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Abstract

In the present paper analytical solutions of the fractional-integro-differential
equations of FEL type are found and analysed when the three-parameter special
functions of Mittag—Leffer are used as kernels. The two- and three-dimensional ver-
sions of the above equations are considered.

Key words: fractional integrals and derivatives, integro-differential equation,
Kummer function, Mittag-Leffer functions, Riemann-Liouville fractional integrals
and derivatives

2000 Mathematics Subject Classification: 45J05, 26A33, 33E12

Introduction. The fractional order differential equations have nowadays an in-
creasing range of applications in mathematical physms(}see [], as well as [1-3]). One of
the main priorities of the fractional-differential generalization is to give an adequate
way to mathematical description of the inheritance properties of various materials and
processes. Such processes are described in [1] and [3] for the free electron laser equation
(FEL). The kernel-functions of these integro-differential equations are the exponential
and Kummer’s functions respectively, while the authors in [?] use the three-parameter
functions of Mittag—Lefller. By means of such kernels in the present paper the integro-
differential equations of FEL type are considered and solved analytically in the two-
and three-dimensional cases.

Preliminaries. The two-dimensional version of integro-differential equation of
FEL type with the three-parameter function of Mittag-Lefller as kernel is represented
below

(1) Dfa(z,7) = )\/ (r — t)*La(z, t)Eg’# (w(T — t)P)dt + 5f(:1:)T€_1E3,E(wTP),

(2) Dg—ka’(x77-)|1'=0 = akf(-'E), k=12,...,N, N-1<a<N, NeN,

where A= —ivgg is a complex coefficient of amplification, 0<7<1, Re (p, u, 8, ¢€,7) > 0,
d € R, w=1v, ap = const € R, a(z,7) - a complex amplitude of the field, f(z)
is given absolutely integrable function in [0,00), and Eg,ﬂ(z) is the three-parameter
Mittag-Lefller function [?]

n

Eg,#(Z) _ Z _F(ﬂ_)n.Z_
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and (8)n = B(B+1)---(B+n—1), (8)o =1 is Pochhammer symbol. Here D%a(z, ) is

Riemann-Liouville differential operator of fractional order ¢, defined for every ¢ € [0, 7]

as follows:
n

Dea(a,t) = T [7="a(z,1)] n=1+1d]

t

IDa :ct)— / alz

0

and I'(a) is Euler integral of second kind.
The three-dimensional version of the initial value problem (1)-(2) is

o0 . k T
® > (%) (ZSZ 2) D2b(z,y,7) = A / eTISEV (3, y, T — )EF LB, (wEP)dE,
0

k=0

o0
- -k 1S
@ Db =Y (*7F )b (57 oo, k=128,
§=0
where S = const € R, bjyx = const, j =0,1,..., k = 1,2,...,N, by(z,y) is given
absolutely integrable function in a rectangular range, b(z,y, 7) is the field amplitude,

and the restrictions for the parameters a, 3, p, u are the same as in the two-dimensional
version:

V2 = 5%/9x? + 02 /9y,
The following two theorems are important in finding the solution of the initial
value problems (1)-(2) and (3)-(4).
Theorem 1. If the numbers p, u, 8, 7, €, w are such that Re (p, u,€) > 0, then

T

6) [ =B - )6 B g = B ),
0
Theorem 2. If, Re (p, u4,€) > 0 then the following equalities:

(2) (Bppuw-Ejewo)(r) = (EZT, o) (7);
(b) I2(Ef uewp)(7) = (B uwl20)(1) = (Bpuwe)(7);

( ) (E}),u, w‘P)(T) = (Ez,p.+e,w()0) (T)

are valid for any function ¢(7) which is absolutely integrable on the interval (0, o],

where
T

(6) (BB, 0)(r) = / (r — O)F BB (w(r — £)°)p(E)dE, 7> 0.
0

Proofs of the statements of Theorem 1 and Theorem 2 follow directly from the def-
initions of the three-parameter Mittag—Leffler function and B(p,q) — the beta function

(see [6]).
3. Analytical solution in the two-dimensional case. We look for a solution
of the initial value problem (1)-(2) of the form

a(z,7) = A(7) f(2)
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1
supposing that A(r) € L(0,1] = {o(r): el = [ lp(€)lde < oo}.

After applying Riemann-Liouville fractional differential operator of order o and
Theorem 1 to both sides of equation (1) and the initial condition (2), and using the

operator, defined in (6), we get a nonhomogeneous integral equation of Volterra type [4]

(7) A(T) = Ao(7) + )\(Eg,u,wA)(’r) + 57'a+5_1Eg,a+€(pr), where
N o
— a—k
(8) AO(T)_;F(a—k+1)T ‘
The general solution of equation (7) is the asymptotic series [¢]
o0
(9) A(T) = Ao(7) + 7 T E] oy (wP) + D N A(7),
k=1

where after applying Theorem 2, we get the following iterations:
Ax(r) = Ao(r) + 819 B o (w7?) + M(Ef Ao (7);
Ag(r) = Ao(r) + [NEL sranwAo) (1) + N (B o) Ao(r)]

p2(pta)w
+e—1 1 +e+2a—1 pB+y .
+ 4 [Ta Ep,a-{-e(pr) + T Ep,ﬂ+6+2a(WTp)] )

An(r) = Aolr)+ 3 M (B oty A0)(7)

n—1
i jute+(G+1)a—1 piB+y
¥ 6920 Nrirerene Ep,ju+6+(j+1)a(pr)

Finally we get for the amplitude a(z, 7)

N 00 L .
a(z,7) = { > apTo® (E AJTJ(”+a)E;J),ﬁj(#+a)+a—k+1(w'rp))

(10) k=1 =0
OO . . . '
+ 5;:0 )\JTJ#+5+(J+l)a—1E;§:1€+(j+1)6(wTP)} f(x)

4. Analytical solution in the three-dimensional case. Let in the three-
dimensional initial value problem (3)—(4) we substitute

(11) B(z,y,7) = &7V 1 b(z,y,7).
(@ Taki)ng into account the fractional differentiation of the product of two functions
, p-96
=/ a
D2 (p(r)e(r) =3 (% ) e®(r)De*y(r),
k=0

the initial value problem (3)—(4) reduces to the following problem of the function
B(z,y,T)

(12) D2B(z,y,7) = A / (r — ) B2 (w(r — )°) B(z, y, t)dt,
0

7
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(13) D& kB (z,y,7)|,—_ = bkbo(z,y), k=1,2,...,N.
Let us separate the variables in problem (12)—(13), i.e.
B(ZE, Y, T) = V(T)bO(xa y)a

where we suppose that V() € L(0, 7], then using operator (Eg,u,wcp)(T)deﬁned by (6),
we get the homogeneous equation of Volterra type

(14) D2V (r) = V(1) + MES , ,V)(7),
where

15 Vo(r) = S B e
(19) O(T)“;r(a—kﬂf '

It is obvious that problem (14)-(15) coincides with the homogeneous version (§ =
0) of equation (7). Thus, by the same reasons we get the solution of (3)-(4) in the form
(16)

N 00
b(,y,7) = TV ber® | S NIEHDER e kin (@) ] bo(o,)
k=0 =0

5. Conclusions. Let us consider some important particular cases. In the one-
dimensional version (f(z) = 1) of solution (10) when p = 1, keeping in mind that

1 1 < B)n 2"
Ef,“(z) = mq)(,@aﬂgz) = F(H) Z E,Ul;n._'rﬁ = x (ﬂv#‘az)7

and after some uncomplicated transformations we get

n=0

N 0
a(, 7)) _o = Z bk (Z AP« (B n(p+a+1) + o —k+ 1,iv7)+
k=1

n=1

p=1

(o]

+ 4 Z A+ G o (B, n(p + 1) + (v + 1) (n +2), iuT))
n=1

which is the solution obtained by the authors in [3] (see (2.11), p.92). It can be shown

directly that the one-dimensional version of (10) coincides with the solution of (3.3),

p.386 of [2], derived by solving the fractional-differential model of FEL type equation
with the three-parameter Mittag—Leffler function as a kernel.
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