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Abstract: The development and implementation of standards
of form and location is a promising field in metrological theory
and practice. Integration with information technology enables
the creation of a new type of virtual-mechanical standards with
new capabilities and characteristics. The choice of mathematical
models for interpolation is essential to achieve the accuracy
required for the measurement.

The paper presents an analysis and study of a mathematical
model for interpolation and approximation of elements of a
virtual-mechanical standard for straightness by means of
Fourier analysis.
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l. INTRODUCTION

Deviations and tolerances of form and location are
considered both for the surfaces of the parts and for their other
geometrical features [1]. In various specific cases, these can
be parts of surfaces, profiles, edges, axes, planes of symmetry,
centers, etc. In this context, the real surface (measured, true
surface) can be considered, which by definition is the surface
that bounds the body (and separates it) from the environment.
Then, the real profile will be a section of the real surface with
a previously oriented plane or is a line of intersection of real
surfaces [13, 16]. Strictly, the geometric feature determined
by measurement differs from the true one due to measurement
errors [4, 7, 12, 14].

Deviations of form of the real surfaces (features) of the
details are estimated by comparing them with the
corresponding geometric (approximating) elements having
the form of the nominal ones. Quantitatively, these deviations
are defined as the largest distance from the points of the real
(extracted) element (real extracted profiles and surfaces) to the
geometric (approximated, associated) element along the
normal to it.

Of course, the accurate assessment of these deviations, the
development of sufficiently effective solutions, oriented to the
creation of modern methods and means in this field, are
primarily related to the creation of the necessary models
defining the main features [8, 10, 17]. In this regard, the
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following three groups of features can be introduced, united
according to their functional nature:

« approximating elements of real surfaces and profiles;
* median elements;
* enveloped elements.

The purpose of creating the mathematical models of the
first group of elements is to reduce the study of various
numerical characteristics and qualitative properties of real
objects to working with models whose theoretical apparatus is
fully known and convenient to work [6, 9, 11]. The use of
average elements has a number of advantages: equivalence of
points on the real surface or profile when calculating the
element, less influence of single local deviations, easy
calculation with appropriate software, good connection with
performance characteristics (e.g. in press assemblies or in air
bearings). Median elements are also used preferentially in
coordinate measurements, due to the simple processing of the
measurement results and the uniqueness of the mathematical
solution. Enveloped elements conform to the surface
conditions for zero clearance assemblies. In addition, a
number of deviations can be defined through them. The
correct assessment of the nature of the profile is important for
the selection of suitable mathematical models for
approximation, with which to achieve the accuracy of the
geometric dimensions required for the measurement. Of
particular importance is the experience and intuition of the
researcher conducting the study.

Despite the above-mentioned advantages of median
elements, it is necessary to note that the approximating models
can be defined by appropriately chosen optimality criteria
regarding the determining quantitative factors, which
increases the accuracy in solving the relevant metrological
task. Therefore, a combined approach based on the median
and approximating models is taken.

Il. MATHEMATICAL MODEL FOR APPROXIMATING THE REAL
PROFILE

The used in model for approximating the real profile is
based on the theoretical formulations of the Fourier series [5,
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6, 8]. This model has a number of advantages in this particular
case over other approximating methods, as it provides the best
overlap both for functions with a higher frequency and for
those with highly pronounced extrema.

This method is primarily used in for the analysis and
synthesis of linear dynamic systems, as well as in the study of
various types of signals, including measurement ones. The
idea in this case is to use "trigonometric sums", i.e. sums of
harmonically related sines and cosines or periodic complex
exponents to describe the real profiles of the surfaces of
interest or the real curves defining the real axes of mechanical
parts and assemblies.

The Fourier method is based on the properties of the
periodic function, which for some positive value of the period
T can be represented by the following equation:

y(x) =y(x +T) 1

for each x.

In fact, y(x) defines the function describing the real profile
along the x coordinate. The primary period To of y(x) is the
smallest positive non-zero value of T for which equation (1) is
satisfied, and the quantity 2.7/To is the primary frequency.

Fourier series expansion is a special case of series
expansion in orthogonal functions.

If a decomposition interval — n© <t < x is set, then the
Fourier series describing the actual function f(x), for which
there is an integral f’_rnlf(r)ldr is an infinite trigonometric
series [1]:

%ao + 3% (ax coskt + by sinkt) = ¥ ce*t (2

The coefficients are determined by the Euler-Fourier
formulas:

ay = %f_nnf(‘r) cos kt dt, )
by = %ffnf(r) sin kt dr, (3)

Ck =Cp = %(ak —iby) = if:rf(‘f) e~ dr |

(k=0,1,2.)

The methods for Fourier analysis of continuous functions
discussed above are largely applicable in other cases as well.
These methods are the basis of the analysis and synthesis of
the discretely represented functions, which are characteristic
above all for the results obtained in static measurements.
Formulas based on the Fourier method for processing discrete
data sets can be successfully used to numerically approximate
any real profile, axis or surface.

It should be noted that the actual profiles differ from the
theoretical description discussed above. The difference lies in
the following two circumstances:

* in most cases, the real profile or surface can be defined
by means of aperiodic functions, and not by means of the
periodic ones discussed above;

* due to the discrete nature of the measurement process, it
is incorrect to use the theoretical Fourier apparatus for
continuous series.

In fact, the results obtained in the measurement process
determine the interval in which the function y(x) is calculated.
In this case, the formulas defining the mathematical apparatus
for processing the results according to the Fourier method will
have the following form [1].

We have m values of the function y(x)= yx at xx = kT/m
(k=0,1,2, ..., m-1); its necessary to approximate y(x) for the
interval (0, T) with a trigonometric polynomial

Y(x) = %Ao + Z}LlAjcosj% + Bjsinj% 4

(v<2)

so that to minimize the sum of the squares of the deviations:

A= Z;cn;ol[y(xk) - yi)? (%)

The coefficients could be found by using the following
formulas:

2 — . 2Tk

Aj ==Yy cosj = (6)
2 - . .2mk

Bj = — %L yiesing - (7)

where 0 < j <~

When we have a special case n = % , formulas 4, 6 and 7
together with

A = Am = ST (D i (®)

give us the trigonometric interpolation Y(xx) = y(xx) for any Bi.

I1l.  EXPERIMENTAL SETUP AND RESEARCH
METHODOLOGY

For the purpose of the research, a model standard line with
a length of 560 mm was produced by the company "NIK - 47"
OOD - Plovdiv. The examination of the profile of the standard
line is carried out using a straightness measurement module in
comparison with a standard for straightness [2, 3, 5].

The experimental measuring setup for researching the
standard line (Fig. 1 a, b) consists of the granite vibration-
insulated support 1, on which the guide for straight movement
2 is mounted, located on aerostatic bearings, supplied with a
constant pressure P and realizing the progressive movement
of the movable module. The console 4 with fixed measuring
transducers 5 is on the carriage of the moveable module. The
movement of the module is checking with the help of the
incremental scale 8. The movement of the moveable module
is carried out with the help of the drive module 7. On the
granite support, the reference standard line 10 is established
together with the sample under test 6 (line standard, which
will be calibrated). By means of adjustable supports, the
standards are oriented nominally parallel to the direction of
movement of the movable module. During the movement of
the module 3, the measuring tips of the transducers 5 traverse
the controlled profile of stadards 10 and 6 within the limits of
the normalized section. The displacement of the points of the
profile relative to the movement trajectory of the transducers



and the readings of the incremental scale 8 are read with the
electronic unit 9 [15].

The two profiles are measured in parallel — of the reference
and of the sample standard. Measurements are made using
linear incremental gages Heidenhein MT 1281, 1D359355-
02SN26981030 P, Inspection Certificate DIN 55350-18-
4.4.2/02.09.2009 and straightness standard DEAG30.
Processing is done with Putty Configurator software.

Subsequence of five cycles of measurements are
performed with a step of 5 mm at a length of the normalized
section of 540 mm for each of the profiles [4]. The
measurements were carried out at an ambient temperature of
20.7+0.1°C and a pressure in the airbearings — 0.32 MPa.

The measurement results are processed by introducing
corrections to exclude the own non-linearity of the reference
line [3]. The data are then processed with specialized software
[6] to determine the deviation from straightness with respect
to the datum line - median line.

Fig. 1 Measurement of straightness of reference line with virtual-mechanical
standard

From the obtained measurement information, a
profilograms of the measured profiles is constructed and the
deviation from straightness relative to the corresponding
approximating straight line is estimated.

IV. EXPERIMENTAL STUDY

Experimental studies were carried out according to the
methodology presented in the previous point. The results of
the experimental studies were obtained using an associated
base line - median line.

After processing the primary measurement information
with specialized software, the results presented in fig. 2, where

at an median datum line the deviation from straightness of the
sample line profile is EFL = 8.2 um.

The post-processed data is further used to interpolate the
19-point profile over a 30 mm interval for the normalized
section of 540 mm length.
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Fig. 2. Deviation from straightness of profile relative to median datum line

For a six-harmonic Fourier series approximation, Amax =
2.7 um (33% of EFL). In the graph on fig. 3 function y is the
approximating function with Fourier series at 6 harmonics,
and the set profile through 30 mm is denoted by y:.
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Fig. 3. Fourier series approximation of the profile at 19 points and 6 harmonics

When setting a step of 10 mm (55 points) and 12
harmonics Amax = 1.6 pm (19 % of EFL). As can be seen from
the experimental results, the accuracy of approximation with
the Fourier series increases with increasing number of
harmonics, and it can be chosen in the interval 0 < j < %
where m is the number of interpolation nodes. At 26
harmonics Amax = 0.16 pm (2% of EFL). The data are
summarized in Table. 1.

TABLE 1 FOURIER SERIES APPROXIMATION AT EFL=8.2 pm

Profile, number of : o
points Harmonic Amax, Um Amax, %0
g
=5
~ 19 6 2.7 33
[ee]
1
T 12 1.6 19
w 55
26 0.16 2

V. CONCLUSION

In conclusion, it can be said that with a proper assessment
of the nature of the profile, appropriate mathematical
approximation models should be used to achieve the accuracy
required for the measurement. The Fourier series
approximation is weakly affected by the nature of the profile,
so it is recommended to use it in the absence of information.
It is necessary to analyze and select an appropriate number of
interpolation nodes and number of harmonics to achieve the
intended accuracy.
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