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Abstract - The unsteadiness of rotor inflow caused by the 
atmosphere creates continuous variations of blade loads and 
rotor torque. Usually these loads are amplified by rotor shaft 
and gearbox elasticity and inertia. The authors propose here a 
dynamic multi-body model where the wind turbine includes a 
rotor, a drive train and an electrical generator. The drive train 
has a three stage gearbox which contains two high-speed 
parallel gear stages and a low-speed planetary gear stage. The 
model consists of 10 bodies and has 8 degrees of freedom 
taking into account the stiffness of the engaged tooth pairs. In 
this model the aerodynamic torque is applied as an external 
load. The calculation permits to obtain natural frequencies, 
mode shapes, time series of torsional oscillations and 
amplitude-frequency characteristics for an industrial wind 
turbine. The results show that transient loads in the gearbox 
are very high and need special attention. 

I. INTRODUCTION 
 
 
 

The wind energy application has been growing rapidly for 
the last few years. From 1995 to 2006 the global installed 
capacity of wind energy increased 20 times. This trend is 
expected to continue in Europe. The increase in the rotor 
size and hence the turbine size leads to complicated design 
of drive train in the wind turbine besides higher 
requirements of turbine reliability. 

Design calculations for wind turbine base on simulation of 
mechanical loads on the turbine components caused by 
external forces. The external forces are the wind, the 
electricity grid and sea waves for offshore applications. 

The multi-body simulation techniques are used to analyze 
the loads on internal components of drive trains. The 
simplest model with one degree of freedom (DOF) per drive 
train component is used to investigate only torsional 
vibrations in the drive train. In this model all bodies have 
one DOF, i.e. the rotation around their axis of symmetry. 
Therefore the coupling of two bodies involves 2 DOF’s. 
Gear contact forces between two wheels are modeled with 
linear spring acting in the plane of action along the contact 
line (normal to the tooth surface). This modeling is valid for 
heavily to moderately loaded gears [4, 21]. More complex 
model with 6 DOF’s per drive train component is used for 
investigation of the influence of bearing stiffness on the 
internal dynamics of the drive train. All drive train 
components are treated as rigid bodies. The linkages in the 
multi-body model, representing the bearing and tooth 
flexibilities have 12 DOF’s [28, 46]. Finally, a flexible 
model in which the drive train components are modeled as 
finite element models instead of rigid bodies is used [6, 8, 

26, 47]. This model adds a possibility of calculating stress 
and deformation in the drive train components continuously 
with time. Every addition to the model leads to additional 
information about dynamics of the drive train but makes the 
modeling and the simulation more complicated. References 
[25, 28, 50, 51] present the effects of the tooth defects and 
the wear on the gear dynamics. 

The applications of these modeling techniques on 
different drive trains of wind turbines are presented in [14, 
18, 19, 29-32, 34, 36, 39-41, 42, 43, 45, 48]. The dynamic 
characteristics of asynchronous and synchronous machines 
are presented in detail in [1, 2, 20, 22]. Different simulations 
for specific wind turbines are presented in [12, 13, 17, 35, 
38, 42-44]. 

 

II. DYNAMIC  MODEL  OF  WIND  TURBINE 
 

The wind turbine consists of a rotor, a drive train and a 
generator (Fig.1). The drive train has a gearbox with three 
stages. The gear stages include two high-speed parallel gear 
stages (spur gear pairs) and a low-speed planetary gear stage 
(three identical planets with spur teeth, sun and fixed ring 
wheel) (Fig.2). The dynamic multi-body model is shown in 
Fig.3. It consists of a rotor with 3 rigid blades, a low-speed 
elastic shaft, a gearbox with 3 gear stages, a high-speed 
elastic shaft and a generator rotor. Thus the model consists 
of 10 bodies and 8 DOF’s.  

The gear contact forces between wheels are modeled by 
linear spring acting in the plane of action along the contact 
line (normal to the tooth surface) [2-4, 52]. The stiffness 
gear is defined as the normal distributed tooth force in the 
normal plane causing the deformation of one or more 
engaging tooth pairs, over a distance of 1 μm, normal to the 
evolvent profile 

 
 
 

Figure 1.  Schematic sketch of wind turbine 
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Figure 2.  Gearbox 

 
 

 
 

Figure 3.  Dynamical model of wind turbine 

in the normal plane [11]. This deformation results from the 
bending of the teeth in contact between the two gear wheels, 
of which one is fixed and the other is loaded. Damping and 
friction forces are not included. These assumptions are valid 
for heavily to moderately loaded gears [4, 21]. 

In this article Lagrange’s equations are used to obtain the 
equations of the torsional vibrations of wind turbine [2, 7, 
10, 27, 37, 49]. The vector of the generalized co-ordinates is 

               T87654321               (1) 

where i  (i=1-8) are the absolute rotational angles of the 
rotor (hub), carrier, planets, sun, gear 1, gear 2, gear 3 and 
generator rotor (Fig. 3). 

The differential equations describing the torsional 
vibrations of the wind turbine are  

                        }{}]{[}]{[ TCJ                               (2) 

The matrices J and C describe the linear properties of 
mass inertia and stiffness. Their numbers are 

 

 876543
2
1321 33][ JJJJJJrmJJdiagJ C  

 











































































33

3
3

2
73

7623

76232
623

2
612

6152

61522
52

2
2

22
2
41411

2
31

4112
11

1
1

11

000000

00000

00000

00000

0003030

00000600

000030
6

000000

CC

C
C

rCg
rrC

rrC
rC

rC
rrC

rrC
rC

C
C

CCrCrrC

rC

rrC
rC

C
C

CC

C

g

g
g

g
g

g
g

gCg

g

Cg
cg

 

 

The vector of the external forces caused by the wind and 
the electricity grid is 

               Tgenaero TTT 000000              (3) 

where aeroT  and genT  are the aerodynamic and 

electromagnetic torques. 

 

III. AERODYNAMIC  TORQUE 
 

Different methods can be used to calculate the 
aerodynamic forces acting on the blades of a wind turbine. 
The most advanced ones are numerical methods solving the 
Navier-Stokes equations for the compressible flow as well as 
the flow near the blades. The method that is used is based on 
the blade element momentum theory [9, 16, 24]. This 
method gives good accuracy with respect to time cost. In this 
method, the turbine blades are divided into a number of 
independent elements along the length of the blade (Fig. 4). 
At each section, a force balance is applied involving 2D 
section lift L  and drag D  with the thrust P  and torque 

aeroT  produced by the section. The axial and angular 
momentum is also balanced. The set of non-linear equations 
are produced which can be solved numerically for each 
blade section [5, 9]. 

 

 
 

 
 

Figure 4.  Blade element velocities and forces [9] 

The lift force L  per unit length is perpendicular to the 
relative speed W  of the wing:  

                              LCW
rc

L 2

2

)(
                               (4) 



where )(rc  is the blade chord length. The drag force D  per 
unit length, which is parallel to W  is  
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rc

D 2

2

)(
                              (5) 

Since the forces normal and tangential to the rotor plane 
are interested, the lift L  and drag D  are projected on these 
directions (Fig. 4)  

 

                              sincos DLFN                         (6) 

                             cossin DLFT                          (7) 

 
The information about the lift and drag airfoil coefficients 

LC  and DC  is required. These coefficients are given as 
functions of the angle of attack  

                                                                         (8) 

If the angle of attack   exceeds about 15о the blade will 
stall. This means that the boundary layer on the upper 
surface becomes turbulent, and the drag will increase and the 
lift will decrease. 

The flow angle is  
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The lift and drag coefficients LC  and DC  are projected 
onto the normal and tangential directions 

 

                      sincos DLN CCC                          (10) 

                      cossin DLT CCC                          (11) 

 
The solidity σ is defined as the fraction of the annular area 

in the control volume, which is covered by the blades  
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where N  is the number of blades. 
The normal force and the torque per unit length on the 

control volume of thickness dr  are  
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The induction factors are defined as  
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For each control volume the following algorithm is 

applied:  
1. Initially put 0' aa . 

2. Compute   using (11).  

3. Compute   using (10).  

4. Read LC  and DC  from airfoil data table. 

5. Compute NC  and TC  from (12) and (13).  

6. Calculate new a  and 'a  from (17) and (18).  

7. If a  and 'a  has changed more than a certain tolerance, 
go to 2 or else finish. 

8. Compute the local forces on the segments of the blades. 
 

IV. ELECTROMAGNETIC TORQUE OF GENERATOR 
 

The voltage equations for the induction machine in a d-q 
synchronous reference frame can be written in complex form 
with the real axis d and the imaginary axis q according to 
Kovacs [22] 

 

                       sessss jiRu                            (17) 

                       rrerrrr jiRu                     (18) 

 
where si  and ri  are the currents, sψ  and rψ  are the 

fluxes, sR  and rR  are the resistances of the stator and the 

rotor. The synchronous speed is nete f 2 , where netf  is 

the grid frequency. The electrical rotor speed is rr p , 

where p  is the pole pairs, and r  is the mechanical speed 

of generator rotor. The complex operator is 1=j  . 

The relationship between current and flux is 
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2
mrrss LLLD   and mX  is the magnetizing reactance, rX  

and sX  are the leakage reactances of the rotor and the stator. 
By inserting the equation of current (19) into (17) and (18) 
the electro-magnetic fluxes are obtained as 
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The electromagnetic generator torque is calculated as  
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m
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where r  is the complex conjugate of r . To avoid 
numerical instability (20) is modified. Thomsen in [44] 
assumes that the stator flux is almost constant ( 0ψs  ). 
Equations (20) is rewritten to one complex differential 
equation describing the flux of rotor 
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and one complex equation describing the flux of stator 
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V. RESULTS 
 

The rotor characteristics are listed in Table I, the drive 
train data are listed in Table II, and the generator data are 
listed in Table III.  

The natural frequencies and mode shapes are obtained by 
equation (6) 

                            01   ECJ                             (24) 

All calculations are accomplished using the codes of 
MATLAB. The natural frequencies in Hz are 

 

716.19  435.30  290.74  249.40  187.46  66.52  2.51  0.27 
 

The mode shapes are shown in Fig.5. 
 

 

 
 

Figure 5.  Mode shapes of wind turbine 

TABLE I.  ROTOR  CHARACTERISTICS 

N -number of blades 
D -rotor diameter (m) 
Blade airfoil NACA 4412 
cr -root chord (m) 
ct -tip chord (m) 
ω -rotational speed (rpm) 
θ -pitch angle (o) 
β -linear twist of blade (o) 
W -wind speed (m/s) 

  3 
56 
 
3.3 
0.9 
18 
  2 
10 
  6 

TABLE II.  DRIVE  TRAIN  DATA 

1J -inertia of the rotor (kg·m2) 4.18·106 

2J -inertia of the carrier (kg·m2) 57.72 

3m -mass of the planet (kg) 57.79 

3J -inertia of the planet (kg·m2)  1.12 

4J -inertia of the sun (kg·m2)  0.86 

5J -inertia  of the gear 1 (kg·m2) 14.32 

6J -inertia of the gear 2 (kg·m2)  1.62 

7J -inertia of the gear 3 (kg·m2)  0.20 

8J -inertia of the generator (kg·m2) 93.22 

1C -stiffness of the low-speed shaft (Nm/rad) 7.19·107 

2C -stiffness of the internal shaft (Nm/rad) 1.40·107 

3C -stiffness of the high-speed shaft (Nm/rad) 0.15·107 

g1C -stiffness of the engaging tooth pairs in the low-

speed planetary gear stage (N/m) 

0.73·108 

g2C -stiffness of  the engaging tooth pairs in the 1st 

high-speed parallel gear stage (N/m) 

2.02·109 

g3C - stiffness of  the engaging tooth pairs in the 2nd 

high-speed parallel gear stage (N/m) 

0.11·108 

C1r - carrier radius (mm) 270 

3r - planet radius (mm) 160 

4r - sun radius (mm) 110 

5r - radius of gear 1 (mm) 290 

61r - radius of gear 2 from the 2nd stage (mm)  95 

62r - radius of gear 2 from the 3rd stage (mm) 185 

7r - radius of gear 3 (mm)  80 

α - pressure angle (o) 20 

gear ratio 34.654 
 

TABLE III.   THREE -PHASE  ASYNCHRONOUS  GENERATOR 
DATA 

sR  -stator resistance (Ω) 0.001164 

rR  -rotor resistance (Ω) 0.00131 

mX  -magnetizing reactance (Ω) 0.941 

rX  -rotor leakage reactance (Ω)  0.0237 

sX  -stator leakage reactance (Ω)  0.022 

U  -voltage (V) 380 

netf  -grid freq (Hz) 50 

p  -poles  2 pairs 

 
 

The results of time simulation are shown in Fig.6. The 
amplitude-frequency characteristics are shown in Fig.7. 
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Fig. 6. Rotational angles. From top: Rotor (hub), carrier, planets, sun, gear 
1, gear 2, gear 3, generator rotor  
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Fig. 7. Amplitude-frequency characteristics. From top: Rotor (hub), carrier, 
planets, sun, gear 1, gear 2, gear 3, generator rotor 

 

VI. CONCLUSIONS AND FUTURE RESEARCHES 
 

 

The purpose of this article is to develop a detailed multi-
body model of the wind turbine with complex drive train. 
The starting point in the research of torsional vibrations is 
finding the natural frequencies and mode shapes, which 
indicate the frequency range of interest. 

The time series and amplitude-frequency characteristics of 
absolute rotation angles of drive train parts are presented. 
For presented wind turbine only the natural frequency 2.51 
Hz is in the frequency range of external disturbances and for 
this reason the top amplitudes have this frequency. This 
frequency is the rotational speed of hub. The amplitudes 
with frequencies of the generator disturbance harmonics 
16.8, 41.6 and 58.4 Hz are less, since they are out of the 
range of natural frequencies.  

The results confirm the presence of vastly dynamic loads 
in   the gearbox parts. 

Future researches are planed to extend the current model 
and to add the effects of bearing flexibilities and gearbox 
suspension.  

Finally, it is important to validate and improve the wind 
turbine dynamic model by obtaining experimental 
measurements. 
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