [I1 cos(8) — I4sin(8)8] (o X ep,p, )
+ 1 cos(8) {(o x epp,) + [w x (00 X €p,p, )]}
+ [1; sin(8) + 21, sin(8)8 — 1, sin(8)82 — I, cos(8)8](n X ep,p,)
+ [l sin(8) + 1 cos(8)8][(w x n) X ep p, + N X (w X €pp, )]
+ L sin(8) {[wxn+wX (wxn)]xepp +2(wxn)X(wXepp)+n
X [@ X ep p, + @ X (0 X epp)}

6. Simulations

The validity of the proposed approach to modeling the GPR mechanism was
verified via computer simulations and 3D modeling with SolidWorks (API). The main
goal of the simulations was to quantify the motion of the virtual sliding joints and the
motion of the center of the platform corresponding to rotations of the platform in the
range [—2°, 2°]. Figure 5 shows the displacement dr of the center of the platform in
the direction of the unit-vectors e,;e,,e,3, denoted by dx, dy and dz, respectively.
As it is seen from the plot, dx and dy have magnitude of less than 30 micron. The de-
viation in the vertical direction dz is negligibly small (less than 2 micron).

Figure 4. Simulation scenario (vector and angle of rotation of the platform).

Atsingularity [y = [, = I3 = 93.224 mm. As the platform rotates in the range
[—2°, 2°], the maximum absolute deviation of [;, [, and I3 from 93.224 mm is less
than 80 micron, see Figure 6. Therefore, if the cumulative contribution of the backlash
and the elasticity associated with the components (spherical bearings and rods) con-



necting the platform and the base allow for 60 micron deviation of the center of the
spherical joints from their ideal position, the platform will be able to tilt in the range
[—2°, 2°]. Figure 7, shows how dx and dy change as the platform rotates about an
arbitrary vector v in the plane of the platform.
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Figure 5. Deviations of the center of the platform during tilting within the whole working envelope
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Figure 6. Motion of the virtual sliding joints during platform rotation.

Figure 7. Deviations of the center of the platform during tilting within the whole working envelope,
X-y section.



7. Conclusions

This work is the first attempt to analytically describe the principle of operation
of the GPR OC mechanism. It derived the relationship between the finite rotations of
the platform and the imperfections of the components connecting the platform and the
base. The introduction of virtual sliding joints proved to be an effective approach to
studying the kinematics of overconstrained PM in order to determine the mechanism
of the small rotations in a vicinity of singular configuration. It was shown that be-
cause of the overconstrained nature of the mechanism, the center of the platform
moves w.r.t. its ideal position as the platform rotates. The magnitude of this motion
was calculated, proving to be very small and within the range of the inherent imper-
fections of the mechanism’s components. The authors acknowledge that there are
many different ways for introducing virtual joints and therefore the results obtained in
this study are not exhaustive. It is believed that the recent work establishes a basis for
future studies in the area of kinematics and dynamics of OCPM.
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