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Abstract. In this paper we introduce the bivariate Pélya-Aeppli process (BPAP) as a birth process. Then we consider the bivariate
risk model with BPAP counting process. The ruin probability is discussed. In the case of exponentially distributed claims we derive
partial differential equation for non-ruin probability and discuss the solution and properties.

INTRODUCTION

The Pélya-Aeppli process is a compound Poisson process with geometric compounding distribution. It was introduced
in [1] and characterized in [2]. The construction of the Pélya-Aeppli process is quite simple and quite close to the
classical case of counting processes. One relatively simple counting process is the sum of Poisson and Pélya-Aeppli
process, see [3]. The simplicity of the Pélya-Aeppli process motivates the construction of the bivariate Pélya-Aeppli
distribution. It was introduced in [4]. In this paper we introduce the bivariate Pélya-Aeppli process (BPAP). As
application we consider the bivaraite risk model with BPAP counting process.

In the next section we introduce the process with extended bivariate Pélya-Aeppli distribution. The probability
mass function is given with recursion formulas. The process is defined as a bivariate birth process and is applied as a
counting process in bivariate risk model. The ruin probability with exponentially distributed claims is analyzed.

EXTENDED BIVARIATE POLYA-AEPPLI PROCESS

There are several approaches to extend an univariate distribution to bivariate form. In this section, we begin with the
bivariate Poisson distribution obtained by the trivariate reduction method, see [5], and [6], and then compound this
process with the geometric distribution, to derive a bivariate Pélya - Aeppli process.

Let Z;(t), i = 1,2,3,4 be independent Pélya-Aeppli processes. Suppose that Z;(¢t) ~ PAP(A1,p1),Z(t) ~
PAP(A2,p2),Z5(t) ~ PAP(3,p1),Z4(t) ~ PAP(A3,p2). Now, set

M(t)=Zi(t)+Z3(t) and N(t)=Za(t) +Zs(2).
Then, according to the well known properties of the Pdlya-Aeppli distribution, we have
M(I)NPAP(},1+A,3,p1) and N(I)NPAP(AQ—FA:;,pz).

This means that the compounding distribution of Z; and Z3 is the geometric distribution with success probability
1 —py, and the compounding distribution of Z, and Z, is the geometric distribution with success probability 1 — p,.
Then the joint distribution of (M(z),N(z)) is the bivariate Pélya-Aeppli distribution, with the joint PGF as

v(t,s1,52) = e~ MFha+23) At (s1.p1)+A2t W1 (52,02)+ 2431 Y1 (s1,01) Wi (527P2)’ (1)

where v (s,p) is the PGF of the geometric distribution, given by

(1-p)s

oy @)

vi(s,p) =

Definition 1. The probability distribution of (M(t),N(t)), corresponding to (1) and (2) is referred to as a bivariate
Pélya - Aeppli distribution (BivPA(A1, A2, A3, p1,P2)), with parameters Ay, Ay, A3, p1 and p;.
Remark 1. If p; = pa, the distribution in (1) reduces to the bivariate Polya - Aeppli distribution, given in [4].
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The marginal PGFs of M(r) and N(t) are easily obtained from (1), respectively, to be

V(o) (s1) = w(t,s1,1) = e~ M+23)i(1=y1(s1,p1))

and
YN () (s2) = w(t,1,5) = e~ Mat23)t(1=y1(s2,02))

The means are given by EM(t) = M}%ﬁ)r and EN(t) = %, while the variances are Var(M(t)) = %

and Var(N(t)) = (ot )iLEp) From (1), we obtain

(1-p2)?
92 (1,s1,s
ﬁ =W(t,s51,8) (A1 + A3ty (s2,02)) (Aot + A3ty (s1,p1)) + Ast]wi (51, p1) Wi (52, 02)- 3)
Upon substituting s; = s, = 1 in (3) and using the facts that y;(1) = 1 and y'(1) = EX = ﬁ, we obtain the
product moment of M(¢) and N(¢) to be
E(M(ON(t)) = (M +/13_)t(7tz +it3)t 4—)L3t7
(1=p1)(1—p2)
which readily yields the covariance between N| and N, to be
7L3t
Cov(M(t),N(t)) = ———— 4
MM = =501 pa)
and the correlation coefficient to be
A3
Corr(M(t),N(t)) = )

VI+p)(T+p2) (A +243) A2+ 43)

If p; = p =0, then (M(¢),N(¢)) has a bivariate Poisson distribution and the correlation coefficient is positive, (see
[7] and [8] for example)

A3
Corr(Yy,Ys) = :
orr(11,12) o 1 73) (2 1 7)

A3

and cannot exceed . Thus, from (5), we note that for the bivariate Pdlya-Aeppli process

A3+ min(A4;,4;)
(M(1),N(1)),

Corr(M(t),N(t)) < Corr(Yy,Y2).

Joint Probability Mass Function

Let P(t,i,j) = P(M(t) = i,N(t) = j), i,j = 0,1,2,..., be the joint probability mass function of (M(¢),N(t)). The
following proposition gives an extension of the Panjer recursion formulas, see [9].
Proposition 1. The joint PMF of the bivariate Polya-Aeppli process satisfies the following recursions:

P(t,l,()):(2[)1+M)P(t7171,0)7(17%)[)12P(t,l*2,0), i = 17273
©)
P(t705j) = (2PZ+M)P(1‘307]71)7(17%)p22P(t707]72)3 ]: 1727“'3

and P(t,—1,0) =0,P(¢,0,—1) = 0. In addition,
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P(t7i+l7j)_pZP(t7i+l7j_l)

= (2p; + UM p(y iy — poP(t,i, j—1)] = pR(1 — 20)[P(t,i— 1, ) — paP(t,i— 1, j— 1)]

Ast

+l+l(l_pl)(l_pZ)P(talv.]_l) i= 1727"'aj: 172';"'7

=(2P2+%)[P(hi,j)—mp(hi—1,1')]—P22(1—jil)[f’(l,hj 1) =piP(t,i—1,j—1)]

Ast
+ (L= p)(1=pa)P(t,i—1,)), i=1,2,....j=12,...
j+1
with P(z,0,0) = e~ (htht4)r
Proof.
Differentiation of (1) with respect to s; and s; yields
oy(t,si,s
(1= 1501 = pas2) I (1 )+ (st = i + As))sal o152 @
and

dy(t,s1,52)

(1= p252)(1 = p1sy) PP (1= p2)[Aat 4+ (A3t — p1 (A2 + A3)t)s1 ]y (s1,52), ®)

where y(t,s1,52) = £ L PM() = iN() = j)sish, PG = § X (4 1P+ 1, ))ss) and PG =
1=0j= 1=0j=

Zo Z (J+1DP(t,i,j+1)s) sé. The required recursions are obtained by equating the coefficients of s’isé on both sides,
i=0j=0
for fixedi,j=0,1,2,....

O
Theorem 1. The joint probability mass function of the BPAP is given by

yeeey

Pi0) = ¥ (1) B2 pl o P(r.0,0), i=1.2

P(1,0, )

I
M

i— Mrt(1— m i—1 .
L () e P ,0,0), j=1.2,...,

L=\ [Mr(1 = Lo i1 [Mat(1—po)]! i
P(t,i,j) = K);l <i—m>[ " m!p1 ><IZ <I—1> : I 2] l)

l/\j 1_ 1_ A k i—k i—1 t(1l — m.o.
+Z pl P2) ’51] ( l )[ lt( pl)] pifkfm

—k—m m!

1

m=0

i— 1\ [Aat(1—p2)]' i
) Z(J]k—l)[ & I Plpy

with P(¢,0,0) = o~ MHhat3)
Proof. The initial value P(z,0,0) = e~ (M1+22+4) follows simply from (1), i.e., P(¢,0,0) = y(t,0,0). Formulas for

P(t,i,0), i=1,2,...and P(¢,0,/), j=1,2,... follow from (6). The PMF in the other cases are obtained recursively
from the recursions stated in Proposition 1.

P(t,0,0), i,j=1,2,...

)

O

100003-3



BIVARIATE BIRTH PROCESS

In this section we define the BPAP as a bivariate birth process. Suppose that for a small 4 > 0, we have the following
assumptions.

P(M(t+h)—M(t) = 0,N(t+h) —N(1) =0) =1— (A + A+ 2A3)h+o(h),
P(M(t+h)—M(t) =i,N(t+h)—N(t) =0) =A(1—p1)pi'h+o(h), i=1,2,...
P(M(t4h)—M(t) = 0,N(t +h) = N(t) = j) =M(l—p2)ps 'h+o(h). j=1,2,...

P(M(t+h) = M(t) = i,N(t+h) = N(t) = j) =2Aa(1—p1)(1—p2)pi~'pJ "htolh),ij=1.2,...

The assumptions correspond to the definition of the bivariate P6lya-Aeppli distribution. From these assumptions, it
follows that the probabilities P(z,i, j), i,j =0,1,..., t > 0 satisfy the following equations

2P(1,0,0) + (A1 + A2 + 43)P(1,0,0) = 0,

9P(1,i,0) + (A1 + Ao+ A3)P(1,,0) = M (1— p1) Xl pi7 P(2,i,0), i=1,2,...

9P(t,0,)) + (M + A+ 13)P(1,0, /) = (1= p2) X pd " P(2,0, ), j=1,2,
Fori,j=1,2,..., we have

%P(Ivlm])—’_(z’l+}1’2+}1’3)P(tvla]) :)“1(1_pl)Zi;=10p{7m71P(taivj_l)

(L —p2) Xl ops " P(ti— 1))+ (1= p1)(1—p2) X to P T py " P ).

APPLICATION TO RISK MODEL

Let us consider the following bivariate risk model.

M(t) N(t)
U](Z‘)ZM]—FC]I—ZX,' and UQ(Z‘)ZM]-FC]I—ZY,'.
i=1 i=1

Suppose that X;,i = 1,2, ... are independent copies of X ~ Fy(x), and ¥;,i = 1,2,... are independent copies of ¥ ~

9

F>(x), with F1(0) = F»(0) = 0. Additionally, (X,Y) is independent of (M(¢),N(¢)). Denote the means by E(X) =

W,and E(Y) = W The relative safety loadings are given by 6; = % —-1>0, i=1,2.

Denote by 7; = inf{z : U;(t) < 0}, i=1,2, the time to ruin of U;(¢). The corresponding ruin probabilities are given

by
W) = P(5; < o0 | Uilt) = ), i=1,2.
We consider the following time to ruin
Tmin = min{7;, 7} = inf{t : U;(¢) < 0 or Us(t) < 0},
and use the corresponding definition of ruin probability.
Y(ur,uz) = P(Tpin < oo | Uy (t) = u1,Us(1) = up)
= P(inf;>omin(U; (¢),Ux(t)) < 0). ©

The ruin probability in (9) is analyzed in [10] and [11] in the case of bivariate Poisson counting process.

100003-4



Denote by ®(u;,uz) = 1 —¥(u1,uz) the non-ruin probability. For sufficiently small /2, according to the assumptions
in the previous section, we have the following.

CID(ul,uz) = [1 — (ﬂ,l + A +lg)h]<l>(u1 +crh,uy —I—Czl’l)
+M(1=p)hYE, py fé”mhcp(ul +cth—zi,u)dFf (z1)
+A2(1=p2)h X7, pl 12 D(uy,us + c2h — 22)dFy (22)

+A3(1=p1)(1=p2)h X7, pi ' X7, py ! et etk @y 4 eih— 21,y + cah — 22)dF (z1)dEy Y (22).

Denote by

Hi(z1)=(1—p) Y. p{ 'F(z1) and Ha(za) = (1—p2) ¥ p) 'F5'(z2) (10)
i=1 j=1

the distribution functions of the aggregated claims. The non-ruin probability ®(u;,u;) satisfies the equation
c1 3%1‘19(141 ,u2) +e2 3%2@(141 ) = (A + 22+ A3)P(u1, uz)
=M Jo' @(ur —z1,u2)dHy (z1) — Ay Jy? @(ur,uz — 22)dHa(22) (1n

—A3 f(;” fouz D(uy —z1,u2 — 22)dH, (z1)dHz(22).

EXPONENTIALLY DISTRIBUTED CLAIMS

In this case the distribution functions in (10) are again exponential, i.e.,

1-py )

e
Hi(zi)=1-¢ # " and Hy(n)=1-€ = 2.

The equation (11) has the form:

93 93 1— (11— 92
clmd)(ul,uz) +62W¢(u1,u2) = (QL] +A+ A3 — Cl(ﬂlpl) _ cz(uzpz)) aulauz‘b(”h”Z)

1 2 1
(uzpz);ch(ul’uz)_ <H1p1>(§u2¢(ul’u2)

12)

ug

1 pz (7L]+7L ”1P1)> aa D(uy,ur)

(AZ—HL (1 Pz)) 0B (uy,uy).

u
One solution of this equation is given by:

1 _l P 61 1 1-p 6
e H TEeM_ e W TH5"2

@ —1-
(1, 12) 1+ 6, 1+ 6,

@ (uy,uy) satisfies the conditions ®(eo,00) = 1 and

1 1-p; 6

146,

e H THot

D(up,o0) =Py (ug) =1-

and
1 )

D(co =& —1— Iy 146, "2
(o0,up) = Pa(u2) 7 6°
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where ®;(u;),i = 1,2 are the corresponding non-ruin probabilities of U;(r).

In the case of A3 =0, i.e., when M(¢) and N(¢) are independent, the solution is given by

1 _l 6, 1 _lm 6, 1 1 _Le 6, L 6,
P =1— ap T ML y T+6, 12 TR o 116,12
(11,102) 116° 116° 116,146 ¢
CONCLUSION

In this paper a risk model with a bivariate Polya-Aeppli counting process is studied. An extended Bivariate Pdlya-
Aeppli process, joint probability mass function and Bivariate Pdlya-Aeppli process as birh process are introduced.
Essential part of this reserch is the application of the Bivariate Pélya-Aeppli process as a counting process in a
bivariate risk model. A case of exponentially distributed claims is also given.
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