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Abstract: Estimating the speed and position using measurable electrical parameters 
would allow establishment of sensorless control systems for brushless DC motors, 
without the need to use expensive sensors for the rotor position and speed. When the 
motor is running, it heats up and the stator resistance rises. This heat-dependent 
change needs to be reflected in the observer, as it would produce an error in rated 
speed and position. An adaptive algorithm can compensate for the change of 
resistance as a disturbing effect of the motor heating. The adaptive algorithm for 
estimating the resistance is synthesized using the function of Lyapunov. This article 
is useful for estimation of brushless electric motor speed and position with observer. 
It contains simulations with an adaptive observer of resistance for sensorless 
estimation of speed and position in brushless DC motor through measurement of 
voltage and current. 
Keywords: Brushless motor, observer, speed, position, estimate, Lyapunov, stator 
resistance.  

1. Introduction  

In the past years, the use of BrushLess DC motors (BLDC) in robotics has increased 
significantly. The establishment of various microcontroller systems and 
programming environments as well as their availability from different usage levels, 
combined with their low price, make them appropriate for control of the fast-acting 
IGBT and MOSFET modules [1, 2]. This type of motors compared to other brush DC 
motors has the following advantages: Absence of brushes because they have 
permanent magnets on the rotor resulting in no losses there; high ratio of torque-to-
moment of inertia; high power and small size; compact form; lack of sparks; higher 
torque at the same nominal power; smaller size compared to brush motors at the same 
power [1, 3]. The control of this type of motors is realized based on they rotor 
position. This helps to avoid getting out of sync during impact loads and overloads 
of the motor shaft [4]. There are two ways of receiving information for the rotor 
position: the first one is through sensors (encoders and Hall sensors) and the other 
one utilizes sensorless acquisition of information by the means of an observer or 
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estimators which can estimate the position based on the electrical quantities: current 
and voltage. There are various algorithms for position estimation (least squares 
method, Luenberger method, Kalman filter, etc.). 

2. Mathematical description of brushless DC electric motors 

By implementing the Kirchhoff's law for the electrical circuit of BLDC stator coil, a 
mathematical description of the motor can be obtained under the following 
assumptions: Eddy currents and hysteresis in the magnetic materials of the machine 
have insignificant impact on the phase currents; unsaturated motor; constant air gap; 
symmetric stator coils and constant active resistors and coil inductances; ideal power 
switches of the invertor [3, 14, 15]. These simplifications are completely acceptable 
for the aims of control and would not have significant influence on the accuracy of 
the motor's mathematical model. Equivalent circuit of the motor with a power part 
for stator coil control is shown in Fig. 1 [3, 14, 16].  
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Fig. 1. BLDC with power part 

 
Motor coils are connected in a wye configuration with isolated center, and for 

the phase currents, the following condition applies: 
(1) 0,a b ci i i    
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where: ua, ub, uc are the phase voltages; ia, ib, ic – the phase currents; ea, eb, ec – the 
phase CEMFs; Ra=Rb=Rc – the phase stator resistors; La, Lb, Lc – the coils’ own 
inductances; Lba, Lca, Lcb, Lab, Lac, Lbc – the coils’ mutual inductances. 

The motor’s phase counter-EMFs [3, 8, 14] are determined by 
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where: ω=dӨ/dt is the electric angular velocity of the rotor; Ө – the electric rotation 
angle of the rotor; Фа,Фb,Фc – are magnetic fluxes for the stator phases а, b and c. 
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Having in mind that the three coils are equally symmetric and assuming that 
rotor magnetic resistance does not change, the following additional notations can be 
made [3, 9, 14]:  

(4) 
1

; ,
.

a b c s a b c

ba ca cb ab ac bc

R R R R L L L L
L L L L L L L

     

     
 

Considering the above notations, Formula (1) can be presented in the following 
form: 

(5) ,
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dt
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where Ls = L – L1 is the phase inductance. 

3. Adaptive observer of the stator resistance for speed and position 
estimation 

Mathematical model of BLDC is described in a stator α–β coordinate system by the 
following equations [5, 7]: 
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(7) ( .cos sin ) ,    ,Т pr r
r r r r

K Nd dBi i
dt J J dt
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where U  and U  are the voltages on α and β axes respectively; i  and i  are the 
corresponding currents on the same axes; Rs is the stator resistance; Ls is the stator 
inductance; Np is the number of motor poles; λr is the flux; e p rK N   is coefficient 
of back emf; eK  is torque constant; ωr is the mechanical angular velocity; θr is the 
angular position of the rotor [5, 7].  

The above four equations can be transformed into the state space  

(8) ,   ,dx Ax Bu y Cx
dt

     

where 



 168 

(9) 
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The idea is to estimate x(k) from the measurable u(k) and y(k) – Fig. 2. In this 
case, u(k) represents the input voltage while the output y(k) is the stator current. 
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Fig. 2. Block-scheme of brushless motor observer 

The effect of the temperature from the motor heating has an impact on the 
resistance value, which will grow with the temperature rise [11, 12]. Therefore, when 
implementing brushless electric drives with observer, the parameters set herein 
should adequately reflect the real system parameters. Otherwise, each change in a 
parameter would lead to errors. The temperature impact on resistance can be 
compensated for by using an adaptive algorithm to assess it. 

The equation of the estimated vector can be represented as follows [11]: 

(10) ( ) ( ) ( ) ( ( ) ( )),d x t A x t Bu t L y t C x t
dt

   

     

(11) ,ai C x
 

  
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where  1 0 0C   – matrix of the output; L  – matrix in the observer feedback, chosen 
to ensure the necessary dynamics and stability. 

With respect to resistance change due to coil heating during operation, the 

observer matrix represents a resistance function ( ).aA f R


  This requires the latter 
to be evaluated:  
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Fig. 3 shows a block scheme of an observer with adaptive resistance assessment. 

 наблюдател

( )u k

( )x k


( 1)x k




L

CZ-1

A

B

ДПТ

aR


( )ai k

( )ai k


aia ae i i


 

 

BRUSHLESS 
MOTOR

observer

( )i k


( )i k

ie

 
Fig. 3. Block scheme of observer with adaptive resistance estimation 

For the synthesis of adaptive algorithm, Lyapunov theorem is applied to 
determine the error dynamics and stability in order to minimize the error to zero. [11]. 

The following applies to the calculation error  

(13)  ,e x x


    

or 
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(14) 
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Equation dynamics is determined by the proper values of ( )A LC . If these 

proper values have negative real parts, then the estimation of x


 approximates the 
actual x [11, 12].  

The following Lyapunov function V is chosen [11]: 

(16) T 21 1( ) ,
2 s sV e e R R

c



    

where c is defined positive and satisfies the requirements of continuity and 
differentiability, c > 0 = const. 

The function V equals 0 when both (e) is zero and calculated resistance aR


 
equals the actual Ra [11]. Sufficient condition for asymptotic resistance is derivative 
dV/dt to be negative. This derivative is 
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where ie i i


   is the error between the measured and the estimated current. 
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The condition of asymptotic stability is satisfied if 0,d V
dt

  i.e., V decreases 

when 0s sR R
 
  

 
. This is true if the sum of the last two terms is zero, which is the 

case when  

(18)  
ˆ

ˆ ˆs
i s i s

s

dR c e i e i
dx L

     . 

To ensure observer stability throughout the resistance range of variation, 
observer poles are chosen proportional to the motor poles. Proportionality constant is 
usually 1k   which in turn makes the observer dynamically faster than the DC motor 
[9, 13]. This is related to the sensitivity to noise (the larger this coefficient, the more 
sensitive the system is to noise). For real systems, a coefficient of proportionality up 
to 3 is recommended. Because the value of resistance depends on the current motor 
temperature, the matrix A should be calculated at each control step. This should be 
taken into account when implementing such systems, since they operate in real time 
and with a small sampling step. This requires significant response time and 
computation capabilities of the microcontroller in use. 

The adaptive algorithm for evaluation of resistance based on Lyapunov theorem 
enables correction – in real-time during system operation – of the resistance value in 
the observer model [11]. This allows better operation of the electric drive system and 
its continuous adaptation to the varying working conditions. 

In Matlab Simulink is generated s-function of level 2 for investigation of the 
observer with adaptive estimation of resistance. An s-function [13] is a block in 
Matlab where systems and algorithms for equation solving can be described by 
entering a special syntax. Its advantage is the ability for generating general-purpose 
blocks, which can then be used in various systems, changing their parameters 
accordingly. 

4. Simulation testing of an observer of BLDC electric drive speed and 
position with adaptive resistance 

Fig. 4 shows a Simulink model of the electric drive under study. A prebuilt control 
model for the BLDC motor speed is used from the demo folder of Simulink  

Brushless DC ac_example_simplifield with the following additions: Measurement 
block for voltage and current of the three phases, blocks for transformation of 
quantities from a b c   to stator α – β coordinate system; block for the observer 
synthesis implemented by a programming language which uses a level 2 s-function 
(OBSERVER). 

The goal of this research is to compare estimated speeds and position with the 
actual quantities from the simulation model. 

Simulation tests are accomplished in the Simulink environment of Matlab. The 
motor used for simulation has the following parameters: 0 25 °C,T   0.0085 H,sL   

0.175 V.s,rl   20.089 kg.m ,mJ   31 (N.ms)/rad,mB e   2 ,sR    4 poles.p   
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Simulations are conducted under the following conditions: Stator resistance 
value from catalog specifications at temperature 25 C,  (25 C),s sR R  and 
resistance increase of 20% corresponding to 70 degrees Celsius. 

At the simulation in time t = 0 s, a step torque Tl = 3 N.m is applied. Speed 
reference of 314у   rad/s is applied step in t = 0 s, and is stepwise reduced to 

157у   rad/s in t = 0.5 s. 
 

 
Fig. 4. Simulink model of an adaptive observer of resistance in sensorless estimation of speed and 

position in brushless DC electric motor 

Figs 5-6 show the estimates, simulations, and errors between the estimated and 
simulated speeds and positions at 100% 2 .sR    

 
Fig. 5. Estimated and actual speed at 100% 2sR    
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Fig. 6. Estimated and actual position at 100% 2sR    

Figs 7-8 show the estimates, simulations, and errors between the estimated and 
simulated speeds and positions at 120% 2sR   . 

 
Fig. 7. Estimated and actual speed at 120% 2sR    

 
Fig. 8. Estimated and actual position at 120% 2sR    
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Figs 9-10 show the estimates, simulations, and errors between the estimated and 
simulated speeds and positions at 120% 2sR    and adaptive algorithm to estimate 
the stator resistance. 

Summarized test results are shown in Table 1, with the following quality 
indicators chosen for the estimation [4,11]: 

steadye is the max error of the estimated speed in steady state, 

(19) estimatesim
steady

reference
max .100%e

 






 ; 

maxe is the max error of the estimated position over the tested period, 

(20)  estimatesimulink
max

max
max .100%e






 


. 

 

 
Fig. 9. Estimated and actual speed at 120% 2sR    

 
Fig. 10. Estimated and actual position at 120% 2sR    

 



 175 

Table 1. Summary of simulation results 

Observer at 
100% 2sR    

Observer at 
120% 2sR    

Observer with adaptive 
sR  at  

120% 2sR    

emax, 
% 

esteady, 
% 

emax, 
% 

esteady, 
% 

emax, 
% 

esteady, 
% 

0.12 1.28 0.28 2.95 0.15 1.58 

5. Conclusions 

The article provides a synthesis of observers for speed and position estimation by 
measuring the electrical quantities current and voltage in a brushless DC motor. 
These electrical quantities are easily measurable and suitable for speed and position 
estimation, and therefore can be used to make brushless systems which are cheaper 
than equivalent systems utilizing costly sensors (encoders and tachogenerators). In 
this article, observers are synthesized to assess the speed and position by measuring 
electrical current and voltage. The research is conducted by setting the motor 
parameters in the observer compliant with the catalog specification parameters at  
25 °C. 

Continued brushless motor operation leads to an increase in these parameters 
due to heating. This is the cause for a resistance increase by 20%, which corresponds 
to 70 °C. Simulation is done to increase the impedance of brushless windings by 20%, 
and the results show that the maximum error of the estimated speed in steady state 
marks a 2.3-fold increase compared to the absence of such resistance increase. The 
maximum error of the estimated position for the period of research also increases 2.3 
times compared to the case without resistance change. This indicates a need for 
compensation implementation by means of coil resistance estimation, in order to 
reflect the temperature increase. 

To achieve such resistance estimation and correct the observer’s matrix, an 
algorithm synthesized by Lyapunov’s function is proposed. In the synthesis of an 
observer which adapts according to the resistance (using Lyapunov’s function), it is 
demonstrated that both maximum errors – of the estimated speed in steady state and 
of the estimated position – decrease by 1.9 and 2 times accordingly, compared to the 
situation without resistance adaptation. 

The main conclusion is that when the motor temperature increases by 70 °C, the 
use of an adaptive estimation to compensate for resistance provides significant 
reduction of the errors of estimated speed and position. To further reduce these errors 
and make them closer to the catalog values, a more accurate adjustment of the 
observer feedback coefficients and the Lyapunov’s function coefficients is needed. 

Simulation research shows that, depending on the required accuracy of the 
system, sensorless control systems for brushless DC motors are achievable. 
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