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Abstract. The purpose of this article is to consider a special class of
combinatorial problems, the solution of which is realized by constructing
finite sequences of +1. For example, for fixed p € N, is well known the
existence of n, € N with the property: any set of n, consecutive natural
numbers can be divided into 2 sets, with equal sums of its pth—powers.
The considered property remains valid also for sets of finite arithmetic
progressions of integers, real or complex numbers. The main observa-
tion here is the generalization of the results for arithmetic progressions
with elements of complex field C to elements of arbitrary associative,
commutative algebra.

1 Morse sequence

For every positive integer m, let us denote with ¥(m) and o(m) respectively
the number of occurences of digit 1 in the binary representation of m, and the
position of first digit 1 in the binary representation of m. The Morse sequence

{am}22_; is defined by
U = (—1)0m)Fe(m)=2,

The following properties are derived directly:
age = (—1)% and aogey) = —ay for 1= 1,2...,2% keN.

The problem of finding a number n,, such that the set A, = {1,2,...,n,}
is represented as disjoint union of two subsets, say B and C, with the property:

E bp:E c?,
beB ceC

is solved by the sequence {a,, }>°_,. Elementary proof is given below! and np =
2Pt has the desired property, with

B={meA,, : an=1}, C=A4,\B={meA, : an=-1}.

! Similar solutions and generalizations of the Prouhet-Tarry-Escot problem are con-
sidered in [2, 3,5, 6, 8]



This result can be generalized to arbitrary arithmetic progressions of complex
numbers. As example, ifa,d € C, d # 0and A,,, = {a+kd: k=0,1,...,n,—1},
then n, = 2Pt and B={a+kd € 4, : ars1 = 1}.

2 Formulation of the main results
Let us define {Hy, i (2) }5°21, by

oo 2!

Hn,m(z) = Zzak (P(z) + kQ(Z))m )

l=n k=1

where P, @ € C|z] are complex polynomials.

Proposition 1 If m = 0,1,...,n — 1 then H, ,, = 0, while if n = 2t the
following equality is satisfied

TL2*7‘L

Hyn(2) = 02" Q"(2).

Proposition 2 Let n € N be a even number and ai,as,...,a, are complex
numbers, then

2n .
Zak(a1+k)(a2+k)---(an+k) =nl2"z
k=1

Proposition 3 If P € C[z] is a complex polynomial, then

gl+deg P

Z akP(k) =0.

k=1

Proposition 4 Let p and k be positive integers. Then there exist n € N, n
oplloga k1 gnd distinct square-free positive integers i, © = 1,2,...,k; j
1,2,...,n with the property:

n n n

T o __ T o __ — T —
E xljfE ijf~~~f§ Ty, Vr=1,2,...,p.
j=1 j=1 j=1

Proposition 5 Let n and m be positve integers. Then there ezists an integer
s = s(n,m) with the property: every s—element subset of I, where k runs
through s consequtive integers, can be represented as disjoint union of m subsets,
with equal sums of the elements in each one.

[ IA

The proof of each of the formulated above propositions?, with the exception
for 5, is based on the following lemma:

2 This paper is continuation of [7], and contains complete proofs of the formulated
propositions



Lemma 1. Seta,d € C, d#0, p € Nand Agp+1 = {a+kd: k=0,1,...,2°PF 1~
1}. Then there are sets BNC =, BUC = Agp+1 such that

SroYe
beB ceC
Corollary 1 Under assumptions of lemma 1, it holds
Zb" = Zcr, r=20,1,...,p.
beB ceC

To prove the lemma 1 and its consequence, we define a sequence of poly-
nomials: {7 ,(2)}52, through which we will gradually calculate the differences
between the sums of equal powers of the elements in B = {a + kd € Agp+1 :
ar+1 =1} and C ={a+ kd € Agp+1 : apy1 = —1}. For s > 0 set

45t

Top(z) = > arpr(z + kd)”
k=0
and we calculate

Top(2) = > (z + kd)? — > (2 + kd)P.

0<k<4s+1—1; apq1=1 0<k<4s+1—1; api1=—1

When s < p—;l, set z = a to obtain

Ts p(a) = Z bP — Z P,

b<a+(45t1—1)d c<a+(45t1-1)d

where summation is by b € B, ¢ € C.

Set p = 2m +r, r € {0,1}. Here and evewhere below the summations are
performed on all b € B and ¢ € C, which satisfy the corresponding inequalities.
When r = 1 we obtain

T pla) = Z bP — Z c? =

b<at(4m+1—1)d e<at(4m+1-1)d
S v Y e=Yr oYe
b<a+(2rt1—-1)d cLa+ (2Pt -1)d beB ceC
When r = 0:
Tesw= Y v Y = Y ow Y e
b<a+(22m—-1)d c<a+(22m—1)d b<a+(2P—1)d c<a+(2P—-1)d

On the other hand

Z bF — Z = Z am+1(a+md)P =

a+2rd<b<a+(2r+1—1)d a+2rd<c<a+(2°—1)d 2P <m<2ptl—1



2P —1 2P —1

= Z a92p 4 k41 (a + (2p + k‘)d) = — Z Ap+1 (CL + (2p + k)d) =

k=0
2P 1 22m_1
== a1 ((@+2°d) + kd) = — Y agg1 ((a+2°d) + kd) =
k=0 k=0

= — mfl,p(a —+ 2pd)

Therefore, for p = 2m we obtain

S =P =T 1p(a) = T p(a+ 27d).

beB ceC
Summarized:
Tnp(a), for p=2m+1
bp — Cp = { ;P 9
bGZB CEZC Tm_17p(a/) - Tm—l,p(a/ + 2pd), for p=12m

3 Proof of the main results

Lemma 1 follows directly from :
Proposition 6

0, forp=2m—1
, forp=2m

Tmep( ) = {p'

Proof 1 Let us determine the polynomials {T; ,(2)}52, by finding recurrent for-
mula. Since a1 = aq =1, as = a3 = —1, then

Top(z) =(2+3d)P — (z+2d)P — (z+d)P + 2
We will prove that for all s > 1 is valid
Tsp(2) =Ts—1p(2 +3.4°d) — Ts_1 p(2 4+ 2.4°d) — Ts—1 p(2+4°d) + Ts_1 p(2)

For example, if s =1 then:

15

Ty (2 Zak+1z+kd”—2ak+1z+kd +Zak+1z+kd)

k=0 k=0 k=4
11 15
+ Z a1 (z+kd)P+ Y appa(z+kd)? = To p( +Z 22 4 i1 ((z+4d)+md)P+
k=8 k=12 m=0
3 3

+ Z g3 +m+1((2 + 2.4d) + md)” + Z 23422 111 ((2 + 3.4d) + md)? =

m=0 m=0



= T p(= Z i1 ((z + 4d) + md)P Z ami1((z + 2.4d) + md)P+

m=0 m=0

+ Z am+1((243.4d)+md)? = T, (2)—To p(z4+4d)—Tp p(2+2.4d)+Tp p(2+3.4d)

m=0

The proof is similar in the general case:

qs+1_1 45 -1 2.4°-1
Top(2) = > arpr(z+kd)? =D arpa(z+kdP + Y appr(z+ kd)P+
k=0 k=0 k=4s
3.45-1 45t
+ >z +kd)? + Y ap(z+ kd)P =
k=2.4s k=3.45
451
=To1p(2) + D s ymp1 (2 +4°d) + md)P+
m=0
451 451
+ Z a2.45+m+1((z + 24Sd) + md)p + Z &3_4s+m+1((2 + 348d) + md)p =
m=0 m=0

=15 1p(Z+34 d) Ts_ 1p(2+24sd) —Tsfl,p<2’+4sd)+T3,17p(2),

whereby the necessary recurrent formula is established.
In the case 1 < s < [%] — 1, we prove that T ,(2) has the type:

T p(2) =

35510 SIS o 413 O N

11=28i5=2(s—1) i3=2(s—2) i5+1=0 '3 ts+1

where
L,

— (317*2'17217*1'171)(31'1*1'2722'1*1'2 ) (31371“1 2i37i5+171)4i1+i2+"'+i5757f.5+1
Indeed, when s = 0 follows:
Top(z) =(z+3d)P — (z+2d)P — (z+d)P + 2P =

p—2
3 (p> (3P0t — gp=it _ 1)gp=i1 i,
11

i1=0
Tl’p(z) = TO,p<Z) — To,p(z + 4d) — To’p(z + 24d> + To’p(z + 34d) =

p—2
> <P>(3p_“‘2p_“—1>dp"’l ((z+ 12a)" — (2 + 8d)" — (= + dd)" + 2) =



p—2

> <zp ) (377 =27 )@ (2 4 12d)" — (2 +8d)" — (2 +4d)" +27) =
! 1

i1=2

= S0 ()@ 2t D (L (1)(30 7 - 2 () ) =
= S0 () -2 (T ()30 -2 1) (dd)n ) =

p—2i1—2 i
_ Z Z (p> (1> (3p—i1 _9p—i1 _ 1)(3i1—i2 _gi1—iz _ 1)4i1—i2dp—izzi2 _
: 12
p—241—2
-2 2 () ()

11=212=0

whereby the assertion is established for s = 1.Suppose that for some s > 2, Ts_1 ,(2)
satisfies the recurrent formula and denote

1 ] 7 ;
Gliginn = (p) ( 1) ( 2) ( ° )dp_““LS,p, when s > 1.
30250005ts 11 7 i3 ZS+1

Direct calculation shows:

Tsp(2) =Ts—1p(2 +3.4°d) = Ts_1 p(2+24%d) — Ts1 p(z +4°d) + Ts—1 p(2) =

i1—2 ig—2 fs—1—2
_ . G~ Lp
- 11,12, -t
11=2(s—1) i2=2(s—2) i3=2(s—3) 1s=0

X ((z+3.4%d)" — (24 2.4°%d)" — (z + 4°d)" + 2*) =

i1—2 is—1—2
— s=1,p
- Y Y Y e
i1=2(s—1) i2=2(s—2) 1s=0

is .
% Zis + Z (‘Zs )(3i.e—i.e+1 — Qfs—ist1 _ 1)4S(is_is+1)d7;s_is+lZis+1 —

(3
is+1=0 s+1
i1—2 is—1—2
z : § : § : s—1,p
: G’Ll 7/2,...77:‘
11=284i,=2(s—1) 1s=2
is—2 .
X E < ) 3Zs*is+1 — s —ist1 _ 1)45(i57i5+1)di57i5+1Zis+1 _
1
op1=0 s+1

i1—2 is—1—2 §4—2 i
s 1,p s
Z > > X G ( >><

1
i1=28j5=2(s—1) ts=2 1s41=0 s+1

~ (3is—i.;+1 _ 9isTist1 _ 1) 4S(is—is+1)dis—is+1Zis+1 —



— i1—2 Gs—1—2 G,—2

E E . E E Ts41
11,127 ,ls+1z ’

11=28j5=2(s—1) 15=2 1541=0

which prove that Ts ,(z) satisfies the recurrent formula.
Let us determine the degree of Ts p(2), s > 0. According to the derived formula
we findisyr <ig—2 <idg_1—4 < - <i1—2s < p—2(s+1), as equality is reached
everywhere. Therefore degTs ,(2) =p—2(s+1). If p=2m+r, r € {0,1}, then

degTh—1p(2) =p—2m=r.

For r =0 we obtain that T,,—1,,(2) is a constant, equal to p'2  dP. Indeed
i1—2 b2 =2 im—1—2
1, im
Tmfl,P<2) = Z Z Z Z GZL 12,p7 <+1ZZ -
i1=2(m—1) ia=2(m—2) im—1=2 im=0
(m—2)

_ 2: E: . E:}:mlp Sim —
- 11,12, ,l&ﬂ -

i1=2(m—1) i2=2(m—2) Im—1=2%m=0

m—1p B P p—2 4\ (2 _ pldP B
- Gp—?,p—4,p—6...,2,0 - <p _ 2> <p _ 4) <2 0 dme—l,p - QTLm—l,p =

=2m.

=p = Trm—1,p(2) =

In the case r = 1, we will prove that T, ,(z) = 0:
Top(2) = Tine1,p(2 +34™d) — T p(2 + 2.4™d)—
Tm,l’p(z +4™d) + Tm,Lp(Z) =

p—2 i1 —2 im—1—2
m—1,p
) DD T S i
i=2(m—1) is=2(m—2)  im=0

((z +34™d)'™ — (2 +2.4™d)"™ — (z +4™d)"™ + 2'™) = 0,
the last equations is valid, since the summation indez i,, takes values 0 and 1.
Thus the proposition 6 is proved. a
3.1 Proof of corollary 1

Proof 2 According to 6 for everym € N is valid Ty om+1(2) = 0 and Tyy—1 2m(2) =
(2m)!22m2_md2m. Then Ty 2m(z) =0, due to

Tn2m(2) = Tin—1,2m (2 + 3.4™d) = Ton—1,2m (2 + 2.4™d)

—T—12m(z +4™d) + Tt 2m (2) = 0.



Using the recurrent formula we obtain:

Ts0r(2) = Tson+1(2) =0, foralls >k, i.e

Tsx(2) =0, foralls > [I;] .

There are two cases, first case: p=2m+1 and 0 <r <p—1. Then

2P+1_1 4m+1 1
Zb’“ - Zcr = Z ap+1(a+ kd)" = Z ag+1(a + kd)" = T, r(a)
beB ceC k=0 k=0

Ifr =2ry, then 2ry < 2m = r1 < m and consequently Ty, »(z) = T 20, (2) = 0.
When r = 2r1 + 1, then 2r1 +1 < 2m = r; < m and again Ty, . (z) =

Tma27‘1+1(z) =0.
The second case p=2m and 0 < r <2m — 1. Then

22m+l_q 4am—1 2.4™—1
D= "= > app(atkd)” = Y appa(atkd)+ D appa(atkd)” =
beB ceC k=0 k=0 k=4m
am_1
= m—l,’f“(a) + Z a22"‘+k+1((a + 4md) + kd)r = m—l,r(a) - Tm—l,r(a + 4md)
k=0

If r = 2rq, then 2rp < 2m —1 = r1 < m — 1 and therefore Tp,_1,(2) =
Tm—1,2T1 (Z) =0.

Ifr=2r1 41, then2rm +1<2m—1=r; <m—1 and again T,,_1,(z) =
Tin—1,2r+1(2) = 0, thus corollary 1 is proved. O

3.2 Proof of proposition 1

It is clear from the proof of 1 that the constants a and d can be replaced by
elements of an arbitrary field, having characteristic 0. We will consider the field
of rational functions with complex coefficients, replacing a and d with rational
functions P(z) and Q(z). Set Ry(z) = P(z) + kQ(z) and when n = 2s, m =

0,1,...,2s — 1, then simple calculation gives
[e%s} oo 20—1
Hn,m( ) HQS m Z Z ak + k. Q Z Z ak+1Rk+1
1=2s k=1 1=2s k=0
o) 221_1 22l+1 1

—Z Zak+1Rk+1 Z ap+1 R4 (2) | =

92l_q 22L+171

Z Ti—1,m(Ra(z Z ap+1 R4 (2 Z ar+1 R4 (2)

l=s k=221



22l 1

o0
Z 2T 1.m(R1(z Z g2t 1 Rys 1 (2) | =
l=s k=0

= T 1m(B1(2)) = Tim1m(Bpai11(2))) = 0,

l=s

since11251{251] Z[T}

2 2
In the case n =2s+1, m =0,1,...,2s, we have
0o 21
Hn,m( ) H29+1 m = Z Z ak+1Rk+1
1=2s+1 k=0
o 22(14+1) _1 92041 _q
= Z Z ar+1 R (2) + Z a1 R (2) | =
I=s k=0 k=0
00 221 221
=Y | Tim(R Z ap1 Ry’ (2 Z a1 R (2)
l=s —921
) 221
= Z 210 (R (2 Z a221+k+1R22l+k+1( z) | =
l=s k=0
o0
= (2T1m(R1(2)) = Tin(Rozi1(2))) =0,
l=s

. m
since [ > s > [5}

Now set n = m = 2s. According to calculations above and proposition 6, we
have

o0

Hpom(2) = Has 25(2) = Z (2T1-1,25s(R1(2)) — Ti—1.25(Roz2i41(2))) =

l=s

= 2T 12s(R1(2)) — Ts—1,2s(Rp2s 41(2)) = (25)!2282_56228( )= n'2 Q"( )s

thus 1 is proved. a



3.3 Proof of proposition 2

Let n = m = 2s and set v, = n'2 * . According to proposition 1 we have

Hon(2) = Q" (2) — iHn,m) = @ (D) (2) =

dz
s} oo 2%
— 7,Q"'(2)Q ZZakR” Y2)R(2) = DY arRy N (2)Ry(2) =
1=2s k=1 l=s k=1
225

=Y aR T (2)Ri(2).
k=1

and by induction, we prove that

1mQ(Q ()Q"(2).. fawk DRY() . RV (2) =
== (o +4) (56 ) (66 ) - (G +o)

k=1
The last equality holds for all polynomials P and those @) for which deg @ >
n — 1. For arbitrary a1, as,...,a, € C, we can choose P and @, such that for
fixed zp to satisfy the equalities:

P(ZQ) — OélQ(Zo) = P/<Z()) — OéQQI(Zo> = P//(Zo) — OégQ”(Zo) ==

=P (20) — anQ" V() =0,
where Q) (z) #0, i =0,1,...,n — 1. Therefore

on
Yo=Y ax(ar + k) (o2 + k) (o + k).
k=1
Remark 1. For even n and arbitrary rational functions S1(z), S2(2), ..., Sn(2) is

valid:
Zak (S1(2) + k)(Sa2(2) + k) - - - (Sn(2) + k),

which is stronger than proved above.
Corollary 2 For every polynomial P € C|z] from even degree n = deg P and
leading coefficient o is valid

odeg P

n?_—
Z apP(k) = anl22

k=1



3.4 Proof of proposition 3

We can describe a proof based on the results obtained above for the sequence
{Hp,m(2)}, but we prefer another approach. Let us introduce the polynomial

sequence {T ,(z1,...,2p)} by:

45t

P
Tsp(zi) = Ts p(21, 22, ..., 2p) = k41 H zi + kd),
k=0 i=1

which is generalization of {T; ,(2)}. The following recurrent formula is de-
rived similarly as above:

Ts,p(zi) —TS 1p<Z,+34 d) T,_ 1p(2’l+24 d) T,_ 1p(ZZ+4 d)—l—Ts 1p(Zl)

We will prove that Ty, (21, 22, ..., 2,) = 0, for k > [£], while in the case
1<k<|[5]—1is valid

Tk’p(zh 2oy .., 2p) =

i1—2 1 —2

Z Z . Z Z Lkﬁpdpfiwlz 1(k+1) - 01k+1(k+1)

i1=2k i5=2(k—1) ik+1=00(k+1)Co(k)C--Co(1)

and Ly, is defined as above, and set z,,(x41) equal to 1.
Assuming that z;, = 1 and calculate

P
T N — P—S _ 9Pp—S _ 1\ JP~ 5. . -
Top(zj) = 2122 .. 2p + E E (3 2 APz, 2y - - - 24, =
s=00<j1<--<js<p

p—2
= Z Z (3p—s —2P7F — 1)dp_szj1 Zjg - - Zjs =

5§=00<j1<-<js<p

= Z Z 3p i1 21771'1 _ l)dp 01(1)202(1) 011(1)

11=00(1)
In the case k = 1 we get

p—2 41 —2

Tl,p ZJ Z Z Z L1 pdp 201(2)202( ) - ..Zgi2(2),

11=21i2=0 0 (2)Co(1)

whereby the statement is established for k = 1. Assume that, for some k >
2, Ty—1,p(2;) satisfies the recurrent formula and denote

Lp P—il41
G\ o el =d L;p when [ > 1.



Then

Tk,p(zi) = Tk,17p(zi+3.4kd)—kal,p(zi+2.4kd)—kalﬁp(zi—f—élkd)+Tk,1’p(zi) =

i1 —2 ip—1—2 .
= Z POEEEDY > Liespd®™ "W (20, (k)2 (k) - - - %0, ()
i1=2(k—1) i2=2(k—2) ik=0 o(k)Co(k—1)C---Co(1)

where

1k ik 23
U (2o, (k) Zaa(h) - - Zon, (1) = | [ Goriy 345 ) =] [ (zou iy 245 ) =] [ (2o i) +4% )+
1=1 i=1

i=1

20, (k) %o (k) - - - 2o, (k) = Zoy(k)Zos(k) - - - 2oy, Oha

ix
+3°D T @t ot ket
t=0 j1<---<J¢
here 0 < j1 < jo < -+ < ji < pand {j1,J2,...,j:} runs over all t-element subsets
of {o1(k),02(k),...,04,(k)}, for all t = 1,2,...,i,. We write o(k + 1) C o(k)
to denote the aforementioned inclusion of sets, and put i1 = t. For every [ let
a(l) be the i;-member subsets of {1,2,...,p}. Therefore

Q/(Zal(k) . Zaik(k)) =
in—2

ip—i ip—1i k(ik—ik ip—i
‘Zo ( z): ( )(3k =T ST g e or(kt1) - Fouy (k1)
ik+1=00(k+1)Co(k

whence it immediately follows that Tvk’p(zl, Z9,...,%p) has the desired form.
Let us determine the degree of fk,p(z), k > 0. According to the formula above,
one has ip41 < ip —2 < i1 —4 < - <y —2k < p—2(k+1), as equality
holds everywhere. Thus deg Tk,p(z) =p—2(k+1).
Let p=2m+7r, r € {0,1}, then

deg Tr_1p(2) =p—2m =r.

In the case r = 0 we obtain that T}, _1,(21, 2 ..., 2p) i a constant:
N N 4 4
Tm_Lp(Zl,Zg...,Zp) :Tm—l,p(0707~-~70 = Z a]+1 de— Z a]+1]pd” =
7=0
= m—l,p(o) =P p=2m.

When r = 1, analogous to the proof for T}, 2m+1(2) = 0, we can prove

Tm72m+1(2’1, 22 ...y ZQm—i—l) =0.



Therefore

Tm72m(zla Zo ... Zom) = Tmoam+1(21,22 . . ., Zam41) = 0.
Using the recurrent formula again
Tip(2) = Tho1,p(2i +3.4%d) — Ty—1 (2 +2.4%d) — Ty—1 (2 + 45d) + Tho—1,p(2i)
we obtain T/k;7p(21,22 .o 2p) =0for k> {g} )

From the results above, the proposition 3 easily follows. Indeed, let deg PP = n,
P(z)=a(z—a)(z—a2)...(# — ) and set d = 1 in the definition of T}, .
In the case n = 2m + 1:

21+dch 22m+2 22m+2_1
> aP(k)= > aPk)= Y a1 Pk+1)=
k=1 k=1 k=0
22m+2_1 2m+1
=a. Z k41 H(l—ai—kk):
k=0 i=1
= a.Tm72m+1(1 — Qq, 1-— Q2,. .., 1-— 042m+1) =0.

In the case n = 2m analogously

ol+deg P 92m+1_q 4m 1 2.4™m_1
Yo aPk)= Y apaPk+1) = > apa P+ Y appaP(k+1) =
k=1 k=0 k=0 k=4m
N 4m—1
=aTmo1om(l— 01,1 —ag,...,1—0om) + Y awmppp1 PA™ +k+1) =
k=0
2 4™ —1
=anl2 2z — Z ap1PA" +k+1) =
k=0

7’12771 ~
=an2" —aly_12m@"+1-01,4"+1—ag,..., 4™ +1—agy,) =0,
which completes the proof. The calculations above show that
2dch

~ nzfn
E arP(k) =alm_12m(1—a1,1 —ag,...,1 —agy) =anl2 7 |
k=1

when deg P =n = 2m,

which proves the proposition 2. Therefore for arbitrary complex variables

215225+ 5 22m>
we will have
2" .
> ar(zn+k)(z2+ k) (0 + k) =nl2"7
k=1



3.5 Proof of proposition 4

Let | = [logy k]. We will use the following result: for every fixed m € N, there
is a m-member arithmetic progression of prime numbers. Let q1,qo, ..., q op+1
to be 1.2P*! —member arithmetic progression of prime numbers and let us define
the sets:

A= {Q(i71)21’+1+17 q(i—1)2p+142; - - - 4. 20+1, }, fori=1,2,...,1
Applying corollary 1 to each of the sets A;:
| Al
2

D> =Y. r=01..pi=12...1L

qEB; qeC;

dB;,C; C A; : BiﬂCi:@, B, UC; = A;, |Bz| = ICZI = = 2P and

Define the number

Nk =TI{ DX |=(D || Dd| D¢

=1 q€eB; q€eB; q€EB>y qeB;

It is straightforward that N(p, k,7) is equal to sum of 2P/ numbers of the
type (¢,4j, - --q;,)", 1-€.

() N(p,k,r) = Z (qjlqu s qu)r7

J157250-501

where the summation is taken on all ji,j2,...,5 with ¢;, € By, 1 <k <
la 1 < jk < 2P,

According to (%) the number N (p, k,r) can be represented in the form (xx),
where the summation is taken on all j1, j2, ..., ji, but ¢;, € By or ¢;, € C, 1 <
k < 1. Consequently N(p, k,r) is represented at least in 2! different ways as sum
of r-powers of different square-free positive integers (exactly 2P! in number).
On the other hand 2! = 2Mlos2kl > olog2k — k and n = 27! = 2pllosa kI Tt
is now clear how to dermine the numbers x;; with the required property. Let
o(i) = (o1(1),09(3),...,00(1), i = 1,2,...2" be all 2! in number I-member
sequences of 0 and 1. For all i, k,j, : 1 < i < 2 1<k<l 1< g < 2P
we define g, -, ;) € Bx when oy(i) = 0, and ¢;, 5, ;) € Cx When oy(i) = 1.
Therefore

N(p,k,r) = Z (le,al(l)qjg,m(l)~~qjl,az(1))T:

J1,J25e-501

= Z (qj1701(2)qj2702(2) "'qjl,,dz(Q))r =

J15J25--+501

== Z (qjl,Ul(Ql')qj270'2(2l)"'qu,O'L(QZ)) 5 V’I"ZO,l,...p.

J1:d2s-J1



For each fixed i, leaving k and j; to run over 1,2,...,l and 1,2,...,2? re-
spectively, the numbers g;, o, (4)qjy,04() - - - 1,00 () ATE N = 27! in number and we
can rearrange them in ascending order (because there are two by two distinct).
For fixed ¢, we define the number z;; as j-th of the largest among the num-
bers q;, o, (1)%ja,00(i) - - - s, (i), for 7 = 1,2,..., 2Pl Performing this procedure
for i = 1,i = 2,...,i = 2! we obtain numbers x;; satisfying the equations in
proposition 4. a

4 Arithmetic progression theorem

4.1 Product of arithmetic progressions

Let {b;}52, and {d;}{2, be arbitrary sequences of complex numbers. We define
the sets

Vm:{bm+kdm|kez} and I 71727R{H(b1+kd1)|k62},

i=1
where 7 is a positive integer.

Theorem 1. Each m-element subset I, ,, of I, where 2" |m and k runs
through m consecutive integers, can be represented as disjoint union of two sub-
sets, with equal sums of the elements.

Proof 3 Applying the proposition 3 for P(z) = (d1z+b1)(d2z+b2) ... (dnz+by)

leads to
2n+1 2n+1 n

0= Z apP(k) = Z ay H(bv + kd;),
k=1 k=1  i=1

which proves the statement m = 2"T1. The general case m = 5.2 follows
directly.

We realize a second proof throughsequence of polynomials {ts,}sn>1, defined by

a5+t _q n
tsyn(ZhZQ,...,Zn) = Z Ak+4+1 H(Zz+kdz)
k=0 i=1

The relation between the polynomials ts ,, and Tsﬁn 18 given by

dids ... d,, ~ z1d zod Znd
ts,n(leasz"‘vzn) = %Ts,n (C;17;27”.’d>7

from which it follows that
tsn(z1,22,...,2n) =0 when s > [g] .

The statement follows easily, by considering two cases depending on the parity
of n. O



4.2 Generalization of arithmetic progression theorem

Theorem 2. Let n and m be positive integers. Then there exists a positive in-
teger s = s(n,m) with the property: each s-element subset of I',, where k runs
through s consecutive integers, can be represented as disjoint union of m subsets,
with equal sums of elements for any such subset.

We will prove a special case of theorem 2, which is obtained for

f)/l:72:..-:f}/n:fyandfnz’yn:{(a—l—kd)nl ]CEZ},

and any positive integer s, that is divisible by 92[*F #1425 1+1 has the desired
property. For p € N we define the sequence of maps {¢y m (2) tn,m>1 by

Onm:C—C™
2 M (Ara(2), A2s(2), . Ame1m (2), AL (2))s
where for [ =1,2,...,m — 1 we put

Ali+1(2) =+ -1)d)P = (z+1.d)P — (z+ 2m—1—-1)d)? + (2 + (2m — )d)?,

At m( Z A (2

We will prove that for the set I}, = 4 = {(a + kd)? : k € Z}, the number
s = 2% [+ 2274 1+41 has the desired property.

Let e1,e9,...,e, be a basis for C™ and define 7 € Hom(C™) by:
T(e1) = ea, T(e2) =e€3,...,7(em—2) = em—1; T(€m—1) = —€m, T(em) = —e€1.
A direct calculation shows that 7 = id¢m and put

(pQS,m(Z) -

m—1
77 0 (Pas—2,m(z 4+ 2°m%jd) + P2s_2.m (2 + 2°m°(2m — 1 — j)d)), s > 1;
j=0

m—1
9025-&-1,171 Z o P2s,m Z + 25+1 S+l] d), s> 0.
7=0

A straightforward calculation gives:

©0,m( Z Appi(2)(er +em) =



m—1 p m—1p—2
ZT (k,)2"(e; + em) = r(k,1)2"(e; + em)
=1 k=0 =1 k=0
m—1p—2
- QOO,WL(Z) = T(k,l)zk(el + enL)a
=1 k=0

where
r(k, 1) = (2) (L=~ F =17k —@m — 1= 1)P7F + 2m — )P~ F) @~ "

Since the coordinate functions of ¢,, ,, are polynomials of z of the same degree,
depending on n (i.e. deg A; ;41 = deg Ay 1, for all 1), then we can use the notion
for the degree of the map ¢y, ,,, by setting deg ¢, to be equal to the the degree
of its coordinate functions. We will prove that

degppm=p—n—2, forn<p-2,

Onm(z) =0, forn>p—1.

For n = 0 according to calculations above we have deg g, =p — 2. Forn =1
we put Qi(2,t) = (z + 2m.d.t)¥ and calculate

m—1 m—1 m—1p—2
©1,m( Z 710w m(z4+2m.j.d) = o r(k,1)(z4+2m.j.d)* (e;+em)
=0 j=0 I=1 k=0
m—1 m—1p—2 m—1 m—1p—2
7903 37 1k D)(Qul(z §)—25) (ertem)+ S 70 r(k, )2 (et em)
§=0 I=1 k=0 3=0 I=1 k=0
m—1 m—1p—2
= p1m(2) = Z o r(k,)(Qk(z,j) — 2%)(e; + em), since
j=0 I=1 k=0
m—1 m—1p—2
() Z 7)o r(k,D)z%(er+em) =0
§=0 I=1 k=0

Therefore deg 1 ,,,(2) = deg(Qp—2(z,j) — 2P72) = p — 3. We define

m—1 m—1
)= 7, K ={aie1 + azes + -+ + am_1€m_1 + Z ajem : a; € C}.
§=0 =t

We will prove that K C Ker v, from which immediately follows the equality ().
We calculate

Y1) = plea) = = blem 1) = ~tlem) = ~em + 3 €5



m—1 m—1

= Y(arertageat- - am_16m—_1) = Z a;(e1) = — Z a;(em) = K C Ker.

j=1 j=1
For n = 2 we obtain:

m—1

02,m(2 ZTJ (po,m (2 4 2mj.d) + o,m(z + 2m(2m — 1 = j)d)) =
7=0
m—1p—2

7o r(k,)(Qr(z,J) + Qr(z,2m — 1 —j))(e; + ey) =
3=0 I=1 k=0

7o r(k, D)(Qk(2, ) +Qx (2, 2m—1—j) =225 =2kdm(2m—1)2""") (e1+ep),

since Z 7o r(k, 1) (22" + 2kdm(2m — 1)2" 1) (e; + emn) = 0.

Therefore
deg pa,m(2) = deg(Qp-2(2,J)+Qp—2(z, 2m—1—7)—22P "> =2kdm(2m—1)2""%) =

p— 4.
Let degwas m(2) = p —2 — 2s be valid for some s < [ ] Then @25, has the

form
p—2—2sm—1

Poem(z) = D D i T EBi(es + em), a0, Bi #0.

k=0 i=1
We calculate:

m—1
P2s5+1, m Z Tj O P2s,m Z + 2q+1m8+1j.d) =
7=0

2sm—1

agi(z + 25T hmstly d)p_2_28_kﬁi(ei +em) =

m—1 p—2

>

J

M

k

0 =1

=

=0
p—2—2sm—1

1 1- —2—2s—k —2—2s5—k
o ) (ouyi(z + 25T )P 27278 — g 2P 727270 Bi(eiten,),
j=0 k=0 =1

m—

3

where the last equality is due to

m—1 p—2—2sm—1

2—
o Z ak,izp_%zs_k/)’i(ei +em)=0.
§=0 k=0 i=1

Therefore

deg post+1,m = deg(ap,i(z + 28 sl gyp=2=2s _ a07izp_2_25) =p—3—2s.



We put ¢t = p — 2 — 2s and calculate

<P2s+2,m(z) =
m—1
7 0 (20m(z + 2T m ™ jd) + oo m (2 + 22 m H (2m — 1 — j)d)) =
=0
S T 0 Y ko i i (24 22 me L d) R 4 (2 25 me L 2m — 1= §)d)'F) Bies + em) =

m—1 t m-—1

Z /o Z ki (Qi—k(2,2°m%j) + Qi—k(2,2°m*(2m — 1 — j))) Bi(eit+em) =
=0

j k=0 i=1
m—1 t m—1

o i (Re—i(2,5) — 22 k_2%msd(2m — 1)(t — k)zt*kfl) Bilei+em),
j=0 k=0 i=1

where Ry_r(2,7) = Qi—r(2,2°m%)) + Qi—r(2,2°m*(2m — 1 — j)).
Finally

deg wostom = deg (Rt(z,j) — 228 — 25mStd(2m — 1)2’5*1) =t—2=p—4—2s.

Consequently deg ¢,_2.,m = 0 and

m—1
Qﬁp—Q,m(Z) = Z Bi (61 + em) and ©p—3, m =z Z ’Yz e; + em
i=1
p—1,m(2) =
m—1
= ’TJO<(pp 3m(z—|—22m2jd)+g0p gm(2+22m2 (2m—1—])d)>
j=0
m—1 m—1 m—1
7o (22—1—2%1771192 (2m —1) ) ~i(e; +em) =0, when p—1=2s.
7=0 =1 7=0

Let us consider the case p — 1 = 2s + 1:

m—1 m—1 m—1
©p—1,m( erosap 2m(z+22m2jd: 7o Bile; +en) =0,
7=0 7=0 =1
which completes the proof of theorem 2 in the considered special case. a

Corollary 3 Let m and n be positive integers, I' = {a + kd | k € Z} is an
arithmetic progression of complex numbers. Then any subset of I" C I' consisting
of 2[7L+1]m[%1]+1 consecutive elements of I' can be divided to m subsets, with
equal sums of r—powers of elements (for any such subset), forr =1,2,....,n

The proof follows directly from ¢, ,,(2) =0, when n > p — 1, as the last result
is derived in the proof of theorem 2.



5 Conclusion
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